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The P R E F A C E. 



rO Jay aty thing in Praife of the Methsd of Fluxions, 
or of its Dignity and Rank among the Mathematical 
Sciences,weuidbeasneedUf5 astodefcribe the Excellency 
ef bright Sun-fhine above the twinkling Light of the Stars% 
fince any one who is acquainted with the Sciences will 
allow ft to he a \^thod ef Calculation incomparably 
fuperior to all other lin&thods that ever were known or" 
found out; and beyond which nothing further is to be 
hoped or expe^ed. It lends its Aid and AJftfianccto all 
the other Mathematical ScienceSy and that in their 
greateft H^ants and Dijlreffes : It opens and difcovers to 
ta the Secrets and Receffes of Nature, which have al' 
ways before been locked up in Obfcurily and Darknefs. To 
this allthe noble and valuable Difcoveries of the laft and 
prefent Age are entirely owing : And by this Method 
Sir Ifaac Newton, the worthy Inventor, determined and 
fettled the Syfiem of the whole vi/ible World. 

The Ufe and Application of Fluxions are exceedingly 
extenfiue ; for Example, in Trigonometry^ it teaches the 
Computation of Sines, Tangents and Secants ; in Arith- 
metic, the. Calculation of Logarithms \ in Geometry^ ■ 
drawing Tangents to Curves, finding their Curvatures^ 
their Lengths and ^adraturesy the Surfaces and Solidi- 
ties of Bodies; in' Mechanics and Philefophy, the In- 
vejiigation of the Centers ef Gravity and Ofcillation, 
the Vibration of Pendulumsythe Laws of Centripetal 
Forces, the Times, Velocities, and Spaces defcribed hj 
Bodies aited upon by any Forces, the Motions and Re- 
Jifiances of Bodies in Mediums, &c. Thefe arefome of 
the numberlefs Infiances, wherein Fluxions ctre applied 
with fucb wonderful Succefs. And though fome few of 
thefe may be {and aSually haw been) hammer'd out •with 
great Labour and Difficulty by other Methods -, yet the 
Procefs ef none of them can in the leaft be compared with 
that BtatttyySimpUciPf^andcbarmingElegance^wilbwhicb 
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The PREFACE. 

the Method of Eluxiqm performs all ibeft things. In 
fiiorty the Methad of Fluxions is capable of rtjilvatg 
Jucb Difficulties as raiji tilt Wonder and Surprife of all 
Mankindy and vabich would in vain be attempted by any 
ftber Method whatfeever. So that it is jujily efteemtd 
the greatejl Work of Genius^ and the noblefi Thought that 
tver entered the human Mind. 

The Method of Fluxions is founded upon this mejt 
Jimple and ebvious Principle^ viz. that any ^antityriue^ 
be fuppefed to be _ generate by continual increafe^ after 
the fame MannW that Space is defcrtbed by local Metiefii 
The great and noble Inventor tells us, that in this Me- 
thod he confiders Things as generated by continual 
Increafe, after the Manner of a Space which a Thing 
or Point in Motion defcribes. Now the Conception 
af this is exceeding eafy and natural \ for -we every Dfff 
fee with our own Eyes, all Kinds of Lines and Figures 
defcribed by the Motion of Bodies ^ This Principle then 
ivillbe eafily admitted. And further, fince we alfo fee 
iy Experience, that thefs very Lines and Figures are de- 
fcrib{d, fome with greater Degrees of Velecily, fame with 
' lefs, fome with Motions centinally accelerated or retarded^ 
end fome with uniform Motions : fVe fhaU eaftly under- 
Hand, that any one of thefe Lines or Spaces has in every 
Point of lis D^fcripiiona certain Degree of Increafe 
lieterminate in itfelf, and peculiar to that Point, and 
■which is the fame with the Velocity of the Thin^ that 
defcribes it. And to determine this Velocity, or this Df- 
gree ef Increafe, in, -any gi'ven Point of the generated 
^anlity, is the fame Thing as finding the Fluxion of a 
propofed variable Quantity, and is 4he Foundation of all 
the Ariihmelick ef Flu^tions. And to determine this truly 
is of the greatejl Conference for eftaili^ng the Theory. 

' Many Difputes arid Objections have been advanced 
againji the Truth of the Method of Fluxions \ and amengft 
thefe Difputants, as it commonly happens, tbofe have been 
the mop inveterate, who uitderjiood the Itafl of the Matter. 
To anfwer all the Cavils that have b,en afft/Ted wilt be 
'-of little Confeauence in -any thing, and of none ataUfsr^ 
fettling^ 
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filtling the true Notion of Fluxions. Tbereftret infieai 
t^ thai, IJhall, hyfoUoyaifig Nature as clefely as I can^ , 
(ttdeatjour t» give the unprejudiced Reader a clear and 
true Idea thereof \ and then perhaps he will be able to 
judge for himfetft whether the Principles cf this noble Art 
it capably of Detnonjlration or net. In order to this, 
let us ajjutne what has been before laid down, that any 
generated, flowing ^antity is analogous to a Line de- 
fied by a moving Pointy and that the Velocity cf this 
Point in at^ Place reprefents the Fluxion of that ^antt- 
ty in the cerrefpondent Place of the Fluent ; now IJhall 
fonfider the Generation of this Line, inftead of the Fluent ^ 
as being mere eafily underftoad. 

It is the general Practice in Mechanics, to meafare 
the yelodty of a Body by the Space uniformly defiribed in 
a given Time. For Velocity being that by which a Body 
is carried through a given Space in a given Time, there- 
fore Velocity mujt be 'looked upon as the proper efficient ' 
Caufeofthe Space defcribed j and the Space defcribai the 
adequate EffeSl of that Cakfe. Newfuppefe a right 
Line defcribed with any Sort of Velocity, accelerated, or 
retarded, at Pleafure, and that we would enquire what is 
the Velocity efit in any given Place. If we take afmall 
'Part of the Line, wbieh the moving Point defcrihesjt^ 
before it arrives at that Place, and call'it an Increment, 
andfuppofe it to be defcribed in a very fmaU given Time j 
then this Increment will nearly meafure the Fehtity of the 
defcribing Point at the Place propcfed, and is fu£icient to 
give a "imlgar Notion of (he Degree of Velocity required. 
Now if this right Line was • defcribed uniformly, this 
would accttrately meafure the Velocity.' But Jince that 
Increment is defcribed with a Velocity, by Sitpp::fiiion, 
tfntinualhf variable, therefore -this Notion we have he/e 
obtained is to be cerreSed -, the firft Notions we get of 
atry Sttbji^ 'are generally incorrect, and demand a nicer 
View, andafnore accurate and philofophical Examina- 
tion^ before v}^ can acquire 'Notions that art perfeit and 
adequate, iltre then it •will be very evident,-if' we take 
J^l a leffef atida kjfer Increment, by which the Velecityt 
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is medfuredy as the Point fiiU draws nearer tbepropofei 
Place i we approach nearer and nearer to a uniform 
Velocity^ till the Difference be lefs than any qffignable : 
And this Increment will differ from the true Meafure ef 
the Velocity t by lefs than any given Difference : jind at 
ibis Increment continually diminijhes, till at lafl it vamfb^ 
it approaches continually to that Mtafure, till the Differ- 
tnce vanijhes <mtb it. 

l*low although by diminijhing the Increment at Pleafure 
we can -approach -^ithin any Degree ef ExaSlnefs to the 
Filocity required, yet fince no Increment can be taken 
fofmall, hut it is ftill further divi/tble ad infinitum ^ ' 
andjince the Felocity is by Suppojition contiitually variahlty. 
it is plain, there can be no two Points ef this Increment 
in both which the Velocity is accurate^ the famt' It is 
therefore moft manifeft, that the Velocity here enquired 
after is peculiar to one only inMvifible Point ; and that 
Point is the Place where the Increment ends, or vanififcs 
into nothing. Here then we fee plainly^ that the Velocity 
in any given Point of the Une defcribed (or, which is 
the fame thing, that the Fluxion in airy given Point of 
a generated ^antity) has a certain, fixed, determinate. 
Value, proper to that Point of it alone : And this fur- 
niflses the Mind with that accurate abftra^ Idea, which 
we ought to form of this Velocity or Fluxion. And here 
we may ohjerve, that this Degree of Velocity (or Fluxion) 
we have here been cojifiderijtg, and which continues but a. 
Moment, differs from the fame Degree ef Velocity (or. 
Fluxion) which continues for any given Time, and bj 
which a given Space is aiiuaVy defcribed ; thefe, I fay, 
differ no otberwije than as a Caufe in Power differs 
from a Caufe in Act. 

Here a meiaphyfical Difputant may demand, how it 
comts to pafs, that any Velacity which contipucs far n» 
Time at all, can poffibly defcribe any Space at all; or 
whefber its Effe£l be abfolutely nothing, or an infinitely 
fmdll Quantity, or what it is. Here then it is, that 
our Reafen is at a Stand, and the human Faculties art ' 
guite cqnfoHndtd, loj, and bewildered. IVe art puzzled 

and 
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t«d perpleted by endeavouriug to examine into the Natura 
tf we do not know whar,' nar whether, it is fometbing 
or nothing.: And at befi is fame fuch fubtile, fleeting^ 
^bingi at the Mind can lay no Hold on, nor form atry 
Idea of. Now whether fuch fubtile ^eftions will be ever 
determined, or not, yet there is one Refuge for us. Viz. 
that it is nothing ■«/ all to our Purpofe what ihey are: 
And therefore we may fafely leave thefe deep Speculations 
to tbofe that have mere Bufinefs with them. The Me- 
thod of Fluxions has no Dependence on thefe nrffierieus 
J>ifquifiiians.- What I apprehend the Method of Fluxions ' 
to be concerned in, is, not whit a^ Jingle abfiraS Velo' 
-city can defcribt or generate of itfelf, but what a conti- 
nual and fueceffnjely variable Velocity can produce in the 
whole. And here I think no B,eafon can be ajjigned, wly 
a variable Caufcfhould net produce a variable EffiH, as 
well as a permanent Caufe a permanent and conjtant 
Efeff. For fince every Effe^ has a co-inftantaneout 
&cifience with its efficient Caufe, and ts alwttys per- 
feS^ cenneSed with it ; all the Difference can only be 
this, thai tie continual- Variation ef the EffeB mu^ 
always depend on, and he propoftienal to, the contituial 
Variation of the Caufe that produces it. And this will 
always be true, though we have no Ideas at all of the 
perpetually arifing Increments, or their Magnitude in 
their nafcent or evanefcent State, that have fo much, 
'and to fo little Purpofe, confounded and puz^ed the 
■mathematical fVorld. And whether we can or we cannot 
conceive the formal Nature or Manner of exijting of a 
Thing juft arijng out of nothing, or beginning to be; or 
whether a nafcent or evanefcent Siuantity be any thing or 
nothing ; yet the Truth of the Method,of Fluxions will 
ftand juft as it did. But thefe fort of Difputes have 
been artfully introduced for no other Purpofe but to in- 
volve the Suije^ in Obfcurily, to darken the. Reader's 
Judgment, and thereby to mijlead and divert him from 
purfuiag the principal Bufinefs in Hand, that is, from 
tanfidering the proper Evidence on which alone this 
J)o8rint is founded ; by infinuating, that the Knowledge 
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^'ti^e Things is efftntialto the very Nature aiidFemda*^ 
tifv.pf FltfxioHS: When, it, is tvidtnt, ail fiat tia 
Mitbod of Fluxions does er tver dfd ^epafe,:l>ein^Mtbm 
ta_4^termiiff the Vtloeily (or Fluxion) wbertwiik ^ gencf 
rated Quatttity increafes in asy eiven Point % er el/e /a 
fum up all that has been defcrioed or gttteratid by fitd>: 
(ontinmliy variable Fluxion, during any given Time, or 
to avmgivtn P<nnt of the Fluent or generated ^uaraity, 
Thtfe ivio Things aloite are the two Safes on whiih ibh 
Mohla StruSure {the Methad af Fiitxtans) is to & sreSed, 
^U mitaphyfical'SpecHlaiiMs, of what Nature foever, 
bavifig no BMfinefs here. 

I -fi>nl{ now bring an Infiance or two cut of the Pbaiicr 
agn4 cf Nature, which will help the Reader^s NoitMua 
iHtk 1 and will Jhew, that what has besnfaid hefore,£ow- 
arfling the Nature and Mm of Fluxions, is reaUy trutf 
tlUd. agreeable te the Nature and Cenfiitatiffn cf Thtngj. 
JLtt.a. Jkii"!^ Btdy. dffiend through a perpendiatiar Height 
*f i^nFest' in one Second of Time, according ttf tbt 
Gaililean Hypothefis ofGravityi thenat the Endeftkis 
S«e«fid ff Time, the Body has acquired A Velocity ef 
3*5 Feet in a Second; which therefore is aceurateif 
kneWM. Nqw take atry Point A in the ri^t Line, at 
any given Dijiance from .the Place ibf Body feU frem, 
and the Velocity which the falling Body hat in the Point 
A way be tnofi accurately confuted. But take atty Pmmi 
ako'^e A, thevgh at everfefntall vi Dijiance, if it be 
d^ant at all from Ay isd the Vetecily in that Point 
-jviH always bejomelhing lefs then in the Point A. ^bid 
iff li^e maimer the Velocity at arey Point below A, though 
indefiniftiy mar. it, will be fimething greater than in A ; 
and therefore it is plain, that to the Point A, there bt- 
leiigs a cerisin determined Degree of Velocity, whieh he' 
longs to no other Point in the whole Line, and this is ac- 
curately the Fluxion of that, right Line in the Point A s 
an4'iJ the Velocity with which the Body would proceed, 
if the Force of Gravity Jktuid be fuppofed immediately to 
ceafe futhsn the Body arrivei at A, and iO-a£tm larger. 

' . ^' 
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Let there he a glafs Tube, open at both Ends, and 
wbefe Concavity is of Afferent Diameters in different 
Places, let it be immerfed in a running Stream of clear 
. Water, fo that the Water may fiaw freely through it, and 
always fill the Tube. Then it is evident, that in different 
Places of the Tube, the Velociiy of the Water will be r?- 
dprecalfy as the Squares of the Diameters of the Tube, 
in tbefe Places, and will therefore be different. Therefore 
if you mark airy Place in the 6ide of the Tube, andfup- 
pofe a Plane to pa/s through the Tube perpendicular to 
the Axis, or tv the Motion of the Water, then the Wa- 
ter will alwetfs pafs through this Seiiion with a certain 
determinate Velocity. But fuppofe another Seiiion to be 
drawn, though ever fo near the former, then {by reafon 
of the fuppofed different Diameters) the Water flews 
through this with a Velocity different from that it did at 
the former: And therefore that given determinate Velo- 
city belongs only to one Jingle, indiviftble Point, or 
SeSlion of the Tube, and this is the Fluxion of the Space 
which the Fluid defcribes at that Seiiion -, and is that 
uniform Velocity with which. the Fluid would continue 
to move, if. the Diameter continued the fame through the 
fucceeding Part of the Tube. Something like this may 
be obferved in a River, for there the Velocity is greateft^ 
where the Dimenfions are le»J{, and lefs where thefe are 
greater. 

Again, let a bellow Cylinder be filled with Water, 
and let it flo^ freely out through a Hole at the Bottom 
of it. It is well known, that the Velocity of the effluent 
Water depends en the Height of 'the Water within the Cy- 
linder i and therefore, fince the Surface of the incumbent 
Water continually defcends without any the leqfi Stopt 
the Velocity of the effluent Stream will continually decreaft, 
till it all be run out. Therefore it is plain, there cOft be 
no two ]\i&metus of Time, fucceeding each ether ever fo 
nedrly, wherein the Velocity of the running Water ispre- 
cifefy the fame. And therefore the Velocity that the 
effluent Water has at any given Peint of Time, belongs 
only to thai one particular, indiviftble Msment ^ Time, 
» . and 
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and HO ether : And ibis is accurately the fluxion of the 
Fluid fiowing out atth^t Moment of Time. .Now if 
precifety at that Moment yen begin and cimtip*e to fotir 
mere IVater into the. Cylinder, Jo that the Surface of the 
Water may dejcend no lower, but keep its Place ; then 
the c^Utent fVater will aifo retain its f^elocity, and loH- 
tinue to be the Fluxion of the Fluid as before. Now 
the/e are the genuine Effetls and Operations of Natttrt 
itfelf ; and do, in a manner vifibly, confirm the Truth 
tif what has beenfaid of the Naturevf Fi.x'^xion. 

Fi-om ihefe Examples, and many more that might be 
produced, it is clear to me, that it is an ejfential Pro- 
perty of the Fluxion of a generated ^antity, that it 
< 'does* net retain any one determined Value for. theieaft 
Space of Time whatever ; but at the Moment it arrives 
at that Value, the fame Moment it leaves it. again ; fe 
that it only paffes gradually and fucceffively through all 
the indefinite Degrees contained between the two extreme 
Values which are the Limits thereof, during the Gene- 
ration of the Fluent : That is, in cafe the Fluxion be 
variable at all ; but if it is invariable, the extreme 
P'alueSy and all the intermediate Degrees are but one and 
the fame Value. And therefore, although any determi- 
nate Degree of Fluxion does not continue at all ; yet every 
Fluent has {intrinfically) in itfelf, feme determinate De- 
gree of Fluxion, at every determinate, indivifible Moment 
of Time. 

It being now^ I fuppofe, made evident, that every 
generated Quantity has every where a certain Rate of 
increajing {called its FluxiOnJ whofe abJiraQ Value is 
determinate in itfelf, at any determinate Point of that 
^antity : Therefore to find out its Value, or its Ratta 
to any other Fluxion., is a Problem firiElly geometrical. 
It remains to enquire in general how we mujl compute 
this Value. And here the only, or at leaji the mefl na- 
tural Way is, to get the Proportion of the Increments 
generated by the Fluxions in all Suppofitions of Mdgnz~ 
tude of tbefe Increments, and from thence celleS the 
Ratio they firfi begin -with. When the Fluxions and 
Moments 
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Momtnti of the fmple literal Quantities are defied 
kf proper Symbols j it will he eafy iy the binemial ^&e$~ 
rem to find the contemporary Increment ef any compound 
^aatity \ for that will be exprejfed in the Perm of a 
Series. Now although it is evident^ that this Incre- 
ment ef the compound ^antily is net accurately the 
Eluxion ef it in a?ty determinate Point, hecaufe that 
very IncremeHt is generated hy a Fluxion continually var 
riahle \ yet it is as evident th^i it continually t^fproacbes 
to tt, by continually dimintjhing the Increments ef the 
fiaiph Quantities. Heretben will be had in genera/^ the 
Ratio of the Fluxion ef a Jmple Quantity to the 
Fhtxien of that compound ^aniity, and'i/t the lovse^ 
Te}fms, and Hat as near the Truth as we pleafe, wbilfi 
toe fuppofe fome, though very fmall, Increvtent aSually 
defcribed. But ftnce the. Rati? of tbefe Fluxions is re- 
quired for, and belongs only to, fome one indivi^ble Point 
of the Fluent, that is, in th very Beginning of the 
bKrement, or when there is na Increment at all gene- 
rated i therefore in this pdrtitular Cafe maiii^ tie 
Values of the fimple Increments nothing, which hifere 
was expreffed in general, and then all the Terms wherein 
they are found will vamft), and what is left will accu- 
rately ^w the Relation ef the Fluxions, for that^gle 
iniivifible Point where the Increment is fuppafed firfi 
to commence-i-or was required. For this a^raH Vtdue 
of the Fhtxien belongs te no more Feints thoH one »/ the 
FlucTit ; and therefore ef -Confequence the Moments mufi 
be made to vani/h, after we have feen by the conti/atal 
Diminution thereof, whither^ the Ratio tends, and what 
it continuaily converges te ; which will be as vifible ts 
every Body as the very Char^iliers it is writtea in. Afd 
if any^nejboald doubt efthe Truth of this, IJbouldfer 
ever defpair of convincing him ef aw/ Thing at all. The 
Increments here mufi neceffarify be made ufe ef, not to 
determifie tiiar Magnitude, as feme _ have abfttrdly ima-^ 
gined, but 'OS a Medium in our Reafonirigi te difcover the 
^ffiftUy ^'the Cauje .ibot produces them, thg being 
iht io^itmai. Mffit^s ef. thev Fluxiotti ;. and hew can loe 

. -■.:.■ \ ' a 2 J'^S'. 

D,gt,,-erihyGOOgle 



The P R E F A C E. 

judge of the Force or Efficacy of a Caufe, without con- 
Jidering the Effe£i that it does or couldproduce : For that 
like Caafes are proportional to their EffeSls can never ^ 
denied, except by ihofe that can deny atty Thing. 3'his fVoH 
of Reafoning and Method of Demonjlration then mufi 
he exceedingly clear and conviniing to all that are dufy 
qualified to examine and conftder ity and do not with' a 
■moft unaccGUntable Obftinacyi and irrvincibh Prejudice, 
refalve to yield to no Riafon at aU, though laid before 
them as clear as the Suti. 

And here it may be "worth obferving, that in the 
Procefs of- this ! ' emonjlration, the Terms^ -^hicb va- 
riijbed out of the Increment of the compound S^antity, 
iiid plainly arife from, and •seas generated by 4he Va- 
riation of the-Fluxion of that compound ^antity j and 
the remaining ' ^mtities alone are thofe generated ly 
the Fluxion- it/elf. 

The Eojmefs and Simplicity df this Method of De- 
monjlration- is no fmall- Argument for its Truth -and 
'Perfection. TBe Simplicity of Truth is its great Beauty. 
And by this Mark it here- proves itfelji to be the genuine 
Off-ffring of Nature and Truth. But if any Perfons 
uill not- ajfent to the Trrith of thefe Principles, I would 
■have them fufpend their Judgments, left they make it ap' 
fear that th^ have no Judgment at all. In the mean 
Time 'let them compare ihe Refults and Cenclujtens ob- 
tained by the Method of Fluxions, with the Hie Cenclu- 
Jions obtained by other undifputed Principles or Methods 
of Calculation ; and if thefe Refults continually agree^ 
then it is a convincing Proof {-at leafl a pofteriori) that 
the Principles from whence they are deduced . muft be 
equally true. But if any Perfon -that plainly difcevers 
timfetf unacquainted with mathematical Principles, fball^ 
out of his Averfion to thefe Sciences, cavil and difpite 
againft the Principles here laid down, and which he 
' underjiands nothing of; and endeavour to put tie Jffue 
en fuch a footing, as neither himfelf nor any Body elfe 
canunderftandany~ Thing aieut it, by running ihe Ac- 
count ofitktto the dark ^: - 1 'think it cari.be -of no Con- 
^ j; Je^ietKe 
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fequtttce at all to trouble a Ma^s filf with this Sort if 
Anri-Maihematicians. ~ Ignorance, Malice^ cr Prejm- 
Sve can deftrve no Notice. 

And thus much I choofd to fay here by Way of Pre- 
face, rather than in the Book itfilf (which 1 v?eu!d 
not encumber with needlefs Difputgs) concerning the Na- 
ture and Principles of Fluxions \ a Thing eafy enough 
to ii HJiderftood, and rendered difficult, more by the in- 
trieate Difputes that have been dragged into it by the 
Emmies of Science, than from' the Nature of the Tbij^ 
itfelf. The di-Oine Newton (whefe IVorks will lafi as 
long as the Sun and Moon) clearly favo that this Matter 
did net at all require to be built upon any metaphyseal 
Speculations ; he, by expreffing the fimple Moments by 
general Char oilers, did thence derive, by infinite Series, 
the Moments of compound ^antities ; from whence he 
gets the Proportion of the tluxiensforavf indetermined 
Values of thefe Moments, from which general Propor- 
tion he at lajt gains their Proportion for that particular 
Cafe where the Moments firft begin, or at lafi vamfhinto 
nothing. And thus he has given a Demonftratian ex- 
tremely eafy and eontfleat in it felf. , 

If Arts and Sciences of ?nany hundred Tears flan£}» 
receive daily Improvements and Additions, it cannot be 
Juppofed that this mojl fubtime Art of all, found out but 
Tefterday, can be arrived at Perfe&ien all en afudden. 
if this Art be fo exceedingly ufeful and valuable, it 
certainly deferves the Pains and Attention of the learned 
Mathematicians. And the IVerld miifl expeSl, that the 
Beauty of this Method will excite them to lend aU their 
Aj^ance towards ^ the Advancement of fo noble a Branch 
of Learning, whether it be in improving the Theory, or 
faciiitating the PraSice. Therefore I hope I Jhall bt 
excufed at leaji, if among others, I endeavour to con- 
tribute a little towards this great End. 

The . following Book is divided into three SeHions : In 
the firft are laid down fuch univerfal Propofitions, as are 
the Foundation of all that Doilrine. The fccond ScSion 
Applies theft PrincipUs to theSoktien of the jnoji gene- 
ral 
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thi^tifikii: jift4 ie^f «w^ ef the.Prohkms fo. (fu». 

done ly others^ are refohed hy Metbt^i entirely stfot; 

flji^i' l.thiitky mr-f M.m$i( V W therefore will iy man;/ 

lii^if^' l?imor^ eqfify 0pprebetide4 if tiii Perm. And 

heginfe{-^e Rejolkj^et-e/. piynficalPTohkms has hem lit- 

ife .t^ej^iad <i,n by ntbsr.s^ I have added the third SeSimi^ • 

Wi(wrf. yau buve, (ki lKv0igation of fame ef the (bi^ 

P^^ifl' ProI?Jeins ip li^e Pi^^m^ena, tif.Natitty. jfy^i 

I*, ^s Se^'flfl, it may ptrbtfft pliafe a Reader 6f titf 

i^iincipia iibt ^i^te^.b^iian Pred^aien (hai eveK.apr^ 

peaf:edin, tie Wi/rid) la fee many ef the- Ruber's fitbtlfi 

■ t^^le^ refohed by kis own Ata^fii-. ■ . - ' 

Jt^is w.t in tbs.Uq^ pretended 4bat_ aU Things ktre. 

Ifiif^^ <if «"£ new 1 for 1 have c-olleSed mairy Tkfftg*. 

v/ifitJiA-'tkongbt mfiterioi for form^ this Do6triqe /jrtq 

4 '^W^^: Syfi^m i spd what was wanting I endeavQure^ 

to-jusply Ha well 4A Icwid; not tbat I take it tfiH 

P^feii< For tbst-e «« mat^ Dcfiderata^i// wanting ta 

^flgafe^^ the Science, Secaufe tbe Metbtid of fining Phi 

en^ iy ike Tti^i. is. eifceeding compendioKs and ufefvl, ofttf 

has yet been, but very fligbtiy pafftd over by tbe Writers 0^ 

tiis^SiM^^-' J k^ve been at the Pains [which was net 

4 little) (f compefe a tiw Table, whofe Ufe will appear 

it^jii^trifl io be far nn>re eafy and. intelligible tba.» atet 

e_xmnf\ &*d vo bfs . exts;ifive. Jnd fox ^ Explana- 

<¥«, <Hw^ ^ff "f ft> ^ kavf given a vaji Variety ef E>^r 

^^s (h-ougbeui tbe whole Bopk. Tet I have net 

^fSitffd. the. mefi general known Rules for finding tbe 

fii/^s: is/ iti^ite Seriej t and have infer ted the general 

l^^mfpf tkm. in the S'aile. ht the Ufe ef winch Table 

ikerfik not the le^/t DiffieuJty, there' being nothing re- 

quirfd hut, a kaxe Stibfiitation of ^amities. But as ta 

tbt^ R^oiuki9» ef Problems by, ignite Series^ 1 have 

been more f paring of that, becaufe it bas been wellpror 

ffcuied ^y others. I am not igneranty that {by the Me- 

*jM of Tr&^nfmHtaiiofi of Fluxions) ibis TaiU mgkt 

k^ek^e?t further- extended, and other rnare cempeundta 

Fiirmset^hi ^^. i(fu inferted, Bui, coej^ng bevt 

feldom 
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^om tbefe eomitt UfA, Itlwegbt ir neHl^ ib tarfy 
it avffiiriher. I hive all along, in tty -C^tfhfhnj^ 
vfad ^inQ CharaStrs for ike FifiXiens and Moment j^ 
fatce /biy oagbt net t6 ie confdundid tegett^. And in 
maft Prebltm (txttpt fuch tobere fte Reafoning is fi 
ehiious as net to iteed it) I have uftd bot1a ef tbrm ; 
higinuing _firfi vtiitb tbt- Moments^ and fuh^iuttif^ at tafi 
the Fluxions far ibe tvoxefcent Moments whkb arefro- 
fertienal thereto. 

In all theft Things I have iifigmMy h'een very jhort. 
Por the general iiules and Methods of Operation htit^ 
laid down in as few Words as psffihle-^ the Examples' 
will explain their Meanii^ and Ufe. In the math^Ma- 
tieal Sciences I hlave taken geiaral Methods to he hefi \ 
and thej that deal in the detail ef I'hittgs^ andjpin them 
out to an unnecejfOry Length, making thereby a pompous 
fhow ef Words only^ do certainly mifpend the Time of 
their Readers : Since, one great End . to be aimed at in 
the Sciences, is to abridge and reduce them to th'e mofi 
general and contife Rules. 

Js I am net confcitus of atrf Faults I have cemtnilted 
in this Treatife, Jo I hope they are but few. But ht 
fuch a vajl Variety of Things of the moft intricate Na- 
ture, it is hardly fofftble but fome will efcape. There- 
fere 1 ntuft beg of the courteous and good ndlur'd Keadsr 
(for whom alone it was written) that be will raiber 
kindly inform me ef my Errors and DefeSls, than eeh- 
Jure and condemn the Book. Fdr as Truth is tahat 1 
feek, I pall with Pleafure retraSt or corriSt afty Thing 
J have written, when it appears inconfiflent ^ilb that 
or the Reafon vf Things. 

Laftly, let me acquaint the Reader, that it is indifpen- 
jabiy required, that he perfeSly underjiand JritbmetiCt 
Geometry, and Algebra in all their Parts and Improve- 
ments, the Methods of Series, Do£irine ef Proportions, 
Nature of Logarithms, Mechanics, and Laws of Mo- 
tion, &c. all which are to be learned from tbefe particular 
Sciences to which they belong.- For 1 am clearly per- 
Jkaied, that it is the hefi Method to treat every Science 

diftina 
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MjlinB and entire by itfelf, without the Mixture or In- 
terfqfition of any thing foreign to the Subjcll. jind 
therefore in this Treatife I have delivered nothing tat 
the pure DoArine of ^\\ix\an% alone. It would be but 
loft Labour for a^ Perfon Unacquainted with theJeP,nT 
COgnita, to fpend any Time in reading this Bsek ^ or 
indeed to attempt to read any fuch like Treatife with any 
tolerable Judgment. The Covfequence would be, that 
either the Author or the Difficulty of the. Subje^ tnujl be 
ilamed, as is always the Cafe ; but never the Reader. 
But then if he comes thus prepared, this will make 
every Thing eafy and pleafant, and he will then find 
few Difficulties here, but what he will, eafily furmount. 
All which 1 fubmit to the Perufal of the candid and 
Judicious Reader. 

W. Emerfon. 



rations and Additions in feveral Parts of the Book, 
which are too tedious to mention : But the Additions of 
principal Note are ihefe, in Seil. J. feveral more Exam- 
ples of transforming Fluxions are added to Prop. ^. as 
alfo more Examples of finding Fluents, to Prop. lo. 
There is alfo fame farther Explication of the Ufe of the 
Table; likewife Ex. lo and ii to Prep. 13, are e»- 
larged, and more Examples added. InSe^.II. Prob.i. 
is enlarged, amd two more Problems added at the End, 
Likewife I have added a new Problem at the Beginning 
of Se3. in. and feveral more phyftcal Problems at- the 
End of iff with two new Copper Plates. 
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DOCTRINE 

O F 

FLUXIONS. 

Pos'tulatum. 
' That any ^anttty may be fuppofed to be ge^ 
nerated by continual Increafe. ■ 

HERE Quantities are confider'd, not as 
compofed of an infinicc Number of con- 
ftituenc Parts, but as defcribed by a con- 
tinued Moiion. Thus a Line is defcribed 
by the Motion of a Point ; and a Rei5tangte may be 
conceiv'd to be generated by the Motion of one Side 
along the other j and TicT\e proceeds by a regul.ar 
Flux. And all other Quantities may (by Analogy) 
be conceived to be generated after the fame Manner. 

Definitions. 
Deiinition I. 
Qujntitie^ generated by a continual Increafe are 
called Flueiits or Flowing Quantities. Thofe Quanti- 
ties that always retain the fame Value arc called given^ 
conjlantj Jiariding, or invariable ^antities ; and thofe 
B that 
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thac are continually changing their Value are called 
variable or indetermit'd ^atititiu. 

Thus in a Circle the Diameter is a conftant Quan- 
tity ) and the verfed Sine and correfpondent Sine are 
variable Quantities : Alfo in a Parabola, the Latus 
Reftum is a conftant Quantity, and the Abfcifa and. 
correfpondent Ordinate arc variable Quantities. 

Dcf. H. 

The Velocity of the Increafe of any generated Quan- 
tity, or the Degree of Quicknefs (or Slownefs) where- 
with the new Pacts of it continually arife, is called its 
Fluxion. 

Thus when a Line is generated by the Motion of a 
Point, the Line itfclf is the Fluent, and the Velocity 
of the moving Point is ftriftly its Fluxion. But Ve- 
locity is never properly afcribcd to any Thing but 
local Motion, and is ufed in this Definition, rather to 
defcribe what is meant by the Word Fluxion, than to 
define it. Velocity is the fame in a particular Senfe 
in Relation to. the Space defcribed, as Fluxion is in 
a general Senfe in Relacion to the Fluent sgenertced 
thereby. Velocity is aliow*d by all to be a fimple 
Idea, and To is Fluxion too. When i Man confidtrs 
thcGenerationoffeveral Quantities, after thisMapner, 
he will find fome to increaic fafter, others Qower ; and 
confequentjy that there are comparative Velocities (or 
Fluxions) ot Increafe during their Gencratioi^ : AJid 
thus he will by Degrees get the Idea of a Fluxion ; 
but without fuch attentive Confiderauon, he will avitx 
be the wifer'for all the Words in the World. 

Def. m. 

The indefinitely fmall Portions of the Fluent which 
are generated in any indefinitely fmall Porrionsof Time 
are called Moments or In&ements. Or if the Fluent 
decreafes, the Portions conunually dclbroy'd are called 
Decretntnts, 

Thcfc 
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Thefe Moments «re the immediate Effefts of the 
Fluxions, and are thofe Quantities by the continual 
Acceflion of which the Fluent increares and grows big- 
ger and bigger : That is, «ny Moment confider'd alone 
is the adequateEfFeftoffomeringledetermin ate Fluxion 
which is (confider'd as) its generating Caufe. Thertt- 
fore the Moments and Fluxions ought not to be con- 
founded together, fince the Moments (being generated 
by the Fluxions) are as different from the Fluxions, 
as any Effect is different from its Cxufe. 

Def. IV. ' 

The Velocity, P'arialiort, or ^ieknefs of iHtreafe 
(orZ3fcr«ij/e) of any Fluxion is called the/econd Fluxiom 
likewife the Variation or Quicknefs of Incre^fe of the 
fecond Fluxion is called the third Fluxion, 'Sec. 

As in ttie Generation of any Fluent, the different 
Farts c^ it may be generated faAer or flower, that is, 
its Fluxion at different TinKs may be unequal ■, fo 
there muft be Degrees of Variation by which it is con- 
tiflualty changing, that is, it muff have a feccvid Fluxi- 
on. A;id in like Manner this fecond Fluxion may 
alfo be Continually variable, and therefore muff have 
a certain Degree of Variation in every Point, or a third 
Fluxion. And fo on. 

Def. V. 

Contemporary Fluents are thofe which art fuppofed 
to be generated together or in equal Times } or which 
begin together and end together. 

Def. VI. 
In any Fluxionary Equation, a ^anlity of the^rfi 
Order is that which has only one firft Fluxion in it ; a 
Quantity of the fecond Order has either one fecond 
Fluxion or two firft Fluxions : families of the third 
Order, arc third Fluxions, produftof three firft l;''!«jxi- 
ons, produi^ of a firft and fecond Fluxion, ^c 

B 2 Notation. 
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Notation. 

1. The firft Letters of the Alphabet, a, ^, f, fcff, 
are generally put for ftanding Quantities ; and the lafl: 
*, y, z, Wf- for variable or flowing Quantities. 

2. If X ory be put fbrany fluent or variable Quan- 
tity, then the fame Letter with a Point over it x^y^ 
denotes the Fluxion of x or y refpcftively ; and the 
fame Letters twice pointed x and y; arejhe Fluxions 
of * and J/, or the fecortd Fluxions of x 3.ddy : thus 

X andj" are the third Fluxions of X and _y; Likcwife 

X and J' denote the fourth Fluxions of a; and _)>, tfc. 
alfo the fluxion 6f a ot i is o. 

3- Again, * denotes the Moment or Increment of 

X, Andy the Moment or Increment of^j likcwife x and jr 
denote the Moments of .the Moments, or the-fecond 
Moments of * and y^ fefr. 

4. To the common Algebraic Charafters already 
rcceiv'd I add this OC , which fignifies a general Pro- 

BC 
portion ; thus, A OC =—, fignifies that Ais m a con- 

BC ^ 

ftant Ratio to -r—; that is (ifa,^, c, d be other V-alues 

of thefe Quantities) A : -~ :: a : yi and thus every 
general Proportion is to be underftood. 
Axiom. 

Quantities, which in any finite Time continually 
converge to Equality, and he/ore the End of that-Time, 
approach nearer to one another than by any given 
Difference, do at laft become equal. 

If any (hould think this not clear enough to pafs for 
an Axiom, he may conflder it thus ; Jet D be thtir ulti- 
mate Difference, therefore they cannot approach nearer 
to Quality, than by that given Difference D, contrary 
to the Hypothecs i which Suppofition is abfurd in a!i 
Cafes except when D is nothing. SEC T. 
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S E C T. I. 

'The fundamental Principles and Opera- 
tions of Fluxions. 



PROP. I. 

'The Fluxion of any Fluent or generated Quantity 
is equal to the Sum of the Fluxions of all the 
Roots or Sides, each multiply d continually by 
the Index- of its Power, and by the gi^en Fluent 
divided by thefaid Root or Side. 

' ■' ■ D EM.O N S TRAT I O N. 

' I j ET the Fluent b& bx y ■, nowitsFluMontnuIl 
be a Thing real and determinate in itfelf, other- 
wife we are feeking that which has no Exiftence. By 
the Notation, x and y are the Fluxions of* and ji > 
and will produce EfFeas, that is, will generate Mot 
mcnts proportional to thcmfelves whilft they retain 
their Values, which therefore may be cxpreffed by 
ex, oy. 

2. Now by the Poftulatum, thefe Moments will 
increafe the Quantities x,y, which therefore will be- 
come x-\-ox, and y-^oy. • 

3- Therefore the Fluent hx y will now become 
b X x-^ox''" xyT^' =1>X : x" + mx"^^ ox + 
px" ex, Ciff. X'-y .+ }ty" oy -[-^ oy , ^^• 
where p, q are given Quantities. 

4. The 

n,gn,-.riJGOO^IC 



7he DocTRiSE 

4, ThcUftQuantitjr being afhuaHymuItiply'd, and 
hx'y' fubftrafled from U j we (hall have hmx y ok 

, m B— I . , «— 2 ■ z . 2 , I « » — 2 2 2 , 

'+*»* ;f ey+hpx y x -\- b^x y y + 
i«»»"~'^"~'o yx+y^c. for the Moment of ^Jf y . 

5. Therefore the Moment laft found being divided 
by the indefenite Quantity a, wiU give the Fluxion of 

hx'"y'' equal to i>mx y x -^ hnx'y y + 

bpx y OX -^ iqx y oy +pmnx y eyx 
-f-, (^c. and this is the Fluxion (or Velocity) where- 
with the foregoing Moment is (or may be) uniformly 

gencrdted. 

6. "Bm fince the (Vetecity or) Fluxion is required 
whCTewich-\hat Moment iirft arifes, is this Cafe the 
Moments ox andij will alfobejufl ariiing and there- 
fore nothing, and coniequcntly will be nothing, and 
therefore all the Tenns wliereih it is found wiU be 
BOthingv 

7, Therefore the Fluxion of ^y*^"atthatMoment 

of Time rs accuratrfy hmx " yie + hnx y'~ y. 
Q.E.D. 

Otberwife thus. 

1 . Let X aBd> be very ftnail Inc'ewients uniformly 
generated by x 8nd_y, in a very imall Time. 

2. The Quantities *, jy, bx'^y" then at the End of 

,^* 

thatTiroearebcconie*4-x,_)'-|-^, and bxx-\-x x 

y-¥y i and /the Increments generated in that 

Time 
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Time are «, y and bmx y x + box y y ^ 

hp>r~ y'x + h^iTy y 4- ^^s"** >*~ *y +y^f. 
=1 M by Subftitution, where note Pi q an given 
Quantities. 

3. Now fince x :y : : x :y =z ^, becaufe the 
Effedls of like Caufes are proportional; therefore ex- 
punge jr out of the Value of M, and we Ihall hare 
the Increment of x to the Increment of Ifx y" itx to 
M or as I to— 7 J that is, as x ^to bmx''~^y' ji + 

hm*y y -^-bpx y xx + hmnx* f" sy 4. 
hqx'y'^ % +. tff. = P -H Qi, i^c. by Sublli- 

tution, (putting P for the two firft Terms, and Q5, 
&?£■. for the relt). 

4. But * is the Fluxion of x, 'therefore P+Q* ic 

thTeFluxTon of bx'y'. But fince this. laft Fluxion P+Q* 
is not that with which the Increment begins to be ge- 
nerated, which we feck : It is evident that by dinii- 
niHung the Time, or w^ich is^he fame thing, dimi* 

nifliing a:, the Fluxion P+Q* continually converges 
M that Fluxion (or Velocity) wherewith the Increment 

firft arifes, and before #-be diminifli'd to aothing, is 
nearer to it than by any given Differencei and therefore 

by the Axiom when x is nothing, and confequently 

Q^ nothing, then P or hm'^^^y^k 4- hnx'y''~^y 

will be the Flaxion oi bx y . In like Manner it 
may be demonftrated for any other Quantity. Q^^E. D. 
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. 7he Doctrine 

Cor. I. A Fluent can have but one Fluxion : Thus 
the Fluxion of arcao only be k ; of ax*, laxx, ^c. 

Cor. -z. When the Fluxion of any Quantity is the 
Tame with. a propofed Fluxion, then that Quantity is 
ix& Fluent. 

,Sc H o L I u M. 

'As clear and evident as this Propofition is, yet it 
hfs been cenfur'd as falfe and erroneous ; though the ■ 
Ferfons that object againft its Truth were never able 
. to tell us what the Error is, nor whether the Fluxion 
of any Quantity is greater or leiTer than is aSign'd by 
'this Propofition. 

For a further lUuftration, let us fuppofe that x and 
y arc uniformly diminiflied by the very fmall Incre- 
ments X artd y. Then be reafoning as. before, we Ihall 
get the Fluxion (or Velocity) of the contempora- 
ry Moment oi hx y = bmx y'x+lnix"y y — 

, «— z » ' . , »— 1 »— 1 ' . htix'y~'^xy' ' 
bpx y XX — bmnx y xy^ : 

f^c. = P — Q», tff. Now by continually diminifli- 

■ ing Xy it is manifeft that P — Qx, t^c, WiW difffer frqm 
the Fluxion the Moment firft arifes with, by a Quan- 

ty.lefs-than any afligriablei before x be reduced to 
nothing. ' ' _ . 

Now when we fee-that whilft x-^x converges to x, 

that at the fame Tirfic P-l-Q«, ^c. convecges to that 
•Fluxion the Moment arifes with, and diflfers in Excefs 
from it by lefs than any given Difference, and fiill dif- 

■ fers the lefs, the lefsx' is taken j and when * is infi- 
nitely fmall, that Difference is infinitely fmall in Ex- ' 

cefs: And feeing alfo that whilft x—x converges to- 
wards 
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wardi «. iikcwifc P— Q?» f?'?- approaches to the 
Fluxion the Moment vinitnef with [or the Succeeding 
Moment begins with, being the fame the other con- 
verg'd Wj and difiers in HehSi frpm 't, by lefs than 
apy ^ivfin pefjsrepce, 4na l^itl differ? the lefa as 

9f is lefs, and when x is infinitely dimintffa'd, that 
Dtffi^rencc ih infinitely fmall in DtfeS. If any one 

after bU this IhQuId contend, fiut v^<n ? is qukf 
vsnifiiM and become nothing, thu the Fluxion pjf 
i*^ is not accurately P m" ^WMf"— 'y* +^">"~!>' 5 
I cfaiiik oo man ought to j|i*e faimfelf any Concern 
at all ^ (uch an Advcrfary, or take any furdicr 
Pain for his CoMri&ion. 



P R O P. 11. 

If two Fluents or variable Quantities he equal to 

each other i or-in a given &atio ; their Fluxions. 

•Kill be egualj <ir in ibejitme given Ratio. 
jSnd ^ tpjofiuxionary ^antities are equal or in 

a given Ratio ; their contemporary F/a:nts •will 

be equal or in the fame given Ratio, 

For fince the Quantities always continue equal, or 
in a ^ven Ratio ; theconcinuaUyarifingJncremBnts, 
4Hid cbnefore ^kx 'Fluxions pFopottional chereto, wtU 
neoefiacily 'be equal or in the fame given Katio. 
And«^ versi^ che Fliustons or generating Caufes 
bein^ always equal or in a given Ratio ; their EfFtfts 
or conom^rAiy Fluents -«ill therefore ^be equal, or 
'in-<hefi|mc given Jt.8tio. Q^C^. 

C Cor. 
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The Doctrine 

Cor. I. Two fluxionary Quantities maj? be eqilal, 
and their fimple Fluents unequal. For (by this Prop.) 
only the contemporary Fluents can be equal. And 
therefore 

CoR. 2. A Fluxion may have an infinite Number 
of Fluents : thus the Fluent of x is ^ o + x, ^ + x, 
<■ + *, X— <I, X— i, *~', &c. 

Cor. 3. If any Fluxion be equal (or nearly equal) 
to fome other Fluxion, in fome particular Cafe; then 
the one may be fubftituted for the other in any fiuxio- 
nary Equation, and their Fluents will be equal in that 
particular Cafe, (or nearly fo.) 

CoR. 4. If there be any Relation whatfoerer be- 
tween the Moments of feveral Quantities in their na- 
fcent or evanefcent State; the fame Relation there is 
alfo between the Fluxions of thefe Quantities. 

Cor. 5. And therefore in any Equation between the 
Moments coniider'd as arifing, the Fluxions may be 
fubftttuted in their Room ; and the contrary. 



PROP. III. 

Given an Equation containing the Relation of tbt 
Jhwin^ ^antities j to determine the Relation 
of their Fluxions. 

Solution.' 

1. If any TeVm contains only one variable Quan- 
tity i multiply its Index, the Fluxion of the Root, its 
Power whole Index is lefTened by i, and the Coeffi- 
cient of the Term continually, for the Fluxion of 
that Term: 

2. If^ny Term involves feveral flowing Quantities, 
obferve what Power of any variable Quantity is con- 

tain'd 
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tain*d in that Term, and multiply the Fluiclon of that 
Power (found hf Art. i.) by all the other Quanti- 
ties in the Term % do the fame for all the variable 
Quantities -, the Sum of all thefe Frodufts is the 
Fluxion of that Term. 

3. Repeat the fame Operation for all the Terms 
in the Equation ; and the Sum of all gives an Equa- 
tion conuining the Fluxions required. 

4. In exponen; ial Equations, or thofe whofe Ex- 
ponents are variable ■, let X , Y, Z, &f r . be the hyper- 
oolic Logarithms of x.j'i z, &:c. then multiply the 
Index of any Quantity into the Logarithm of that 
quantity, and you'll have a logarithmic Equation, 
whofe Fluxion is to be found by the foregoing Rules : 
Then expunge the logarithmic Fluxions x, V, or z, 

by fubftituting their equals — » =^ » or — ■, the Rear 

fon of which will appear hereafter by Frob. 11. 
Sea. 11. 

5. Sometimes it may be convenient to divide the 
Equation given, by fume of the indetermin'd Quan- 
tities contained in moft of the Terms j or to fubfti- 
tutelingle Letters for contpound Quantities. 

Example i. 
Letj'=a-J-)f — z— i — Jif ; then the Fluxion is 
_y^* — 2; — dx. 

Ex. 2. * 
Let x^ay^j then the Fluxion of this Equation Is 

Ex. 3. 
l^tyzzax\ the Fluxion is^=2«w*. 6r in par- 
ticular Numbers, let, ij=:io, i = i, then ^=20*. 
Now if *=!, then _y=2o. If jf— 2, 3, 4, tff. 
then J/ =40, 60, 80, i^c. 

Ex. 4. 
Lctz=i2oi»", the Fluxion isz^iaofl^**^'*. 
C 2 Ex. 
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Let */«»■"** ^y* that isaa— irfcr s:^ j iti 
Fluxion is I x—»*«Xfld--iV*l ^, or. 



=_^. In Kufflfaers thus, let s:=i6, *=:i, then ^ 

:i ■ ^ — . .. .-. . , and if *i=o, then y =: — ^ = o. 

\/lOO XX ■'10 

Jf«=:^^ = ^. IF*=6,t-he0^=^. IT 
Sf*!Ov y^^~~ = •— bi&iity ) and &«f othcn. 

Ex. 6. 

Let vzzhit^y^t tht flaxion is ■if^3^*»*+2^*';?y, 

Ex. 7. 
LW '^~=^-Vi thtt is *>j»-» =«! the FJoicion li 






Ex. 8. 

L^t *' — a**+(ivy — ^1=0. Its Fluxion will be 

Ex. 9. _^ 

Let -this Equation tw given y* —a* ^ if^M—xx j 

its Fluxion is 23^ c: iv'aa —xx — — V'" ■" - > or 

«a.jr — 2W'x 

Ex. 
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Ex. lo. 
Let ly +x-y—iiiyz=x>—3)f be (Jwn > ttaii in 

Fluxion is 6>"^+2y»» +x'y — icyz — 2cz^=3H«»» 
3Z7 — 6yzz. 
Or thus, divide the given Equation by;r, and you'll 

ian!ii'+it—'icz=—~3z; wioii BUmm U 

43y+2xi— zci-^^-:-^ — ixii-at ^ + 

Ex. II. 
i!_ ^' + _& My'^^+M =0, the FlTOO* 

is 3«.i-2^- + -gi — j^. -J«v''?)'+« 



— ax^ — zx^i 



j=— ^ o. Or 3«'« — Mjj + 



'cy »»7 -|- •"• 

j^abf'y +rt]>} _ 4^»» +6) |' « -t-at-y _„ 

Ex^ 12. 

iet s/<"' + •^" — *' — "■ *" '"". ■" "*" 
^^» XX zzw, whofe Fluxion is (M— .—-— - = 

"2W. whenee * =-^-^,^^^_j„ ■ " * = 



tf» — 



^aa- 



iJax-^'jM—xx 

Ex. >3. 
i.etz^ — »=oi infliuqonwillbejjif +z)r— 
«=:o. Or thus, let s —j, l=i, then i — lr. and 
« nJri and the Equation zy —a* = zj — itf = o. 



byGoogle 



i4 '^the Doc T HIKE 

whofe FJuxiort zs+sz — ai~Q, that is (rcftoring 
tHe Values of j, 3, /) !^-\-'yz^—axzzot the fame 
•s before. 

Ex. 14; 

• Suppofe zxxz zz *xfy ^^^ let jf be a given or can- 
ft'ant Quantity, then its Fluxion is lic-z + zxxi zz. 

Or thus, let x—h Z—tt y = v; then the given 
Equation becomes 2l>xt=:ayVt^ whofe Fluxion is 

ai/x+2ixi:=avy+axt;. And reftoring z, 2, *, y, y 

Tor /, u *» w, ^i you'll have zzk^-kr^xxzzzayy-^-ayyt 
the Fluxion required. 

Ex. 15. 
Let-. — yM^-^ y =0, and ryppofe y conftantj 

' then-i«FIuxionU?»+2M.-i^ +i. = o. 
X* ** X^ a . 

_, . . Ex. 16. 
Suppofe za^^y -— x's;' — x^zx •=. aSy* — tXl- , 

and 2: invariable, its Fluxion will be 2d'j5'+2d'j3' — 

E X. 1 7. 

Let Y> = x, where Y is the hyperbolic Log. of^j 
its Fluxion is 
fore .X =z ^ . 
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Ex. i8. 
Suppofe J" = z, then will »Yz: Z (where Z, Y 
are the Hyp. Log. of z, 3) ; the Fluxion of this 

Equation is xY+Yx=Z i but Y= ■'-,andZ=^, 

. J" . ^ 

whence i5!..Yi=:—i therefore i =; [^S. + 

y z ^ Jt . 

Y2ac=) xf-^ +Y/i. 

Ex. 19. 

Let j»' = z ; then x'Y = Z, in Fluxions jfY 
+ Y X Fluxion of X" = z. But (by Ex. 18.) 
Fluxion of if = f**~'jr + X^'v j and V = 

i, alfoZ=-i therefore il + Yi.'^'x + 

J' . ^ . .> , 

.YX**'& = — = — ■^'. Whence i: = «^«»-'_y . + 



PRO P. . IV. 

4 

i>r /ir Kara/ e/ ( +/z"^ z^i: = A. 

F/«ni( 0/ e+Zz' 'zM-i = B. 

F/flr»r of e 

Then I fay, 

P+m+iX 
n. P = «A+/B. 



Fluml of 7+^'"*"zH — P. 



I. f+i . P + »>+ixj>/B=J^'"'«+/z''' '. 
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DzMOItSTlLATtON. 

fori. /!+ 1 . i+m+i . ifi=f+i.7fz. i+fi^' 

+ m+i . tifif+-z . e+A" 
vrhofe FhMQt, by Cor. a. Pitip. 1. is 

ffi X P+M^ X »/B := zH-e+fz-'*'. 

II. « +/z"'"*"2fz = e+fa-H 7+Jz>'zti = 

afz X « +/z* +fif+^ X « +/2''. Tint is 

V=lk+fB, and the Fluent isP=jA+/B. 
Q.E.D. 

Cor. I . Hence if any one of the Fluents A, B. P, 
be g^ven, the other two wiU be found. Therefore, 



Cr 3 J^^ _ »'+■■'+/»■' >-jH.l+«.4-../» 
f+'X t 

COR.4. P- j,+ ,+^+„ • 

Cor. 5. A -f+'+^+'" ■ P-^+'^W"^' 



X»e 



PROP. V. 

iX l+fi!'+iz?- + hi^&4. =V .tziNuabtr of 
, Terms inV. 

And Hx fhat of V-zfi = A. 

Burnt of V-2f +"i = B. ' 

Bum of V-l*+"i = C. 
BR«^V-aH-i>i = D, e^r. fottinued 
to t ^uantititi. 
4ii Bum of V-+'zti = P. nai wiB, 

I. 
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!+»»+». /B+ 1 

I'd to / Terms. J 



'V+'. 



+, £tfc. continu' 
II.P=eA+/B+^+i&D+ &?f. to/Terms. 

Demonstkation. 
tetp + i=r, «+i=:j. And putting the firft 
Hquation into' Fluxions, there is r*A+r+« x/B 
+ r+2j» X ^ +r+ 3 J« X ii) Cs'f. = n/zV"^^ + 
^j^+iy^ . that is trcftoring the Values of V, V, 
A, B, is'c. and dividing by z^Vsi) re+r-^siixfz' + 

•&c. + jz X h/z— ' + znpi"-' + 3»iz3'-' &c. where 
both Sides of the Equation being manifeftly equal, 
'tis evident the Quantities from whence they were 
derived, that is, the Fluents in Equation the ift, 
txiuft alfo be equal. After the fame Manner is the 
fecond Equation very eafily demonftrated. Q. E. D. 
CoR. Hence if /— i of the Fluents P, A, B, C, 
^f . be given \ the reft will be found. 



PROP. VI. 

Put e -k-fz' ~ y^ k + Iz!- = Yy and 
the Fluent of z^zV'Yf =: A. 
Fluent of zH-zV'Xi = B. 
Fluent ef zf+"zV-Yf = C. 
Alfo Fluent of zfzV'+^Yt = P. 
Fluent of zf+'zV'+'Yt = Q^ 

Then it will bo 

Digti'^erihyGoOgle 
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+ j'-hi+pi+«xg/J' r ~ 



II. P=£A-h/B. 

Demonstration. 
putting the firft Equation into Fluxions, wc have 

Then i-eftowig t^e Values of A* B, c. v, y. and 
, dividiRg tey «''V"y«, 4b4 tficn expunging V, T j. 



jh. r + /ff x e^ J 

= f X tf+/2' ;;! i+^' + J»/r" X *+/?" + '«^2^ X 
e +fz', an Equation whofe two Sides (when reduced) 
being manifeftly the fame, argues the Equation from 
whence it was deduced to be a true Equation. And 
the fame may be eafily fliown of the other two Equa- 
tions. Q. E. D. . 

CoR. Hcncf if any 2 of the Fluents A, B, C, P, Q 
be given J thereft may be found. 



PRO P. VH. 

Let e -i-fz" +iz*' + Hi- (dc. =z V. 
i + Iz- +rz"'+ szi' i^c' = T. 
/ — Number of Terms tnYt t = Number of ^aans 
inY. 
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jbid the Fluent of zfiV-Y' = A. 

Flumt sf aP+'iV-y = B.' 

Fluent 0/ 2>+"zV-y< - C. 

Fluent 0/ 2f+s'2rV'Yf = B. t?c. '"Uio"'!/ 

^/o K««i( «/■ rfiVi+'Y' = P. , 
FluBU Y x'+'iV'+'Y' = q, 
Fluent ./sif-H'zV-+'Yl =: R. Wr. »«- 

/ina'i « T ^mlitia. 

Then 1 fay. ' -> 

4.j;-4-,-t.«»+w4-2ii.;tfC +W-'+'"'+'i"+3" -fr ' 
+p+t+^m+2n Xtt} 4- /<-i*-M»H-?trf 3«.f/ ( 

+ 6ft. (continued to «+■»—■• •Ttfon«)-P 
a^+iV"+'Y?-^^. .- : 

n. P = jA +/B + jC + *D Wt. to <. Terms, 

m.Cl=eB+fC+lD+hElfj. 

IV. R = <C+/D+iE + *Fyf. 

V. S = JD +/E +f F + «G W'^. 
yf. continued to T Equations; 

This is detnonftrated laie the foi^going. 

Cor. Hence if « + '^ - 1 of t'>= Fta-f ■; J"' Q; *r 
A, B, C, tfc. are given, the reft itiU be found. 



PROP. 
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PROP. VIII. 

jtid Ihi Flumt of zriV-Y!X':=A. 

fkent of z'+-iV-YlX'=B. 
F;«« «/ 2f+"aV-Y!X'=C. 
Flumt of z>+!-zVY<X'=:D. 
Alfi Flumt of zfiV-H-yiX'^P. 
-Flumt o/sf+'zV-+'YiX'=Cl. 
■ Fluat of zf-t— iV-+'Y?X'=;R. 

Then it will be 



'.;. l-p+ixdah 



+ p+ I + «■» + « xfhl 

+ ;> -t: 1 + {» + » X <i >B 

+ ? + I + " + « X «*' J 



+P+I + ?» +rn+2tt.eltj 
xfllD=2f+'V-+'Y'+'X'+: . 

II. P=tA+/B. 

III. Or: «B +/C. 

IV. R=(C+/D. 

The Trflth of this is Jbcwn as the reft. 
. Cor. Hence if (any) three of the Fluents A, B, C» 
D, P, Q, R be given, all the cell will be found. 

Scholium. 
In t^e five laft Fropofitions it mud be obferved, that 
any of the Fluents A, B, C j P, Q. R, &'■ vanilhet 
out of the Equation when its CoefHcient is o ; - And 
therefore in fuch a Cafe that Fluent cannot be found 
by any of thefe Fropofitions. 
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If any One fhoirid afk how thefe Fropolitiont tte 
Found out } the Anfwer is, by the common AnalyOs. 
For taking any Equation in thefe Propofidons, or 
afluming any Equation among tbe Fluents A, B, C, 
Pj Q^ R, at Pleafarc, wd aiTefUng them with lUH 
known Coefficients ; then putting that Equation into 
Fluxions (fubfticucing the ValiKS of A. B, P, £^<.) 
and then comparing the hooiotogous Tentu, cliele 
Coefficients will eaQly be dcterntin'd, if the Thing 
is pofltble. And thus you may find out other Fro- 
pofitions of this Kind. 



P R O P. DC. 

7*0 transform a given Fluxion into another more 
JimpU one. 

Rule. 

1. For any compound Quantity in the g^ren 
Fluxion put a new Letter or variable Quantity, by 
Help «f which expunge the ether variable Quantity 
and its Fluxion out of the given fluxlbnary Quantity { 
fo will you have a new Fluxion inftead of the former. 
If this be not fimple enough, aflume another variable 
Quantity inftead of any compound Quantity con- 
tain'd ip this laft, and expunge the former alTun'd 
Quantity and its Fluxion. Proceed thus till the 
transformed Fluxion be asfimple as poflible. < 

2. Sometimes a compound Fluxion may be dif- 
Ibtred into feveral other Ampler ones, thus ; aflume 
two or more fuch fluxionary Quantities, as you con- 
ceive will, when duly reduc'd, make up the given 
Fluxion, and let them be atfeded with indetermin'd ' 
CociHcienu \ then reducing them to the Form of the 

given 
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gitOR Fldxioa, thsfe Coeffickqu. will be *»^y de- 
uraim'd hff com|uritig the honwlqgww Teems. 

3. Or ia «if &iiii(»ary Equation of x and ^ 
(bbO&tutK fome contpound Quantity foroog of than, 
iiieh as ,3w» arartr, for jr ; m.s^zz-*-i iotjt at 
vjiifityt or my Aich Ukew thn ^by Subftkudon witl 
make it fiiMpler. For the whole Dafign of crinsfarm- 
ing Amr Quantity inio another ii In order to make it 
aKseumpte, that the^lueat diaybetbecaficr found. 

Ex. I. 

Let e +/s" X J+ite^ z™-'z be propofed. Af- 



putting p nfg — eb. Therefore the 
Xp -jr bvt/'v . 



giveii Fluxion i+flf^ xg+Sj?'ir'-'e=—~ 



E x._ a. ■ , 
There is given . ^— . '!»■ > afiuroe v 

>■*+/*•, thenz- nz'°-=i, and »".=:. 5=21, 



z"-^ = . ^ I, ii put p —^/ff—vgt ««J thei* 

, t,'. : — ^, „ ■ • ^ 
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as win be evident by reducing the two Terms to a 
cmmooil DcBOOMnator^. Theor&re, putting <a :3 

■^I'-gk, an** = ^i^/— f*, the given rhMioft 

becomes -^X .* 

P US'-' xa+gi! V^'—Xt+pi 

'Ex. 3. 

T „ « +^" 2*"~'2: ... T. ^ 

i-et— if— — jv; — :::F be given: I'oHi=3f+ 

*art ^rtenz'r:^^, and«+>'=-'^^ (p«J 
sag^=^' — ei). and 2!»*-»i 






F = 






Again, let /— /v^=^j then **-**»*, -j. 
■ ^~i^ ^ and i-fir-' = °'~'* i Whottei; 



. _.Qtherniiff. 



i-~gv-« 



Shoe ~ ^i,-f.i, ■xj—l''~' «»-~'* is , (br 

firitniiili)pl;iDgnid then dividing, by i— ^tr— ) = 

X /— jwr-' " i;^-'— > if i therefore expunsog.^ anfl it 
becomes 
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Ex. 4. 



Sappore«+>' +jz» »''-'z=F, put f+^ 



f 



ftcrefore t --iZ+v^J+Fl" x ■J!±_ . If 
this be not thought Ample enough, fuppole, 
Agun *=y/j)+^, then«= — :— ^, andi/"+»=: 

— jrp— , and i^ = — ;r:frX2»«itheteforcJ= 

y^t^ xi^l'«. Here»=v'A+5i=V+J2-. 
Ex. 5. 

To transform the Fluxion -r-. — - — . aJTume 

fg'— z Az"— z . C»"—z 

ft +£fe' + Jr^" — B + ^2' + 1)+^ - 
(bf reducing to a coummon Denominator) 

j_Rp. — ■ i then comparing the 



BD -5^*- +ij;." 



homologotu 
hyGoogle 
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fcomologmis Tffms, Ag+CiTX>, AP+BC=g, BD 
=^?. ^e+Pl^fti whence is had C= — A,P+B 

=/» D— B=v^-^\4^ =*i ,juid thence A =: — , 
B =£^,'C= -=:* , D = ^ . And Iherefore, • 

•.»^*-*Z _^ 2*»— ^Z .g .Z^^ —'Z 



+i^ -f+f 

Otherwife thus. 



ig 
Wbeocc the fluxioniil (iy^ln^ty pro- 



■I>ut «■ = ;r i-, then «»^'a = ^ X 



^^fed becones • g, — ^ > which will be 

in rational Terms when k is an Integer. 
Ex. 6. 

i)Ut' ^ , ' aa J ' ^ hegiTen, whew ^, is half «f 
an ddd dumber, and 41?^ greater than j^. 

C"+tte» ' +^»' .= (by Reduaion) 

-4. AC2>— i— i + Alfcx—a + Af „+j^, . 



ccId^^'+s^ 



^Nov comparing the homologous Tenos, we liave 
AC— BC=:o=:Ap— Bf, AD+BOsS", CCz=<f, 
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iC^— DDr:^. From whence we have C=v/^ 
D = v/2f ^5 —/l, A=-t. _ B. Whence 

'^re + Dz\-+iz- '■ both, which Termj may be 
■ transform^ inlo others ftill more fimple* after the 
Manner of the fourth Example. 

A is half an odd Number, and 4e^ greater than_^. 

Affume for it , , , 7;^ + — , — t 

' +fz' + gz" ^ t + lz- • 

or for Brevity Sake ( dividing by 2**-*-'a ) 

z" A+Bz- D 

k+lz-xi+fz'+gz" ~ '+fz'+ix" + *+&• = 
+A&" 
+A*+Bt +B&" 

(by Reduflion) +P,'+°{ +°f ' , and compar- 

* + '2"Xt+/2'+f2' ^ 

ing the homologous Terms, Ai4-Dtf=o, A/+Bi+ 
D/- i,B/+D^=o,whence (putting Izzill—fU+gkk) 

we have D = — j-, A=-, B= ^. Whence 

i+lz':e+fz-+g3" ~ txe+fz? ,+ lX" 

, , i and the firft Part may be tranf- 

formed again into. others more Ample by the lixth 
Example. 

I (hall here add feme more Examples, to illuftrate 
the Method of proceeding. 

Ex, 
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SedL of FLUXIONS. 
Ex. 8. 
To transform the Fluxion 



alTume - 



A+Bz- 



C + Dz" 
+ y , j^ , jg„ ' Then multiplying crofa ways ai 

before, we get Ar+Ajz" +Az" 

+Br -i-Bj +B2!" 7 

+ Cji +Cj +C V = '• 

+D? +D} +'D i 

Hence welhall get Ar+Cp=i. Af+Br+Cj+Dp 

=o, A+Bj+C+Dj=o, and B+D=o. Hence 

may be had the Values of A, B, C, D i and then 

the Fluxion becomes — -; — -r—, — t. + 

? + jz' + z" 
Cz*—';; +Dz^+— z 
r + J2" + z" 

Ex. 9. 

To transform the Fluxion ^-^. Putitrr 

A + 1 



- — J' + — ~ — % tJicn multiplying alter- 

nately, and equating the homologous Terms \ there 
is found A = — , B =^^, C= -!- . Whence 

y .-I . " 2a — y i y 

-^ — X — - y + ~^-^- X - .• 

The £rft Term may be further transformed thusj 



— — %\ therefore — =- — = - — X^— ; — a 

jflfl+zz a' 4-j»i 33(1 laa+zz 

I. y 

3a» d +j»' E 2 Ex. 
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Ex. l<>. 

To trtnsFonn the Fltraiw YIl^Jm^ * *** * ^* 
ing Integers. Suppofe az*'+' =: «"+• ; and the 
Fluxion becomes — ^ , -X — . ,, t^i . "Co tranf- 

flf*-— «T-j-**— ^, . +jp'. and I — *+*' — y . . . + 

*" = i+^*+*'Xi'+2*' + *wxt + «f + **., &«. 
'flie'latter Side df thie Equation being multiply'^i 
fl'nid compared' with ch^ hOifiolog&us Ternis of the 
firfl: Side; ^till gi?e'the'Coefficients>, j,r, Jcc. THcii 

L«-j:!i_=._ " ^ _- 

. . a -*+ne d ■^. en 

+ - ^ _. yy .^ ^f. This reduced 10 * common 
Denominator, add the homologous Terms of the 
Numerators comparedj will detern^nc the C^uanti- 
ties ay bt c> d^ &c. 

'■ *^ 
And the fame Way che-Fluxion of :rr- is 

transformed, by putti ng' i—**'— r +j fX: i — * + 
af— jf 1 4- . . — J,"-' :i 1 4.j,-x t^px +ar#-X i +y*+«ar 
i+rjf+xi, fc?f. and proceeding in ill Refpeftr as 
befort: wKerew, »-arc Integers. 

Ex. II. 

To transform tftc. Fluxion-——-^ iW,- » being 
Integers. Put i— ar*=T=^x: i+af+**+*i . ..4; 
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»*-Vand i+y-t-K'+af*... +«^» = i +/*+«» x 
I 4.«if + «*x I + r* + «*, €3'a the- htttr Side <rf 
the Equnion being multiply'dt and the homologow 
Terms of bochStdercompared,. ^revill beibuad 
theCocfikieiiu^, ;, r, 8tc. Then 

• ■ g g + ^* ^ + fjf 

iSc. This beiag reduced to acotamoa DeDoniMtor, 
and the homologous Terms of the Numerator com- 
paredj will determiae theCoffffirjrop 0>^,.r, 4.&Ci 

Ex. 12. 



I + «f + K*-. . . . *»"*-*=r I + «** + «*» xrH-^*+Mr 
Cr*/. itUich mukiply'd, and umhonokieonc Term* 

• ^£ 

coinpa i ed,-g^e-jt, y, r, &c. Then let ~T^TS~ 

^ yjc- ^ . 

1 — *« X 1 +;* 4- *» X I + J* + ** 
A b-^cx d'+cx .. «„ . . 

r=sr + 7:(^«+i-» + .+;,+,» ^'^ ^«^«'' 

reduced tt) a common Denominator, and the homo- 
logous Terms- of the Num«rai»c compaFed^ gtvv 

<» *j c. &c. 

AnddteFhafon , ■ j^-|.a »■ transfbrniU by 
ptittitf g i+j ft- H^sri+^X : I— **'+**— X*. . . + 

proceeding m all Re^pefts as before. 

IJkewUa 
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^ Llkewife -- _j ^^7 - is transformed, byaffum-*' 
ing the fame Scries as the laft i that is> i— «4"+* = 
i+^X: I — *»+**... — x*—^ = i+xx X i+px+xxX 
i+jx+xx &c. and proceeding the fame Way. 



To transform 



Ex. 13. 



4<?>/iput-jatRS -^ri^ then we have J 
^R^^Iifer+7- Now if A = Arch whofe 

natural Cofinc is *, — = B, - — or 120 = C j and 
- 3 3 

*, /, 1) bethcnatUK^lCofincsofB, B+C, B+aCj 
all taken from the Tables ; then R^, Rs, R/, Rv 
will be the Cofinea to the radius R 1 then yill R*± 
2iR»2» + 2* = RR~~ zR/K + 2z X RR — a/R^ + «c X 
RR— zRvx+xx . Then the Fluxion is transfom'd k> 
I . 



R' — iRjz+zzxR" — ^z/Rz+zzxR* — ivRz+zz 

. .'. .... ' K+i« ~; L+fa 

Again, let this be put = r,_,r^,^,, + r._,r,,^.^ 

"'^ v^ — p : X -^ i and the .Quantities K, *, 

I^ /, &c. .will be found by bringing all t^e Terms 
to a common Denominator and equating the Coef- 
ficients of the homologous Terms. Thus if R be 
madc=i, and q = — zRj, r — — 2R/,/= — 2R'u, 

there 
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there will come out K = ■ 



ry^i-f 






J— r X i—f r—q X r—f r—q x r~~/ 

M = .Jj~L- , m = _:_-^ . In wbith 

R may be reftored, and the Terms made homo- 
geneous ; and for that Purpofe dividing the Values 
of K, L, M, by R*, and i, /, m, by R'. 

Ex. 14; 

. > 

To transform the Fluxlonal Quantity -t .>^ j, j 
where Sy a, u, are Inttgers, and ff lefs thxa ^e. 
Put z' = «*, and then the Fluxion becomes — x 

**— '* 

Again, to transform _j, j. ■■^ i let «l* = R, 

f — A 

-rgr = h A = Arch whofe nat. Cofign is +^, -— 



CoGncs of B, B+C, B+2C, B+3C, &c. to A 
Terms J all taken from the Tables : Then Ri, RS, 
RT, ^c. will be theColines to the Radius R, and then 
«+/**+*** or R»H±:2*R*** +*" = rr— zlts«+« 
X Rg;^zRT*+:f» X RR^2RV*+**, i^c to A Termfc 
Therefore the Fluxion now becomes 



RR — iRSjc + aw X RR — 2RT*+** x6?<:. 

Laftly, 
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LrfUy. put this Uft = ■ M-J^£'f.. *■ 

R"^' " » ^'^ tn»ke the Quantities homogeneous. Or, 
for Brevity's Sake, let "R = i, .y=-J-altf, r = 
— iRT, j=-.2RV, :/= — 2RW, fcfc. Then 

«*-"* X ' . . :■ ■ = ,... ■- ■ - -TT" -^ 

->_i • K+** L+JStf M+ffw 

&f. Tiien, by bringing the Terms m a common 
Denomitutor, K, ijt, .L, C:^^. -wUI be determioed, 
'by OHnpariDg-the Coefficients as ufual. And at laft 
M. may- be r^nr'dy co mdce the Tentis homogeneous, 
or of the iame Order. When the Operation is per- 
formed it will be found thu when a =:.2, K = 
g __ _ ^ ^ _ 




*— ?XJ— '■ 
As in the laft. Example. 

K= _g^^g_ , *= _-g!:::^ 

t—rXf—iXf—t f—rxt—txi—t 
_ _ * r* — 2f 'rr — i 

M = 
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Jl 2J « I 

M— — ^^^ — =-, t» = -=^ — — =^. 

J— fXJ — rxs—t s — jXJ — rxs — t , 

N=- " ""' 



If A = ;. 

^_ ,!' — tl'+' .^ _ _^~^ 

f — rXj— *+j— (Xf — w* J— .rXf — /Xj — /Xf — v 

r — jXr — tHr^tXr^v r—jXr~>Xr—lXr—v 
■ >*— i» + i ' »' ^ at 

1^= — ^- * ^ , Biz ^ _^ _ „ . 

/— jXf— /-X /— ^ X t~v* /— jX/— rX/— jX/— « 

• 'g*— 3^1* + 1. . ■ v^y~ IV , 

V — jX-v—rXv — iXifW' ■* /v-^Xv — rX-^t—iXif — * 

And the Law of the Progreffionis evident j in the 
Dcnpmintior 'tis ptain ; And the Numerator of any 
Quarttity K is aetermined by. this Series, y*— * — 
},—2 \ — 3 A— 4 >. — 4 x~5 X-^ 

If any body would know the Realbn why the given 
Trinotniai Quantity is divided into as many fimpTe 
Trinomials, as there are Unites in x, as is done in 
ihis ahd the" laft Example ; they may fee it demon- 
ftratcd in Cor. 3. Prop. 46. of my Elements of 
Trigonoihetry. 

Ex. 15. 
To transform the pluxion xx+ ayx +jy =1 6. 
Put y—zx, and yzizzx+xzy then the Fluxion be- 
comes xx+azxx+z^x'x+x^s^=6t- whence x=: 

— xxz , X — zz 
- — , and -- 1- 



zz +az +1* M ~ z& + az+ I 



Ex. 
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*n>e Doctrine 
Ex. 16. 

To transform axy+x\/xx+xf = °- ?"^ * — ^ 

's/zz-^, then x — — 1~. ,7^A , and the 

VZ2— I 

Fluxion becomes am/zz— i H — ^-7= ^-=— ' x jz 

■^ \/2Z— I 

=0, then (12^ — i^y +2^— z:fy+;'»z*2:=o, therefore 
. — J'^Z'Z — ^z'z 

tfyxzz — i+zi^XJ" ~ dXzx— i+z' — 2* 
- , y — z'K — z'z 

and "^ = — . ■ = — — r=^, 

J* a X 22 — I + 2 XZ2 — I <»+2 X 22 — I 

dierefore -^ + - ^r-- — — r- — .. ., = o. And 

J 2+<IX2 + IX2 — I 

the laft Term may be further transform'd by putting 
z Az _Bz_ Cz 

M^xz+Tx^=^ ~^+^ ""^ ^+* "*" ^-^•* 
and finding A, B, C, as in Ex. 5. 



Ex. 



>7- 



Let av' = *jty' + ^*y' — c*', be given \ put « 
'=.^t tlien aj/^::zx3yi+lfa^^ — f2'j/', or a—xz+kz 
cz- — t>z+a , a 

— «', whence x z: = cz' — * ~\ , 

* 2 ' z * 

and ;f = zczz = zy, whence y = zcz — 

— . &c. 

Ex. 18. 
To transform the Fluxion ■ 



x/ax'' + bx' 
pdt fl;i^+&f"=*"2', then z'-~k=axt^-", and Log. 

2'—^ 
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a"— is =: Log. a +p — » x Log. *. In FJusioos 

az'-'z \p7-» . . x * 

—;; r = -V~*» bence - = -—— 



19. 



= f * } let v=x", and v=»w''— **i then will 

1 . . . **" » — » i . 

}^+'x — nx'-r'xx~ — ^tx, or ■ _ ■ ■ yy+'* =; 

f X, then comparing the Indexes and Coefficients on 

both Sides, jn+i^o, and "r " =f; whidi gives 

« = — — , and c = — 2. Therefore v =: 7-— . 

3 ;/* 



P R O p. X. 

^« Equation being given containing the Fluxions of 
Sluantities j to find the Fluenti^ either infimple 
Terms, or in a Series thereof proceeding ad 
infinitum. 

Rules. 
When the Fluxiom are not of the fame Order in all 
the Terms, fupply the Dcfeft by the Powers of fome 
given Fluxion fuppofed to be Unity : FraStional and 
Compound ^antUies mud be reduced by Multiplica- 
tion, Divifion, Ofc. Radical Quantities (except luch 
where the fluxionary Part is in a given Ratio to the 
F 2 Fluxion ■ 
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Flyyiop ^f jfrcRopt) ujoft be«^ffyitofimple Terms 
by involution ; ajjii t\ie Roots of fiJfeifea Eq/fafipps 
mua be extraSed. Tjiis Encpar^tidn being nMde, 

I. 

!■. If the Equation then can be fo ord«r*(J, that 
fuerji Tfrw has only one variable ^ahlity and its 
Fluxion ; multiply feparatcly tsfh Term by its variable 
^anlity,. and then divide it by the Fluxion and its 
nev/ Inaex.^ --■■.' 

?. V iii^y T^EtB b^ fuch a R/idicd ^ariii^ fh« 
the fluxionary Paft may be divjlic^ by tKe Flujiion of 
the Reot (or Part uodct ibc VinculiiEn) ; ^ndjJijjt ^ 
fuch Divifion the Quotieift may be a given Quantity. 
Mtltipfy thzi Term hy thefaid Reot^ and then divide 
Ij^ the F|n$io{i of the Hoot an^ tljc mw IndeUt for 
the Fluent of that radical tjuanticy. 

3. IF aqy Terfji be diwided by the jf)^ Powtr of the 
variable J^iiahtity i then the "Fluent of that Term 
muft be found by itfelf thus ; multiply the given Coef- 
ficient and the Number 2.302585 into the Logarithm 
of that variable Quantity, for the Fluent of that Term, 
Or thus by Series, fubftitute for this variable ^antity 
the Sum or Difference flf fcnw given ^antity and 
another variable ^anlity, and- its Fluxion *or the 
Fluxion 1 ^hen this new Terjn being aftyally divided, 
the Fluent, yi;iil be found as in the mft Article. 

4. If in, or{e Side of an 'Equation there be two 
Terms containing two var'iable ^atrthies', each muU 
tiply'd into the Fl-jxion of the other ; then by Art. i. 
find the Fluent of citljer Tcrmt fuppofing only one 
Quantity variable, and this will be the Fluent of both" 
thefe Terms. And if there hz-three Tfrwj cdhwining 
three variable ^anttiies, jvhEte the Fluxion of 'eacn 
is multiply'd into the Prod Lift of the other two ; then 
find theFIuent of anyone of thefe Terms (by Art i.) 
confidcring the other Quantities as given j 'and thii 
will be the Fluent of all three. . 

5. Laftly, 
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5. Latlly, all the Terms being cellcSed on the cor- 
refponding Sides of the ^qoiCion, will give an Equa- 

? ?'.4 ?? ? ** ^ X</ .. ; „ : 

L.et_y— (/* — *, theg the jFIucnt ^—dif-^it. 

.. ,^^ ?• ■'■--■ 
■. . ay* 
Irft « =^*y, the Fluent is x = —- . 

Ex. 3. 

— XX r— J 

Let y = — ^ ■r:z : ir^t ot jf=aa —xxi X*— 
«';c ; multiply by the Root aa-^xx, and them^Hi 
<j<j — xx\^y. — xit i divide this by — 2*«Xi» and 
there arifes aa-^1^^ or v^^— W ''^J'' - " ' 

..??'- 4-. 
Sup^fe jf =f -^ , t|ien yp-i.-^Qi^Z^a x L<^. Jf. 
Or thiis, let ^4^2=;^, and z::::iXi then wiir_^=' 
*g _ ^ ^ i^«^ + ^i _^ iE^ jl fee 

and the Fluent jy =-f- _ ^^ + -^^ ^ -^ , 
.E«. 5. 

^e{ z =z 2^i^x -f sax^yj, where there arc the 
Qi^ntities ^> and ^*, and one multi^ly'd into the 
orijcr's-pl^xion^ tl^e Flucot of layjxjc ((upjKlpHgV 
invariable) is tfj"»', ffierefore z ^ay^x*. 

* Ek. 6. 

4' = ''*"^» then v = _r^. .^^ . 

D,gt,,-erihyGOO^Ie 
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Ex. 



"Suppofe y —ax+xx y/zax+xx, thea j == 



iX2«X+2XX 3 

Ex. 8. 

ud the Fluent V z=.xy~^ = — . 

- . Ex. 9. 

Let V =j*z'ji + 2af2i;y + ^xy*z^Zi then w = 

Ex. 10. 

„ , . *.._, X ax 

Soppofc j,= — __ + --^_ ,ix + ,|x i 

multiply the firft Side by •^, and the laft by — ^ j 

and there will bey = — u ax^ ^ x^ + x*^ 1 

■ . - XX ■ X 

then divide by the Index of the Power in each Term, 
and. the Fluent will be v = -^^ + — + 2tf*^— 

Ex, TI. 

. Let .the given Equation be x = ^^ + ^2!- 
\/iri< a + i 

+ y</i} + ri, that is jt = i_£ xji"^ j + _2_ 
xyi +/ys/i+ii the Fluent is « = ^^^j'^^ 
+ -^ +i}VF+', Ex. 

, D,gt,,-erihyGOOgle 
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Ex. 12. 

Let J/ = x^x -~iPx + ~ i the Fluent will bey 
= 2*i — |;f4+ 2.302585 Log.*. Orthus,]put0_ 
, • . , X —z z zz ' 

zzzXf and ~z=x, then — = r= — 

K a—Si a aa 

— -^ — cfc. whence^ = jf~^* — afi*—— — — j- 

^'■z -, , . 1 J z a:« 

— —r- t5f. and then y = 2Jif* — 4J^ _ — __ — . 

«» -' ^ fl 2M 

— ^_fc?r. 

^'" 

Ex. 13. 



Let the Equation be y =:« +|3zJ z*2!i involve 
tliat radical Quantity, , and then y := 1^*2^2; + 

whence the Fluent isyzz ; 1-- — — 

/•—I .'•-■(3'i"-l-"+' 

+ '-x-;-x .. + . + , +^^- 

Ex. 14. 



Suppofe_^=e«*-'2:+e/z*+*-'2: into *+^' , 

that isj/ z;te'-'ixJ4^'*+^i/z'+^'i x M^ '"'• 
Here are the two Quantities z* and * 4-/2*'* each tnul- 
tiply'd into the other's Fluxion i therefore jf = z* x 

Ex. 
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Ex. tj. 

Ln ^ = tixf-'z + ^+*-'z + (f z'+»— 'i into 
+ 1"/ + i/"S 

Ilerc a'fe t«6 Quairtrties z* and e^^-fi^+gz^f each 
rii(iitipf^*d into the Fluxion of the other, thcfkfotc 
}=:sf Xl+f'f +^-'''; theF)u6it; - 
Ex. i6. 

Suppofe > = tip^-'z + f+jr, xyj2'4— "i + 
+ l+m x.«* 
«i!H"+'"Xyia!f+^~'iiint(>«+/2'''"'xJ+^'~', 
that is^ =z «!f—i xe +/x'''xi+iz-''+f^,fif+—iz 
Xg+S^ ■t+fz'l'^'+ ni2>+'—z . H^',^&"* 
I^QW hereare tfie 3 Q&antitres i^,e^far' aiid g^-Si/, 
and the Fluxion of each is nrakiply'd into the Pro- ■ 
dua of the (eft s ttnrefore the Ftent is > s: i« x 
e+f^" xffl^'. 

£x. 17. 

Let this Eqution Idc given J' zzxy + ir'x^ ; by cx- 
traSing the Root, y=ix +x.yr^ = (by Involu- 
tion) !x + fi + x'i—xtx .f. 2i«;}_ Sic. or y =i li 
■^-;x-^x'i+xtx — 2li'x. Sec. Whencty=«!f 

^— &c. 

. Ex. 

*" D,gt,,-erihyGOO^Ie 



Sca.i. of fluxions- 
Ex. 18. 

Soppofe j»i -HwfX^'f (i*x'jt— »' i'*—iaf i ' =0. Ex- 
tra&iDg the Root of ihisEquation,j/ =«*■ 7" +6iii 

+ — ■— -, &?r. then the Fluent will be ;- = a*— 

«^ »* 131** 

$ "*" 1 9211 ■*" 2048<»* "^ 

< Ex. 19. 

Suppofe this Equation i;' — fz»— 2*'i— ^»k+2*i 
'•+c^=zo. Putxzzit by which multiply the deScient 
Terms, and then you have z' — cz^x — ■ ix^x'^z — 
f*i»2:+2*»X'+f'x'=:p. And extrafting the Root; 
which wilt be threefold, then z = ex -i-xx— 

-^^ + -^. t?f. Or z=.x-«-H-^ + 
■+ — r^c« Whence theFluent will either be z=« 

Ex. 20. 

■ Let -^ 40T + A^/Fiy^ + -J--^^ = 4««y 

■+ 4**J(y' i tranfpofe 4^;*'^' — 4**jyy* and 

then multiply by ^, and ybu have fl*_y* — 4^'W* + 
4*^!?' + "WWf'i* — 4(W;y* + ^^x'-y* = * 'x* i_ divide 
G by . 



hyGoogle 



^2 ^the Doctrine 

by aa+xx, and there arifes &»y» — 4^*+4J'*>' = 
- — \ , cxcraA the Root, and <rt— 2w =: 

whence the Fluent is ay ~—jy ^^~ 



•s/aa + X 



Ex. 21. 

Let zy + zy=axi then its Fluent hsyzz ax, 

Ex. 22. 

Suppofeay;?* — ^*»— i*«j'+i:if>, or ay*' — ^*" 
i—hxxy -^bx^t fuppofing x invariable; then its 
Fluent will be tpfx* ~^bxiy =: hxic-. 

Exi 23. 
■ Let the Equation be azz' +iw^y — a^zx =: icz;' 
■i— flicif -y then the Fluent is — — +■ aofZ — fl^wt 
zz.btzz — abcici fuppofing i; invariable. 

11. 

If the Quantities cannot be fo feparated but oiie 
Or both of the Fluxions contained in the Equatiotl 
will be afFcifted with both the variable .^antititt i 
then reduce the Equation fo that one of the Fluxions 
alone, (or at molt, only affefted with its own flow- 
ing Quantity) may ponefs one Side of the Equation^ 
and the other Fluxion afFefted with both the variable 
Quantities be on the other Side, in Ample Terin«. 
Jhcn 

I . Range all the Quantities that are on the fecond 
Side of the Equation fo, that all the fluxional Quan- 
tities affefted only with its own Fluent, may ftand 
borizontally at Top, proceeding regularly according 
to the Indices cither increafing or decrcafing. ac- 
cording 
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cording as the Fluent is to be had in an afcending or 
defcending Series \ and all the Terms affcAed with 
the other flowing Quantity may ftand perpendicularly 
on the left Hand according tO' their Indices. 

2. Begin at the left Hand, and Qnd the Fluent of 
the firft Term of the horizontal Row, for the firft 
Term of the Fluent \ then fubftitute this ioftead of 
the other variable Quantity in all the Terms of the 
perpendicular Row, writing their new Values over- 
againft' chcm under their proper Indices in t\i.chori-' 
xontal Row, then proceed to find the fecond, third, 
i^c. Term of the Fluent i by fumming up all the 
fluxionary Quantities of the fame Index into one Term, 
and then finding its Fluent; ail which Terms of the 
Fluent are .to be gradually fublUtuted for the Powers 
of the other Quaniity'as you go along. 

3. And this Operation may be performed varipus 
Ways, by ajfuming any given Quantity forthe firft 
Term, or perhaps tor fome other Term of the Fluent, 
8nd oftentimes it will be iMC(//ary to do fo. If.any 
of the Terms be divided by the Jirjl Power of itj 
flowing Quantity, it will fometimes be neceflary to 
fubftitute for this Quantity, the Sum or pifference 
of a given Quantity and ar^other variable Quantity;' 
and then reduce the Terms tq the prefcribed Form. 
And chip is the Newteman Rule for finding the Fluent. 

Ex. 24. 

Let fly ^xy-^ax — xx =yx+ ■ ' . — 

; —■ , to find >. Divide by j+a: and reduce 

. ^ . - . ^ . . yx J'Jf x^x 
the Equation, tii(iay=x+j;^ + —, ^ 



(^c. Then the Work will be as follows. 

G2 
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ice. 



XX 



— r. ^c- 



+ 

zaa 

X^X X^X , - 

"" <M "~ la' ' 



:jt + - 






-yf.=FIuent., 



In this Example I wrice* horizontally, and 

^ _ & .+ >^ t,,. + J« ptrptndicu. 

larly j then I bring down x into the Value of j^» and gee 
its tluent *, and put it into the Value ofy. Then I 
ftubftitute « for_7 in each Term of the pcrpendicuUt 

Row, placing their refpedlivc Values ——, '~~7Z~* 

+ ~^* and H — —^ againft each, under the pro- 
per Powers of x. 

Then I bring down the Term in the fecond Place 

4- — ■, and write its Fluent - — in the Value of 

y i then I write —— for y in the Terms + ~ — 

- 1 put over- 
againft 



hyGoogle 



Sca.I. tf FLUXIONS. 4j 

againft them as before. Then I take the Sum of 

and fet this Sum — -^ — underneath, and get its 

Fluent — -ri~» which I fubftitute for y as before. 
And thus I proceed as far as I pleafe. 

Ex. 25. 

l^ty~x—$xx+jii + x*x+jrxi, to find jr. 
Heic X the iirft Term being found and written for 
y, you get — txx, and its Fluent — srarfor the fecond. 
Term, which being alfo written for;)', you'll get + 

xi 
x*x , and its Fluent —t- for ^^ third Term % and 

3 
fo on as below. 





1 


+ x- 


3*x + x^i 






+ yx 


1 


+ 


XX — x'x 
+ «■* 


— X<X + iX*X 


6?t. 

fcft. 


y 
3 


= 


X — 


2XX +X'X 

XX + .«i 


—V^ + ixix 





Otherwife thus. 

Here I take a for the firft Term ofy, and writing 
it inftcad of y, and get «*+« the next Term, which 
being again written for ji, I get the third Term ax*^ 
— **, and fo on ; fee the Work, 



:+: 
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+ i — ixx + x'x 


+ ;.« 




y= t'' -I'" XT'-'- f "''''■ 



Ex. "26. 

SupporethisEquation^= — ^xx +syxx+y'i — 
j^xi -+y^x—y^xx &c. + 6yx*x — 6x^x + Syx^i — 
tx^i 4- icyx*i— lON^x &c. To find tbe Value of 
y *s far as 7 Dimenfions of x. 

"I place the Terms in Order according to the 
following Table, and then I work as before ; and 
moreover I fubjoin the Square and Cube of the 
V^ue of y gradually produced, to be fubftituced 
by Degrees into their proper Places towards the 
right Hand, in the Values of the Marginals on the 
left* as follows. 
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— 3»x- 



+ 8)r*'x 
+ icyx*x 

+ Vi 
+ y'x 



--6x^X iX^X IOX*3f — i2xfx t dJt^X £f?f, 

— !«'« — 6x'x — t^x'x—iJJ-x'i (ic. 

—jxH—nxii— tjx'iieic. 

— I2x'x—i6x'x(^c. 

— ijx'x eic, 

.+ 5«« + ix'x + ^!-x'i lie. 



y=—3XX—6x'x— V*'* — V**« — 'r-x'x —Jpx'i fefc 

y=— I* 2xt — .^x*—isxi—.^,x>—^x? &(. 

y = IX' + 6xi + i-y-x' ec. ^ 



Letjr; 



+ ~+3' + 2»i— ^s to find 



;> in a defcending Series. Here the Terms in the 
horizontal Row mult be placed to proceed from the 
greater Indices to the lefler : - And Che Work will be 
as below. 





+ 2»i + 3i-^+--|r 


*4r 


'•h-4*-I+^«'9 


y = 2Xx + ^ + o + ^-^ + -^&c. 



Here 
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Here obferre, that any ^ven Quantity might hare 

been inferted between the Terms ax and — - •. and 
. J. » 

fo > might be ejitraiUd an infinite Variety of Wflys, 

But if that fluxionary Term had not vanilhed, then 

we had been obliged to fubftitute a+z or a z for 

X in the given Equation before it could be refolved. 

Ex. z8. 

Sijppofe the given Equation «'* +yx r: ay, by 

Reduftioo j = -^ + -^ i then the Work will 

be vei7 eafily perfonned as in the following Table. 





CX'X 


+^ 


CX^it CX*X CX'X 

J. — ~ _1 J. . 

^ 3aa ^ 3.4fli ^ 3.4.5^* 




«f"X CX^X CX*X CX'X 

a + Saa 'i- 3,4*1 + 3.4.5^* 

«> «• CX' «6 


3* "•'3.4fl<»"' 3-4.5«''' 3:4.5 6''*^^' 



ThtrefOre^r = 2caax: -^^, + - 
tff. But (bjr Sch. 11. Frob. j. ' ScS. II.) i' + 
7 + "S? + ^ + -zC^^'- =Namb<!r 
of the Hyp. Log. — . Therefore j^zMaxNooi." 

of the Hyp. Log. — jtjax: i + -J- +-^: 

And by the fame Rule the Floent of j(^ =*x— * 
—Ji^x, Trill be feond jr= -^. ,„ 

n.iN-r^h.GOOt^le 
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m. 

When the given Equation contains firft Fluxions 
alone, or if ic contains firji, fecondt or third &c. 
Fluxions^ as in the following Examp:e, where 2axy* 
•—ay'x+2X'y^—2y*x'=.Qy to find * cxpreflTed by y 
and given Quantities : it will be refolved by the 
following general Method. 

1. Make the Equation =o-, and ajfume an iitde- 
termrCd Series to reprefent the Series required % as x 
= Ay" + 3/+' + Cy-^' + I>y+', &c. wherein the 
Indices », » + r, » 4- i continually increafe if > be 
very fmallt or decreafe if it be great. 

2. To find the firft Index n % fuftitute into the 
^ven Equation the jirfi Term Ay^ its Fluxion., and 
fecond Fluxion^ &c. inftead oixy k, and 3!;, 8cc. (if they 
be there) and then ydu'll have a new Equation, as 
^aAy — nn — n x aAy + 2Ay* — 2»*A'^" = o, 
fuppofing _y = I ■ Make two (or more) of the Terms 
equM to nothing that have the leaji Indices equal to 
one another, for an afcending Series ; or thofe that have 
t)xe greatefi Indices ^Ud\t for a defcending Series % then 
by equating their Indices or elfe their Coefficients, 
n will be found. Or tf there happen to be only one 
Term with fuch leaft or greateft Index, make its Co- 
tfficientzzo, which will deftroy that Term, and per- 
haps give the Value of s.* Thus, in this Example for 
an afcending Series, you'll have laAy — tin — » X 
aAy =. o, or »» — n = 2, whence » ^ 2. 

3. For the other Indices} y«^;/«;«the Value of n 
into the foregoing Equation, and you'll have z jA^* 
— zflA/-|-2Ay — 8 Ay == o. Then take the 
Uafi' Index in an afcending Series, or ihcgreateft in a 
defending one from each of the reft ; and find all the 

H po0ible 
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pofTible Numbers that relult by adding all thefe Re- 
mainders to themrejves and to one another as oft as 
poffible, and then you have r, j, /, &c, here 4 — 2 
= 2 only one Remainder ; then'2, ^, 6, fj'f. — r, /, 
/, &c. And therefore the Scries is Aji*+B)'*+C)'''+ 
Dy' &c. = X. 

4. For determining the Coefficients A, B, C, fc?c. 
fubjiitute into tht: given Equation thtFalues ofx, x, x, 

6fc. expreffed by the foregoing Scries Ay + By* + 
Cy^, &c. and put the 5am of theCoefficienis of every 
feveral Power ofy equal to nothing, and thence A, B, 
C, £^f. will be gradually found. Thus x = lAy + 
4B)'i+6Cys&c x=2A + i2By^ + 3oCy*, &c. where 
y=zi, thefe being fubftituted, the Work will be per- 
form'd as below, 

5. If the firft: Equation for the Coefficients be an 
adfeSied Equation containing feveral different Powers 
of A. then that Equation will afford feveral Roots or 
Values of A ; and as many different Roots fo many 
different Series may be obtaiti'd. And if A has feve- 
ral equal Values or Roots in this Equation, then you 
muft divide the leaft Remainder above by that Num- 
ber (of equal Roots of A, one of which you affume 
for its Value i ). then proceed as in Art. 3. taking 
this Quotient for another Remainder. 

6. If a Scries be required to be exprefs'd in Terms 
of that ^antity whofe 2d, 3d Fluxion, tfc. is in the 
Equation ; it muft hrft be got in Terms of the other 
Quantity that has no fecond, third, idc. Fluxion ; 
and then the Series reverted. 

ScHOL. As there are Buxionary Equations that ad- 
mit of feveral Solutions, and may have the Root ex- 
prefsM various ways ; fo there arc Equations that 
cannot be refolved at all as berng iifipofllble ; and 
others that are very difficult to be refolved, and may 
require the utnioft Skill of the Analift, and fomc- 
times a different Frocel^ from thefe Rtiles. 

Ex. 
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Ex. 29. 

Let 2<wy*— <?)i*if + 2;if'jJ* — iy*x* = Oi to find 
X exprelled by y and given Quantities. 

The Form of the Series found by the foregoing 
Rule is xzzAy + By* + C/ + Dj' ^c. This and 
Jts Fluxions being fubttitucod into the given Equaiioa 
will be as follows. 

— ay^x ~2ahy^ — iza&y* — goaC;*— ^6aX>y* d^c. 
+.2xy + 2A> + 4ABy+J^C^« (^c. 

„2yV - 8Ar-32ABr*~^Jc-^» ^f. 

Then equating their refpeftive Coefficients •, laA 

— 2flA:ro, therefore A may be taken at Pleafure. 

Again — loaB — 6A' — o, thence B =: -— . 

&c. Whence * = Ay — - — t> + -^ — j' — 

Otberwift thus for a defcendtng Series. 

Make the Terms 2Ay'' — 2«*A';'»" =0, or i-^mi 
=:o, whence n=t; this fubftitutcd for » will pro- 
duce 2<aA;'+2Ay — 2 Ay =0. Take the grcateft 
Index 2 from the reft, which is i , and there remains 

— ii therefore r, s, /, ^c. are — i,' — 2, — j, 
^c. and the Series is A;- + B + Cy— • -J- Dy— » 6ff . 
and the Operation wilt be as follows. 

H 2 +2axy^ 

D,gt,,-erihyG0t)g[e 
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4- zaxy' + lakj + zaB + ?dCr-' lie. 

— -ay'x — 2«Cjr-' {^c. 
+ ^"'y- + « A-r + 4AB, +^B + 4BC _^, y^ 

— 2;'«' — 2 A*;r' +4AC + 8AD»-' yr. 

Hence, equating the Coefficients ; 2A*— 2A*=:o, 
and A may be again taken at Fleafure \ likewife 

B =-=1, C = 4V. D = -^.. ^'- «''"■« 

2 ' loA' 96A * 

the Scries is knovn* and * = A;* — ' — - + tzXT 






Ex. 30. 

Lettf'jf— a'jJjl+jvyx*=o, to flndji inanafcend- 
ing Series. 

Afliime;'=:A*"+B«"+'-4-C*'+', &fr. andfubfti- 
tuting the iirlt Term and its Fluxions for y and its 
Fluxions, we have bXs — i X» — ixa'A*"^!— 7 
»' X»— I xa'A'*"-'^ + »A V*-' = o. Since the 
Index n — 3 is the leaft Index, make its Coefficient 
hX» — 1 x« — 2 =0, and taki one of the Roots 
«=2. Whence the Indices will be — i, i, 3, . 
fubrraft the leaft, — 1 from the reft, and there re- 
mains 2, 4 ( therefore r, j, / = 2', 4, 6 6ff. whence 
;f= A**+B**-|-C** 6ff. and the reft of the Work 
isas follows. 
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— 4ij»A's;— 32fl»AB*» — 7a<j*AC«t £^f, 
— 48a*BB 
+ 2A**' + 6Aac» €#f. 



Hence 24^136=421* A*, and A may be taken at 
Pleafure} let A =-7-, then B = — ^-, alfo C 

— — ? D = — i * — yf. Whence » = 

72CW' * 40320.17 »»ireMw:7 — 

«» *♦ *^ «* ,, 

+ + + Gff.' 

2« ^ 24a' ^ 7203* ^ 403201' 

Otherwife for a defcending Series. 

Let 2f^— t and » — 3 be fuppofed Co be the grtateft 
Indices, then « — 3=2»— i, and »=— 2, and thefe 
Indices wili be —5, —7 j and taking —5 from —7 
the Remainder is — 2 j therefore r, *, lz=— 2, —4^ 
— 6, 6ff. Wherefore^=Ar-»+B*-t+C*-*, tff. 
the reft of the Work will be thus, 

+ fliy j— 24^'A:f-5— i2oa!B*-T— 336fliC*-9 (Se^ 
—a*yy I +i2fl»A'*— ?+64a»AB*~»£ff. 

j^-^x* U 2A'*-s - 6AB«-7 ~ !^B*-« ^^' 

ThcreforeA=_i2a',B=36iisC=-^«» 6ff. 

1268 
And ^ = — - 12<!'*— »+36aSflr-4 _ ■-s^a:')r-^ (^c. 



Ex. 31. 

Let the Equation be x:=i^~ 4y^y + 2*^ - 
^xy+yy^jf+2y^yy to find « in^ afccnding. 
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Let !<=A.f+Bf+'+Cy+- Cic -, and fubftituting 
At" and its Fluxion forarand*,tiierearifes— «Ay*— »■ 

+ iJi-'»'+A-»/ — lAy+jjrt+yi^o. Sup. 
pofe; »^l and i to be tl« leaft'Indices, and youll 
hire —»Ay-' + iy =: o, and «— 1 = 1, or »=2, 
and all the Indices will be i, 2, 4, 2r, 3. Take t 
from tbe Reft and the Remainders are 1, il, a, 3.} 
whence r, j, / fcff. are I, l4, 2, 2i, 3, C^c and 

xi=Ay+B)« + C>''+Dy', &?<■. hence 



-Hi)' 

-4)" 



i4Dy> fcf«. 



A4 



+ <;■ 

— ■t?" 

+ V' ■ + i&in' 

— 1»" 

+ W* ■ +»'- 

+ »)» ■ + 2)r' 

therefore A = J, likewife B =— i, C=2,'D = o, 
&c. and the Series is » = iy^ —ys ^- 2jrl, £^c, 

Ex. 32.. 

Letz^— cz*— 2*'2:— 0^ + 2*' +fi=:o, tofind 
z in a Series of* afcending. Put 2=A*" 4- B»"+' 
+C**+' 6?f. and by Subftitution according to the 
Rule, we have -»' A'((3«-3 — ot^A»jf»-— »_2»A**+» 
— accA*"-' +2x1+^1 = o i and fuppofing the leaft 
Indices »— I and o to be equal, wehave«=!. And 
-ail thefe Indices will become o, 2, 3 : And fubftrafting 
the leaft o, the Remainders, will be 2, 3 ; whence 
r, J, /, &c. = 2, 3, 4, fc?f, and the Series is z = 
Aic+Bx<+Cx*+Dx: (ic. and the Operation as 
follows. 
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+ z^ +A'+9A*B*'+i2AX*>+J5^^;,4 y^. 

— cz- -f A'_6cAB**_ 8cAC*» ~ 9^*^j5»+ G?f. 

_ 2ar»z _ 2A*' • — 6B** tSe. 

— c*z -f*A— 3f*B*'— 4f*C*» — 5f'D**6ff. 

Here A* — cA* — c' A + f» =o, and A = + f or 

— c : If A = + f, then B will be infinite \ therefore 



ss 



tfr. And z=_«_g^--|^ ^c. 

If you take A=: + f} then fince the Equation 
A'—cA* — c'A+f'=;o, contains two Roots ^z.e\ 
therefore divide 2 (the Icaft Remainder) by 2 (the 
Number of equal Roots) and the Quotient is 1. 
Then by Help of the Remainders i, 2, 3, (f??. you'll 
get the Series 2— A*+Ba;*+C*', (^c. with this pro- 
ceed as with the former, and you will gCt other Series 
for the Value of z, wherein B may be taken at 
Pleafure. 

Ex. 33. 

Suppofe ey +/!?;y + ifyz*— '2: = z'z, to find _)r. 
AlTumc^ =A2" -4- B2«+'' + Ct^+'ISc. then putting 
Az" and i;s Fluxion for y and y -, and you have 
CTtAz^-'+ZwAz—H— *+(/A2"+'r-' — 2/' =:ojtake 
the Indices/*— I =ij>, then»=^+i, and the Indices 
become y, /•+», and the common Difference = «, 
and r, j, / = j», 2j», gw, &c. Wtwnce y — Aa:^+* 
4- 32^+*+* 4.Czf+*"+', tyc. therefore 
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+ ,Tf7./Ai>+- +f+,+i./B2'+-&c. 
+ dAx'+- + <iBz'+"8sc. 

■ B = - *±Ir/A, C 

p+l+m.t 



Hence A = 

^ 

and *=:-^+;>+i 



then > = — --^=-A2?+- 



e + 2m.e 



And e^y 

+ {iz-y 

4- fitH^yz'^y 



i + 3».« 
Ex. 34. 
Let « = »+|3z«'*z-z, to find * by a Series of 2. 
Suppofc* zzj* X « + ^2?"^'*, this in Fluxions gives Jf 

=> X»+j3z** + f»«|3y2"— "i; x «+(3z"* = 

« + f3z-l z«z, that is e^ 4- ^'y + i*m^fsf^^z — 
ttz'z — Pz'+'z = o. Let y = Az" + 82'+' + 
Cz'-i- Sec. then by Subftitution «hA2"~' + 
»(3A2*+--> + /*«PA2"+-=-' _ «2- — 132»+" =: o. 
And putting the Indices » — i = t, then s = v -f i , 
and thefe Indices are x, x-f^m, and the common 
Differences, whence^ =: AzH-' + Bz'+'+" 4- 
Cz-+*+« &c. 

^.ftAz-+w+i+ffl.*Bz"+''4-'H-i+=w.«C2"+»jJ^_ 
+ 7+i.?A 4.7+I+;;./3B &c.' 

+ /*»ipA +t^tn?B &c. 

-J3 

Hence 
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Hence A = ^, B=— - 



" w+i* w+IXir+l+mX« 



puttingj=:^- — , i=w+i, i=.i+i*m. ,P, Q, Rt 
each preceding Term with its Sign, then * = «+Pz^ 

- Ex. 35. * 



Let*=f4-_/2''+^2"+i>z3"&ff.X«+(3a"+'>'«"+ia;5"£^<:. 
Xz'z, tofindwbyz. Suppose x =y.Z^^^^^f^2p^^^'' t/l 
this put into Fluxions, and then the whole divided 

by oT^^+yz^Ca'c. you have 2»zx<+^'+^2"f3*f. 

=.y X <»+pa" + y!c"t£f<r. +i!I+r.;'X"fJz— '+2»j«»»— ' trff. 

Let > = Az" + B2"+' + Cz''+' fcff . then Az" and 
it3 Fluxion being fubftituted for;? and^, for thefirft 
Term of each compound Quantity in the foregoing 
Equation, and there will be — ez' + )»«Az"-' 4- 
jZ+iX«PAz"+"— ' £^c. ■=. o i and making the Indices 
B-and m—i equal, then mziT + i, and the other In- 
dex is w+ 1 ■+», and the common Differenoe «, whence 
^=Az*+' + B2;-+"+" + C2«-H+" feff. And put- 
ting ir-t-i=j>, then^=/A2'4-H-''X ^^'^'' +^+2" 
xCr'+*'£3'f. put ffl = ii'-J-i, then 
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+f«A +p+»x«B +/+2SX«C 

+/>(3A +/+S"x|3B 

+ /rA 



- i2'+"6f<'. 



5« 

+ ay 

fc?f. 



Hence A — — B ^ (;-. ^— a*"^^ . — ■ S'^ 



4-m»f3A 






lie. 
(ic. 

Be. 



p_+ » X « 



f + 2»X« 



/ + 3»X« 



E = 



, e?f. 



? + 4"X' ■ 

And * = An' + B2f+- + Czr+- + Ds'+s- t?c. x 
«+P2-+ r2"+te!"t5'i:.'"'"' 



TheHiMi/ of anffrj/*0sa/i7«wi9ninay.fomeeta)e8 
alfo be found by effumifig an i/tdetirmin'd Seriet as in 
the laft Rule. 



Ex. 36. 
Suppofe ji = w'x**, where i =: - 



and y := 

V'atfjf — XX. I take A^i'sr' for the firft Term, and 
aflume as many Terms of the inferiour Powers of v 
and X, or their Produ<^s, as I thinic will be fufficient i 
for which no general Rule can be given. But you 
need take no more than the firft Power of y^ becaufc 
all the Powers above will be cxprefs'd by the Powers 

of 



byGoogle 



Sea. I. s/* FLUXIONS. 55. 

of X, wblch are fuppofed to be already in the Equa- 
tion. ThusIairamcz=Av»*'+BD»+Cjir» +Dx4-E 
Xwy + F*' + G«* + H« =: Flu'. v*x^x. Put this 
Equation into Fluxions making x=ia and writing 

every where — for v ; then reduce it £roni FraAiooB, 

writing lax — xx forxf whcr? it occurs. Then col- 
left feverally all the hocnologous Terms (or thofe of 
the fame Powers of all or any of the Quantities x, v, 
y)t thus 

-V- 3Av»ar^ + laAx^v + ^aCx^v + ^aDxv + ioBv 
— 1 — 3C —zD — E +aE 

+ S^x'y + aDxy + aEy\ _ 
+ aC +2G +H S~ 

The refpeftivc Coeffidients then being equated, 
there will be found A = ^,C = «a, = 4 <m, 
E =;|(3' , B =— ^u', F =;— ^iM, G =z_^jtfi, 

x'v* 
H = — |tf+. And thence 2 = ——— — ^a'v^ +■ ^ 

3 a*' + Atf^+|ai x^ — ^ ■>'** — ■/, a'** — -J a**. 

Neie, If any of the Quantities B, C, D Crfc. come 
out equal to noching, ftUI the Series will be true, pre- 
vided they don't dcftroy'the Quantity A. But if A 
vamjh by reafon of fbme of the other Quantities being 
nothing j or if they involve fome impeffible Equations^ 
then the Series is H^f true ; and you muft try again by 
affuming more Terms of the Powers or Produifts of 
X, V, y. But in manyCafes it cannot be done in Bnite 
Terms. 



In A fiuxionary Equation where the variable Quantity 

is very great, and you would exprefs the Fluent by an 

afcending Series: Or in any very much compounded 

I 2 ' fluxionary 
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fluxionary Quantity whofe Fluent is required ; take a 
given Quantity extremely near equal to the variable 
Quantity ; then inftead ot that variable Quantity _^i- 
ftitute into the Equation the Sum of this given Quan- 
tity and a new variable Quantity, and likewife the 
Fluxion for the Fluxion ; then find the Fluent in fim- 
ple Terms, and this will be a Part of the whole Fluent 
required ; and the Operation repeated as often aa ne- 
ceffary will give the whole Fluent. 

Ex-- 37- 

Let z ~ X\/aa-{^xi fuppofe r very near equal to 
if, and putr + V = *, and aa+rr=ss, tbea xzzv, 
and Z = V X y/aa'+rr-i-lrv -f-wu = V-y/is + Irv + w 



— ■ _i_-? r^ "^^ 2rv+w' _^_ 2rD - \-in^ 



-Scc.~vx:s+-—+~ 



, . rov aavv aarv'v 
+ Sec. =sv -\ + _ &c. 

,,,, "** ''''f' aarv*- „ 
Whenct z=iv + ^j- +^gy, gj^ &c. 

Now in this, fubftitutc —v for v, and fubftraft the 
Refuk from the lalt Equation, and then 2 = Ziv + 

— - Sec. And this is the Part of the Fluent cor- 

refponding to the Difference of the Quantities r+v 
and r - v, or to 2V, that is, to thcfc two difTerenc 
Values of a;. Hence if v be taken extremely fmall, 
and there be alTumcd fucceflively for r, the Numbers 
or Quantities i, f, d, e, f, &c. in Arithmetic Pro- 
greffion, whofe common Difference is 2v ; that is, 
ioi\m2V=l>—c=c — d=d~~e, &c. till / (the laft 
Value of r) be = V •, then the Sum of all the Parts 
correfponding to each (collefted by the foregoing 
ijeries) will be the whole Fluent z required. Or if 

you 
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you will, you may exprefs the Quantities J, r, i, e^ &c. 

by r, r, r, r, &c. 

Ex 38. 

Suppofe z = ijfy/ 1 — , Ietr+vz:v. 

2dbr 2tibv h^ 
Chen 2= 



Ifp+dd— 



2ar + zav — rr— zru— w "" 



(putting ss=pP'\-dd—^ (- 



Then 'dividing the Numerator by the Denominator, 

/ao— «JJ , ^* . JJ 
and puttmg g= ^^ , /=-^ + f + 

«'j* — gf^' 



, wc have i:=ix' / — \-ev-\-fu^ idc. 



ivx:— + -|7« H ^^7; v^^c. Whence 



q '^ " 
sv qe 4/i» — q'^e* ,, , ... 

'' = ~i + iT''' +^%7r—J^'W.. In which 

fubftituting — V for v, aiid fubtrading the Refult 

from the Equation, we have z = •— + ~^ --qvt 

+ Uc. for that Pare of the Fluent belonging to 2V, 
or to the Difference of the Quantities r+v and r — v. 

Where it is difficult to get mair^ Terms of the Series, 

as in the laft Example, vmuft be taken fo much the 

finaUer^ and the Operations oftner repeated before we- 

can obtain the whole Fluent : And the working with 

Numbers 
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Nwil>ca ia&fs^d of koown Wters, iQ^y fooie^ 

times be preferable, whea the Quantuies are very- 
complex. 

Befides the general Rules before delivered, there 
are fome particalar.Bjtlfis. which in fome Cafes will 
find the Flueot in ^nite Terms. As 

VI. 

When one of l;he variable Quantities is wanting 
in the Equation : Then afume Tor its Fluxion ■ the 
Frodu£i: of the other Fluxion- and a »ew v^riajble 
Quantity, which fubftitutc for the other j and you 
will get an Equation which put into Fluxions, will 
give- the Value of the exterminated Fluxion } and 
then the Fhienc will give the affiaud Quantity ; and 
from thence the other Quantity will be had. 

Ex. 39. 

Letj|y>jf=ax*+2*c'^'+igf*, where x is wanting. 
Affumc -^ = Xt and expunging x, aazy = z* + 

2fl*2'4-<a*, whence y = |-2zH . InFluxions 

. aa z 

+ ^ — -^. Whence the Fluent is*=-J^ + 

— — dX2-302585Log. 2. therefore,^ being known, 

z' 
z will be known (by the Equation j- = — 4- az + 

—J, and confequently * by the laft Equation. 

VIi: Some- 

D,gt,,-erihyGOO^Ie 



Sea. I. e/FLVXlONS, «3 

VU. 

Sometimes the Fluent may be had, by firft putting 
the Equation into Fluxions, making fome of the 
Fluxionr iipvariai'le. 

Ex. 40. 

Let — ~^ = * + j» — -^» Make^conftmtf, 

y ^ 

and put the Equation into Fluaons, then "^y'^ J S 

. • • . • , ^y'x—xy . 7+Jxx xjx 

^ . y , **^ 

whence «+7xx» =*yS and --— = -- j~ -, and 
the Fluent is '^x'zzy/a-^y 

VIII. 

Sometimes the i^ufs; may be found by afuming 
other variable Quantities to make up the Fluent, 
and finding their values by Help of the given Equa- 
tions and their Fluxions. 

Ex. 41. 

Suppofc /*— «x = <jy. To find x. 

Divide be t — *, and * £: — - — . Affijme v, 

and fiippofe theFluent xizaX^.^oiglSs Ijig.yT^TTv. 

then will X =: ^""^+^ /fee Prob. 2. Se£t. II.) 

y-^x+v 
and by multiplying, yx'^xx+vx=ay — ax+aVf 
from this fubtraft the given Equation ^x — xxzi^y 
and there remains vx=— «x+tfv, whence if * =0, 

then 
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then will v = — a; therefore «=2.302585flxL.og. 
y —x — a. 

Ex. 42, 

Suppofe az = zx — xx. Afliime z =r a + * -J- v» 
thenz=x4-v, the Values of z and i: fubftituted 
in the given Equation give ax-^-av =. ax+xx+vx 

— x*. that 18 tfw = vx, or X = — =: -?^, cbc- 

V CO 

ing fome given Quantity -, whence «= a x 2.302585 
Log.—, therefore 2=d+v+flX 2.302585 Log. — . 
Or z=04-w + fX Number of the Logarithm 



2.3025 811 

Ex. 43. 
Suppofe z != X'*";c, where X is the Hyperbolic 

Logarithm of x. Aflumc z = * — 7; + s ; this 

put into Fluxions there arifes z — Xfx'x + 

bX"— 3ixy-+' , . V . L r 
, + J = X.'}rxj therefore s = 

— »X"— '«";f , . . X . ■ 
-^jTi (writing — for X) j Again affume 

— »X— '*•+' .. - ^.. . . • 

J = , — - + /, this m Fluxions gives / 

m+i 
»X»^xX»-'«"x ^, 

= — ' - • ; . Then again / = 

MX«— ixX"-*r'+' 



+ a, "Whence u 
tn+i' 
— »X»— I XB— 2xX'~^x-y ^jjj ^ 
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« X » — I X »— 2XX'^V' 



+ wt Sec. 



Whence 



XV+' »x"— »"+■ 



ffl+I 



»+I 



>< X""**" +* H X «— I X « — 2 X X*~ V"^ 






IX. 



For compounded fluxianal ^andtiest aflume aa 
Equation with indetermin'd Coefficients, lo comprehend 
the Fluxion given j wherefore the Equation muft be 
fuch that when put into Fluxions the ii^*^ PiTwer 
maybe the fame as that of the Fluxion propofed. 
Then comparing the homologous Terms, the Ceeffi' 
etents will he determinM. And fometimes the Indices 
may be found this Way. 

Ex. 44. 



To find the Fluent of fyy-\-qaf>/yy-k- '^-\- aa xy. 

Affumc the imminential Eqiiation Ay+B Xyj+ay+aa^f 
in Fluxions 
Ayy 4- Atfjr + Aaa ") 



3Ajy-f- 3By J- y ^yy+a^i-^aa = 

pyy 4- jay x > v^xy + '5' + "■' • 

Here4A=/', Afl+3B + 'Aari^a, Aa'+4Bfl:=o. 

Whence A = J^, Br: — g » and likewife B = ^ja 

— ^p. Now if the Fluent be poflible, thefc two 
Values of B mud be equal, whence Sq-^p. 

K If 
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If the Fluent cannot be had this Way, alTume 
the Form of it diffwent. If Ay' + By*+Cy + L> 
\^yy +ay + aa, were affumcd, thcn^=:8j as before. 

If Pff-^-qa s/xf+ay+ea Xy be propofei If Ay^B: 

X yy + ay + aa be aiTMined, the Fluent can only 
be found when ifij = —-p. 

If A^i+iE^+Ci+Dv/y>+<»y+fl«, the Fluent 
can only be had when 3^=80;. 

Ex. 45. 
To find the Fluent of ax+iy xx -i-cx + ify x_y 

=0. Affume for the Fluent x+ay^ xx+fiy* r=A 
a given Quantity ■, and taking the Logarithms 
T L: x-fffj' + rhi H^y = L: A. la Fluxions, 

+ (3t+»t Xjfjc + »»4^.x xy- + «j3)r-H3Tx;y =0; 
and comparing the Terms wkh thofe of the given 
Equation, when reduced ; you'U have 4. Equations 

■Whence putting m = y/b + c —ifid^ « = — , 

. i+c+w ah — ac'\-am —ah^ae^am 

ii — , JT ^ , T ~ 1— w-^ -T . 

2a 2OT ' 2W 

Then the Flufcnt is im^ -^ b 4J f— nx^' "^ j^ 

■- - ,C— i^-HI 

iW* + * + f + »»Xr = B a given Quantity. 

Afte r the fame Manne r the Fluent of ax'-i-bxy-^c)^ 
XX +dx* +/xy +gyyXy=zo, may be founds 
affuming the Fluent * + «?' x* +(^y^^xx +-yy^' 
=; A a conftant Quantity j and fo of others cQnfifting 
' of more Ttaa3» Ex. * 
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5V>-fiiid tfeeFldeirtof 



Ex. 46. 

ex + hxx 



ex -J- XX 

Let the Fhienrbefuppofed i/x Hyp. Log. c^ + 
*'+'i in Fluxions dx ^^'^"'^ + ^"+^ X *^^ or 

^c;c4-^Xr+i Xw ^ a* + ^^x ^^^^ ^^ 
ex + XX ex + XX * 

z^ a, ?nd i/x '■+ 1 = ^. Whence r = - i ■ , 
and </ = — y- — . Therefore the Flaent required 

IS — ^ — xHyp. Log. ex + X , 

Here follow fomc Tciore Examf^ wherein the 
Rules before laid down are promifcuoully ufed. 

Ex. 47. 

To find the Fluent of « F*. i; F: z F: i &c, x Fiji:. 
Let A =: F-.jz 
B = 2A = yzz 

C =23 = Z'A =^'2*2! 

b r= zC =: 2'B* = z'A — j^'i 

And •=F: Ai:, p =F: «2;, ^=F: 0z, *=F:y2:, &c. 
andlet i;=F;za, c=F:z^y dzzFizy^Scc. then 

1. F:Az=2A — B, as is tvident by putting the 
Equation into Fluxions ; for the fame Reafon F:»z 
=z« — *, F:;32:s:z(3— c, F:yz=zy-~d, &c. 

2. Smrt «=:2A-^B=:F:Ax, and h or F:zi =: 
FrAzz. Soppofc the F: A23b=iz»A+/, this in 

K 2 Fluxion^ 
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Fluxions gives i = — = — -jc , therefore j= 

— {C. WlieDCe i=:j2'A— {C. And F: «i = 
(«« — *=) 2'A— zB — jz"A+4C = jz-A— 2B.+ 
{C=|3. 

3. F: f3i; = 2f3 — f ; butc or F: 2^ = F: «Z2; = 
F: xA—ti X zz i fuppofe its Fluent == |Z'A — ^z^B 
+ J, this in Fluxions gives i — — fE'A .+ 52*8 = 
^I). Whence /=iDi and c = p'A — ^z'S+iD j 



and therefore F: ^z : 



zi A— 32*B+ 32:C— D 



-=r. 



4. By the fame Method F: yz = 

z*A— 4z'B+6z»C— 4zD+E . , ^ , ^ 
-7 ■ — — — . And fo « others. 

■Whence 
¥l:yz =A. 
F; i: F::y2: = zA — B = « = F: Aa. 



«'A— i»*B+wC— D 
F:zF:zi':zFyz= . . =F.pz =■ 



F; i; F: zF: 2: F: 2: F;ji: : 
Sic. 



X2X3 



1X2X3X4 

=: F: ra = J. 

After a like Maimer the F: z"— ' X F: j-z = 

I F:/!"z 
-XF;;.?^-^. 



Ex. 48. 

Suppofing A=F:^2:, «=:F;zF;j^, (3=F:zF;zF:^z, 
'7=F:2F:2:F:i:Fy!Z, \ie. as bef6re. To find the 
Fluent of z'y. 

Put 
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Put F: z^ = 2^+J i in Fluxions 2^ = zj^ + 
wf2^—^z 4- i , therefore! = — ii3f~^yii = ■— »z*-»A, 
and s = — K2'-'A+*, in Fluxions / =: sx«^i X 
As'-^z zz»xJ^iXz"~*«. and / = »Xi^^X2!'*~*« 
+ T i in Fluxions u r: — » x »^i X « — axz'^'az 
= — Hx»— iX« — 2 X a*~^|3 , and » = — -nx 
iH— I x» — 2 X2:"~S(3 +W, and w = « X"— > X 
» — 2X« — 3X2:'~*y. ^(. Whe nce 

F lZ-y =2!^ HZ—' A + » X »— 1 X g - ^« — 

» X »-^i X »-^2 X35'~'i3 + »X»— 1 X»-^ X«— 3 



Ex. 



49* 



Let 3*'jr— 2(»e)y = ^le^x -^ *jr**. Put ^ = zir« 
and y = zx -^ *z, and expunging >» j j sscz — • 

2az2:x — %axzz = ■^^dz'x'. Again put x iz. zv^ 
and x = zit + vz, which fubftituted in the laft 
Equation, it becomes svz — 3«vz=:«w. 

J^ V = -— , and i = — ^ — >■, and the laft 

Equation becomes ^az^pz = — zi< 

Leti-^tf = /, and i'—t, Aod you'll get thti 
Equation ^tz =: z't, or ^tz — z/ = o, or 

— — — = o, and the Fluent z'/-* ot -r = 
b = — . Whence by Reftitutioo, ^'+«* ziasef. 



Ex. 50. 

To find the Fluent of azx -^ b -^m ycz ^f+fit 
XX i putjr = ^+nr, then the Equadonistranaform'd 

into 
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a i_, 

iiM ^^y +ji«i =:Vl;^xi Smkiflyby^r' = 

_« I it a 

*+**" , -fttn-Will •Jjy" y+Ji~z = ;^ 

!«I*jc* + i«'* . And theFhSchi !>?»' = 

♦lae by jr~ a: ?4->-«~, and ybu'H liavc 2 = 
Ex. 51. 

Maltiplir the Equation ^y-^, and ve h»« 

— 5'^ + ' — ^ ?+!"» '"^ theFhttnt 

IB -3— =eA feme given Qjia|tti«y, 
Ex. 52. 

To find the Fluent of^=A+2_J. 

The Fluent is Log. p = Log. * + Log. y 

fog. I = Log. -f- ! and Ihetcfore t = — - 
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To find the Fhicut of a+fe^srs; = R 
Let F = E^£l^_z»+— +j i this ioFluiioM 
-, • 3-\'+" 

gifea 1 '= — '^-t-'— "X.-jg! 2—2;, fuppofe 

f.+ix»S 

, 3»+» 

^+1 X^+2}<)i'(3- 

jS^ X i^Fi X f.4-3 X »■?' 
g-J''+" 

ii,&c. Wl)e)i<»F=^^^-— rJ'+t-^+j+tH'jaK. 
,.-1-1 X 

Tbati} Fl: o+fefiVi = :^E__s'+i=.. _ 

^^ H+iX ag 

«+!-» x»+^' ^ »-+i— lux^+Pz- 

M^X *^*' jT+jxuPj!" ~" 

^+3X;»(3s'. 

Otbermfe. , 



|.I^.X«+P?'''"'g?'^*Z . 

»+i ■ Let 
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Let J = — ^ ^ / i whence 

/ _ f X i^^ X »'|3* X «._+(32'1 2?'+"z j„j|„ 

,- >.x;:^x«-|3-x."+gr^z^"+- |^_^^^ 

■ «■+! X»+l+»Xir+I+2ii , 
Whence F: 7+^'z^ = j+g >+' ._ 

(•»C»' JI^IX»<2" 

^ A + B — 

«■+!+» X«+|3z' »+l+2»x»+l!2" 



'' + I+3»X«+ft!!- 

Ex. 54. 

To find the Fluent of -+ ;te" +y2"+to- ts-^.' x 
z'i:, having the Fluent of a+gzrfz'z given. 

Suppofe « + af + r^ " + fa'' lie.' = .+*z"' 
XI +0+CJP- +DZ3>8£C. then »+/Sz"+}.2"+j2i<&c. 

= « + «2!"Xl +0 + Cz" + &c.^ " i but 

1 +0+C2-+&C. ' = I + o + —Cz"+~Dz3- 



I f^ + ^'- Multiply thit 
Scries into « + z" , and ve Ihall have a -|^ iSz" 4- 
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<t + O + — Cz" + — D23' 

'* 't Cfff. And equating 

+ /32- + o + -^C 

the Coefficients of the ftveral Powers, then » = «» 

0=:$, Y=-C, ^= — D+ -C, &?f . Whence ■ 
/* f* ■ /* 

C— i!Z D=:— -^ E = -^ iz^CC — 

— D, fcfc. Therefore Fl:«+i82- +^2*'+Jz3'fcff.'*)C 
x*2;'= F: «4-fo"l 2*^ X into i + — z" + 

^^^^ZJ" + Ez4- tff. 

Therefore ifthe Fluent of a^^^z'^ z'i be known* 
the Fluent of this compound Fluxion will be known, 
by Forni i ith of the Table, and this is ufeful when 
the Quantities yz^^ Sz'i', &"(■. are very fmall. 

Likewife the whole Fluent when oi+jflz" becomes 
=o, will be found from this Rule, by Form 17th 
of the Table. 

Ex. 55. 

To find the Fluent of z'x'yy. 

Let x'^y''jf=kt Az—i, Bzzzt, &?f. then the- 
Fluxion given is z''a ; then by Rule VIII. put F: z'A 
= 2"A+Ji in Fluxions z"a=2"A +»Az'— '^+i, 
orjr:— »z"~'A2: = ^— »z"— 'Bj affume j=— »z"— 'B 
+ /, then / = » X n—i X z"— 'Bz = » x «— i 2"~*C : , 
LAt/=«X^^X2*-*C+«; then a =-— «x^^X 
'^^Xsr-iCz — — «X»^X«Il2Xz"-3D. Then 
affume « = — « X «— i X «— 2 X z"— 3D + w, Sc. 
Then at laft F: zVy-j or F: z"a = z"A — aa^'B + 
L «X 
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X i^ X «— 3 X 2'-*E — £:?c. 

Then by ,thc very fame Rule that thefe ai;c had, 
you will get the Fluents of A- or i/^fy, and E or Ai, 
of C or B«;, (^e. in any paMicuiar Cafe.; czpUDgpng- 
by Degrees x y or i as there is Occafion, by Help^ 
of the given Equations. The above Series^ is dre 
fame as is found, Example 48. 

Suppofe the given Fiuxion is z(f»)"_j/T-4»drrr — x» 
=^,' and — xic^zyy, alfoxz^ — ry zaAyz^rx ^ 
r,_)',xbcingihe Radius, Sine andCofine in the Circle. 
Then we fliall have F: zx^^y^y — ?A — B, where A = 
F:*!)"^» and B. r: F: Az i here A=F:rr^.Xj^ = 

^— ^. andB = F:j;;::r^X;y*z = >;q:^ 

XJ' xri — lyr—J^yj-X: "~j!£. i whofe Fluent, ii 

fqund from the Table. 

And thus I hjveexplajn'd, as cleaily aa I xould^^ 
the moftgeneralMefheds of fol ving this di0_cultProilimi_ 
The, Reader perhaps may think metoa.prolix-pn this 
Head : But it muft.be confider'd that this is a Problem, 
of the greateji Extent and Ufe in the whole Pradice of 
Fluxions J nay it contains almoft the whole Science j 
and we cannot be too partic-ular in treating on that 
which is -the Foundation of the greateft Part of tht ' 
PraSice. But after all, we fhall find it exceeding dif- 
ficult in may Cafes to find the Fluents of Quantities, , 
by any Methods hitherto known. And it is ■ much 
to be wifh'd that we had fome eafier Methods of-find- 
ing Fluents, efpeclajiy of compoundiluxionacy Qoao- 
|ities, without-thfttediou» Labour of, reducing jthepx- 
toSnfinite Series,, which, io many Cafes coiiverg^ fo : 
flow, and are (b much compounded _as.to,b&in a man- 
ner ufetcfs. The following Propofition is defign'd to 
remedy this Difliculiy in loittc particular Cafl-s, 

PROP. 
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PROP. XI. 

tofiidtbe Fluent ofa^^ven Fluxion '-by the Tahk. 

1. The following Table comprehends all Sorts of 
Fluxions and their correfpoadent Fluents i not only 
fuch as can beexaftty had infinite Terms, and thofe 
depending on the ^adrature uf the Conic SeSions^ but 
alio thofe that can only be had by ir^te Serits. 

2. Thefe Forms are all number'd in the firftColumn i 
the fecond Column contains the Fluxion's, and the 
third gives the Fluent thereof. The zift and all 
the foitowing Forms relate to the Tranfmutatim of 
Fluxions ; het'C the Fluxions in the lecoad and third 
Columns are equaljthe fecond being transform'd into 
the third, and the Fluxion in the tliird Columnalways 
belongs to Come of the foregoing Forms. 

3. -Here -2, v, y exprefs variable ^jtantities, znd all 
the reft are given ones, which may reprefent any- 
Quaaticies -<whatfoever afHrmative or negative. Buc 
In the 6th, 8th, and loth Forms, the Nature of them 
requires ?tegative Quantities, and therefore they are 
witten negative. 

4. In the fecond Column are fet down all the w- 
tefary Conditieas relating to the Signs, Indices-, &c. 
in each Form : likewife in wJiat-Cafes the Form will 
fail, and when the Series will terminate. But the 
Fluents in Form 1 1, 12, 13, ac*d 14 are defign'd al- 
ways to terminate, and are derived from the fore- 
going ten Forms, which therefore may be called 
original Forms. 

5. In thefe original Forms, though the /r^ of the 
Flaents there given may in hioft CSfcs be fufficient, 
yet ■ there arc feveral Varieties both 6f numerical and 
geometrical Fiutnts'\ fo that the moft fimpic and ele- 
gant may always be chofen to fuit any particular Cafe. ^ 
It is fufHcient to premife this concerning the Nature 

of thefe Forms. 

L 4 A TA-B L E 
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Tie Doctrine 



A TABLE 

Of FLUXIONS and FLUENTS. 


L = 2.302585092994045684 &?f. 
,N = ,017453292519943295 6fc. 


Forms.\ Fluxions. 


Fluents. 


I 


Tbii Form fails 
when n = 0. 




a 


^'^ = i 


f =LxLog:z. OrLxLog:Az. 

Or f - ^ of tht Hyperbola be- 

twecn the Aflyptotcs, whofe in- 
fcribed Parallelogram is any Space 
RR, and Abfdfa (taken in the Af- 
fymprote) Rz or 2. 


3 


This Form fails 
when p.— — I. 


jt*+iXiiS 


4 


z'—'z 




»=-;^XL0g. of <t + ^Z-. 

* = ^flRR" °^ *" Hyperbola be- 
tween the Aflymptotes, whofe in- 
fcribed Parallelogram is RR, Ab- 

fcifla -J + z» . 
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fluxions. 


Fluents. 


<; "^'^ -, 


a — ^' — X I^egrees in that Arch of 
a Circle whofc Radius is i, and na- 
tural Tangent •— • 

, _ ^"^_. of a Cl^e whofe Radius 

is any Line R, and Tangent Rv^— . 

* -RRv/.« ,= 
dius is R, and Tangent Ry/!^ — . 


flirt « «W « 
src aprmttlivi. 


6 s._.. 


» = — -= X »ulg. Log. of — -=- ■ 

L , ^^/«5'-|-^/• 

■'" Tun „r»+«^'+^v'-«2- 


Here u is a^- 
mative, and — ^ 
n^ative. 


L .-««• 


'-.v'^,-^'"«-"'.+«.-.vA^- 


*~ .RRv/f«l Hypcrboia.be- 

tween the Aflymptotts, whofe in- 

fcribed Parallelogram is RR, and 

Abfciflas' (terminating this Area) 

" v/«+\/|2* and v/« « \/#2» • 

^ = -^^ ^T— ■ of a right angled Hypcr- 

iRR^a^ 
bola, whofe fcmitranfverfc is R, and 

Tangent at the Vertex R^ — , 
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Forms. 



Fluxions, 



a. + /3a;" 



Here a and fi are affir- 
mative. 



t is an a^mativt proper 
Fra^icn. 



nyn,-.^hy Google 
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i Biuattii 



ofiS^D!!,. , = j3\' 



-;;;;j fX '■"<> At X Log. v/'— 2«+*»+BNxP 

'ifaT^Qj'' + GL X Log; y/ 'r— ;(«+««> + DN >» Q_ 
' " +Ei:>fiiOg;v'l— 2«x+»« + FNxJtfci'.:. 

K = an ^cb 

a, i, t, &c. = Sines 1 of iK, gK, 5K lie. a i8o'. 

s, t. If, &c. =z Cofines ) Radius = 1. 

P, Q, R, t?f. = Degrees oft Arches whofe Sines are 

tf* bx- ex 

^l—ZSXJrXX-. y/l*-^tXArXK ^l 2UX+XX 



CASES. 
I. If - =-S, then A=(_»»a=5_i.B=2a.C=i.D=o=E=F tj'f. 



3. If /=j, A=— ai.B=2«.C=:<-2<.D=2*.' 



, A = 2J. B=:20. C = 2f. 



VE,F£*-.±:o. 



5. If / = i, A = — 2i. B = 2<l. C = — I/. D =5 2*. 

* E= 1. Ftf^. =0. 

6. If -=', A = 2;. B;= 2*. C =: 2j. D = — 2«. 

* E := — I. F y^. = o. 



7- 


Ifi = 


{■ 


A 


E 


2J. 


B 


^ 


la: 


C: 


= 0. 


D 


= 2*. 








K 


— 


2K. 


F 


= 


2f; 


Wt. 


= 








Wf., 
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The Doctrine 



Forms. 


t'luxiom. 


8 

V 


z'-'z 


a-^z' 

Here a is affirmative, and 
— fi negative. 

— w aa affirmative proper 
FraHioH. 



nyN,-.^hyGoo^le 
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Fluents. 



, ^_, X into ALxLog. i-». + BL X 
*l^''a.^ Log- •■—"«+'« + CN X P + 
DLxLog. v'l— 2W+»x + EN X Q, 
+ PL X Log. v/i— 2»«+fX + GN X R &?<■. 

• 1^ 

. K = an Arch of ^— s-. x = — ^r . 

<i, i, <■, &c. = Sines lof 2K, 4K, 6K 6ft. to i8o' 
J, /, ff, &c. = CofinesJ Radius =1. 
P, Q) R> t^'.- = Digrees of Arches whofe Sines ar 
ax . hx ex 

— ^ j — — , — ^ -1 trc. 

^1 2J*+** v^I 2tX+XX \/l 2»)(+X;f 



, A = — I, B = — 2J, C = — 2«, D,E&?c.=o 



g. If J =4, A=— I, B= (— 2/ = )o, C=2a, D=:i 
4. If i =J, A=— I, B=o, C=— 2»,D=i,E,F6?f.=o 



5. If / = i, A=— I, B= — Jj, C=2«,D= — 2/,E=24 

f i = i, Ar:— i,B=— 2;,C=2i,D=:— 2i,E=^2« 
* FWt. =0. 



7.If- = {, A= — I, B= — 2«, = 23, D = — 2< 
'' E =2*, F = I, G, We, =0. 

lie. 

M 

D,gn,-.^h,GOO^IC ^ 1 
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The Doctrine 



Forms. 



Flux 



— If — I • 

z z 



Ja + ^z' 



= <p 



Hert t is agimative. 
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Fluents. 



([) = -^ X Log. of v/^^' + v'M^ . 



■ L 



XLog. of «+2|32!' +2^'+ PZ' XPz' 



= .=:^t, X Log. of •« +P^' « v'^ . 



(6 = — =-xLog. of «+2P2 2v/.PJ!'+pV', 

(5 _ 4^?^ of the right angled Hype*ola, whofe 

T JlRRy'P 

Semitranrverfe is R, and Ordinate R^/£i . 

— — ?— --xS<SoroftherightHyperboIa,whoreSeini- 
T hRRv' P 

, tranfverfeisR, and Ordinate ^.^z.+lte" X Pz- . 

A = — ^-— x StUir of the right Hyperbola, 
whofe Scmitranfverfe is R, and Ordinate 
-^ — \/ K+gz" X (32* , when » ftands for a nega- 
tive Quantity. 

q, = * ^'^"' of the right Hyperbola, whole Semi- 

tranf«rfe is R, and Ordinate --^ X •»+?«■ 
when » ftands for a negative Quantity. 
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72r DcxcTRINE 



Forms. 



10 



Fluxions. 



v'd-^Z' 



■ = 4> 



Here « is a^mativct tnd 
^^fiii negative. 
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Fluents. 



2N ■ 
■±. — -TT X Degrees jin thd Arch of a Circle 

whofe Radius is f, and natural Sine 



y^. 



— y^ X tlegriis in the Arch whofe Radius 



is I, and Sine -^«— ^i- X (32' ■ 
d) =. J' .„ X-iirci whofe, Radius is R, and 



dj ~ —- — , whofe Radius is R, and Sine 

£5t/i;^pSx(3z'. orverfedSineJ£(3j?. 
-» » 

^ ^ — X&Sorof a Circle, whofe Radius 

/(3!=" 
is any Line R, and Sint R^ -^ . 

. .lS£2of the Circle *hofe Radius is R, 



aR 



and Sine ~ — y/ «fi%« — pa*', 
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Forms. 


Fluxims. 


II 




Here a m <i»y affimatrve 
whle Nmber. 

N. Bi Tto Fffi» /ail 
«,i„I±i+^ it aie, 

negative whole Namher 
from _ 1 /o _ A itielajSve. 


. li , 




■a + ^z"^ z'-^'Z 

Were A " <»»y e^mative 
whok.Nimber. 

N.B. rte Fww fails 
viben ^^ « ^By <»^- 
»«/;« KiWe JV«i»i«r 
/row I to A ittclufively^ 

-at r- — 
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Fluents. 



r^^xT^Xi— nXi— 3«Xt^t till,—?.. 

P^I^XJ^XJ— yxfcfc. ■ • ,j_till3C^. 

z-v r:^x» ■ •— MX. , 



■^ jir;x|3 *-»» X P^ i— 3, X Pz * 

J_4ii X Pz" »— )« X ?«• 

« r: Fluent of r+pp'z'i. 

f = » + I + ^1 • 

* = I + . + c« ■ 
A, B, C (ic. each preceding Term with ia Sign. 



p'x}+;xi+2»XJ+3»X&?t ti'l !+^' ^ 

.^Vl'xT+ixr+SxI+lix&'r. . . ■ ■ till •+>., 

Z'-Hy J + , X Pg . J+tlXlSy jj 

~r, X « . + 2, X • . '+3'X « 

<+3.xeg g ^ y^ ,m _ J— i+x.xgy c 

T+^x. ■ •+»"X. 

« :^ Fluent of «+(3z-'''2^. 

i = I + f*1 + 1. 

A, B, C fcfc. each preceding Term with itt Sign- 
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?!6f Doctrine 



Forms. 


Fluxions. 


13 


a + 132"'''* z'x 

Here r is ait/ affirmative whole Number. 

N. B. <rhis FormfaiU when "^^ + f* 

is any negative whale Number from 
— 1 to — T ipckifivehf. 


14 




Here t is any a§rmative whole Number. 

N. B. This Form will fail when u + i 
is any affirmative whole Number 
from I to T indujve. 
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Fluents. 



-■^ 



■1'.' X(.+iXf.+2X>+3x6i'f till ^ + 

JTixif+SxJ+ylx.y'^. till J+1 

/•._+2 X .. _ 



«+•")— 3,xr ' + <xr 

9 = Fluent of <>-\-^x'' z*a:. 

* = ;7 + I + p.. 

A, B, C tfc. each preceding Term with its Sign, 



JX J— .X J— ajXP^xyc. . . . till J+,— „ 



« «/»X,»— iX/«— 2X/i— 3X6?'- ■ :. tiUi" + i— T 

z'+'yi— '+■ J_ T. + . xy i , J-T,+2,X5._ 

^ ^ r H- ^ A T ^^^^ 

, /• — T+ix«« f— '+2XTO (»-T+3X« 

+ ':=r±3-^c +■.£=?. till Ei^^F. 
f. — r+4X«« C™ 

; = Fluent of «+(J2''''2'2;. 
V = » + Pz" . 

A, B, C &ff. each preceding Term with its Sign. 

— ^ . _j , 

D,gt,,-eribyGOOg[e 
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The UoCTRIRE 


Forms. 


Fluxims. 


15 




. . n + /Sz"'' z'k , 




te Sirm wUHtrMMte a** — ti 4. ^ 




is any negativt lubiiU Nnm^. 




N. B. TUsFormfiikntii, ^ iian, 




lusalhe «** NlnHtr ttitiafitvtr. 


16 


iL 


a + ^Z''''z'-z 




Tits Series -jiill terininate when ~ is hr/ 
■ ■ ajfintMm vihiie Number. ' 


17 


a + j8z'^ 'z'Z K into 




e+fz'+gz^'+hz^^c. \ 




Here t^andir tmfi each he greater than — i 




Jlfi 2 and «+(3ji>f"'' mufi te me 0/ 
Item = j; tie^mUnr^lIx Fluent,] 
tie otber = at tie End ef it. 








ain ntgalive whit Nmter whatever. 
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Sea. I. efFLyxioNS^ }i 



'Fluents. 



S + 1 

D} — t!?t. X into «+(te-l 



« +4' 

. = »• + I. 

A, Bi C tfc. each prececding Term with its Sign. 



a?^+. ^A, • <=^B, «=i'C, 



"■^" l.iJ--"^__Ui-l;'>-'T' 



^+1 "T" «. + i+n"^ ^+1 + 21^^+1+3" 



»+i+4i 



+ £j?f. 



A, B, C fc?^. are the Numerators of each pre- 
ceding Term with its Sign. 



«« , t +jiX» , i+»w X_ , 

_ .+3;X' ct, fcft. . 

i+3, X P 

. = T+I. 

* = »+l + l+(.Xii. 

9 r: whole Fluent of «T^ 2*z. 
A, B, C iic. each preceding Term with in Sign, 

but without the Quantities /, ^, b, 8cc. 
When any of t^ Qoantitics <if%S> &c. Rrc want- 

the refpedive' Terms will vanim. 

■ „ J ~- ■ 

n„|N,-r^h,GOOglC 
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Forms. \ Fluxims. \ 


i8 


e+fz' +gz" +Az3' ^c X into 


« +i3z'+ ya^' + iz^'^c''z'z. 

N. B. «<> Fom viiU fail vita -^ 
eveft or when any Demmnater u 0. 


19 


. mzj + tiyz X z"~'f'~' 
or ^ + JS.xzy. 


20 


rzyv +..mziy + nyiiz x 
into 2'"'/"-' »'•-'. 
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Fluents. 



pal ; 

/+lFx« 



rHr' 



+' Wt. X into 2f X »+pr+r2"+*o"<!''' 

? = '+!. . 

A, B, C lie. the Coefidents of the ift, 2d, jd efa 
Terms refpeaively. 

ZTf. 
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tit . Qc^CTIIIHIl , 



'Forms. 


' 'Given Ftuxum- 


21 




J^ is atty whole Number whatevw. 


22 


z*'-'z 


e+fi^ X g + hz' 


.as 


' ■ ' 


e +'yz' ■ >< 1 + hz'' ^^'"'z 

Here \ is any wbeU iiwui^inater thatt 
0; r is hedf ef t^ ^bo^ Ifumber 
•whatever. 


24 


. 


g^hz^^ 

Here either >- or r^}^ rnuji St apejitive 
whole Number greaie- than 0. 
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Tramformd iMf i»hers. 

v — e X 



v = e +fz\ 



/z'^-'z ■ fe^'-j- 






:*-' ^ - m] -ifv 

■ /I . ^ 
P-g-J- 
v = e +/z\. 



-A— I 



gv— e - X 

e+fz' 



f_-f_^)7fv 
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Forms. 


Fluxions. 


2-5 




e +fz'"z'-'z 


k + i^^g + h^r-^ 

Here r is any affirmative whole Number 
wbatfoever. ". 


a6 


■ 2^~^'z ■ 


e + fz* + gz'" 

N. B. TK; Form fails when ^g is mater 
thanff. ■ ^ 


27 




xisaiTf fofitPae whole Number greater 
than Oi m is the half 0/ atry whole 
Number. 


a8 


x'-'-'i 


e +fz^ +gz'^ 

Here e andg are affirmative. - 

A is the half, ef aw) affirmative whole 

Number greater tbani. 
N. B. This Form fails whenff is greater 

than 4<f. 
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S<^a.I. of FLUXIONS. J7 



Transformd. 



f — ho mTv f — hv M"v 



i=fg-,b. 



g ^ g'''— g _ g_ »'■'-'» 



/> ^+^^' f f^ 



+gz' 



p=^r^vt- 



^-^171 



V 



xp + \ V 



V = if +J!f . 



v+iS 11 V— 41 V 

P - ift+jl'/ig ■ 



■a 
V ~ ~~ is + gz . 
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Fluxions. 



ap 



V-z 



h + iz' X e +fs^ + gz'' 



N. B. ThisForm fails wbtn^eg is greater 
tbanff. 



30 



z^'-'z 



-i+/x' X e + fi^ + gz"^ 

Here a « dsj- affirmative whole Number 
greater than o. 



31 



k + lz' x.e+fz' +gz" 



Here e and g are affirmative. 

\ is the half ef avf affirmative whole 
Number greater than 2. 

N. B. this Form fails when ff is greater 
than 4eg. 



hyGodgIc 



Sea.1. ?/■ FLUXIONS. 


Transform d, \ 


gkkz^'i. _^ ggz" -i 
cd. b+kz'* dp.d + gxi* 

c=J-gb. 
d-ik-ib. 


_ ggz'^'i 


fc.a+gz' 


t.k + fe> 6'«*~' 

p = il — it. 
,=,U-fkl + gkk. 

V = if+g7'. 


-av — hv 




^ —l^+rsi 
f + V 

v " 


lkz^->-i v + U''*~' 


q = lyTg -it. 
r = 1^,1+ Ik. 


1 = v' W'« — fs ■ 
tzzM-fkl + gkk. 


O 1 - 
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Forms. 


F/uxiofts. 


31 


z*-'k 


k+ /z''x e+Zz'+gz""' 




Hire m ii baf ef ari pi^tivi wtelt 
Numier. 


33 


2^'-'zxe+fz^"' 


h+kz' + lz"* 




Hm X ismji^mlni wbtUNtmta- 
grtatir than o. 




N. B. mi Turn fciU vim 4*/ is 
piatir Hxa U. 



[..Goc^lc 



Sea.I. «/ FLUXIONS^ »t 



Transformd. 



— X 



r/)+ <nf^ 



a^ell-fkUgkk. 
p=eg-\f. 






V = e+fz*. 
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Forms. 



Fluxions. 



34 



Hire b and I are affirmative. 

his any pefitive whole NtmkO- p-eater 
than o. 

m is the half of ate/ affirmative odd 
Number. ■ 

N. B. This. Form fails when kk is 
greater than 46/, or when a is ne- 
gative. 



35 



h+ Jtz^ + Jz^^xe+fz" 



Here h and I are tfffirmative. 

X is a^fofitive wbele Number iefs tham 

IB+ I. 

m is the half of any pefitive oddNamier. 



N. B. This Form viiU fail when kk is 
greater than ^h or when a is nega- 
tive. 
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Tramfortri d. 



> TO + yl X « + 



-,A— I 



VV+jV+yl xV^^ 



J^^X-i^M+2l»-J f + VV 



i =/k — 2ll. 

v= + jj + /v/r+^ . 



-, 2m— 2A+2 



^eVV+esV+^ xV-i? /y 

'. ■ .X— I ^2ffl— 2A+2 . . 

—ew — eiv+f\ xv +jS Iv 

a =ffh-tfk+al. 
b=fk-ltl. 

f = 1^71— 111. 
q.^al — pse. 

VZl — il + y/- 






^^hyGoot^le 
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Tfc DoCT&IN* 

7%e TJfi of the foregoing Ta&U of 

Fluxions. 

I. A Ttr HEN it is required to find the Fluent oFa 
V V given Fkixion, by this XaWe % it mtift firft 
be found out to what For^ it betongs. To this End 
Ji^ftitute n or 9 (as the Cafe requires) iat the numeral 
IndeXf and then ic may be compared #ith the fevcnl 
Forms in the Table. Or tbe ^ven Fhaion may (and 
often muft) be reduced to aAuther EKncffion, by di- 
viding it by the higheft Power in the Radical, (that is 
by taking the higheft Power Of the fariable Quantity 
out of the Radical) and ^fi^&ing the other Quantities 
with it } by which Means the Fluxion will acquire a 
new Form and ExpreHion, for the Sign of the IndcK 
will be changed, (^nd ihU 1 caSreduci^ the Index). 
■ Then fubftituteo or (ffor the numeral Index> and fee 
what Form in the Table it will agree to. 

For Exan^k^ W^' ■ - '* — — - be :g\ven -, 

here** will be**, j=2, and iA=t i *nd * or*'— 'x 



x\ therefore die Fluxioia is. 



then comparing this with the Twenty-tbird Form^ 
we (hall have A =5, which ought to be a wholt 
Number, and therefore it comes not under this Formi 
Now reduce the Index by dividing by *■*, and we 
fliall have " 

r==~^=^, whcr... m he =-.. 

and tht Indej — 2 — i = !_,, therefore > = l . 
and therefore it belongs ta fwn aa.' 
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2. If the Fluxion, then, is a Binomial, you tnuft 
firft try if the Fluent of cither Expreffion can be had 
infinite Ternts by Form 3d or 15th, (which may al- 
ways be known by the Notes in the fecond Column) ; 
if it cannot, then try whether it can be had in Bnite 
Terms by any other of the Forms for Binomials, 
■which wilJ be cafy by comparing the Indices. If it 
fall under the nth, 12th, 13th, or 14th Form, there 
will be required two -(or perhaps three) Operations, 
whereof the firft is always for the Fluent of the 
eriginal Fluxien^ and is to be found by fomc of the 
firft ten Forms. But if it cannot be tound in (intte 
Tcrins by thefe Forms, then the iafi Recourfe is to the 
X5Ch, i6th, 17th, or i8th Form, as beft fuits the 
Cafe. 

3. Having found to what Form (or Forms) the 
Fluxion belongs, you have no more tp do, but only 
to write the relpeftive Values of the general ^amities 
in the Fluent belonging to that Form, and multiply 
the Refult by fuch given Quantities as the given 
Fluxion was multiply'd into, and you have the Fluent. 

4. And in compound Binomials, or Trinomials, 
fuch as belong to the 2111 and following Forms, 
lince thele are transForm'd into fingle binomial 
Fluxions, ftanding in the third Column ; therefore 
you muft proceed with thefe according to the fore- 
gwng Dircftions for Binomials i and the Fluents of 
thefe (fingle) Binomials being found, will be the 
Fluents of the Trinomial or compound Binomial 
Fluxions ftanding in the fecond Column^ refpeftively. 

5. But there are feveral Sorts of compound Fluxions 
which cannot be refolved without fome further Re- 
dudlion. Now there are thefe two other Ways of 
reducing a given Fluxion to a different Form or Ex- 

freflion. The firft is aftually to. multity by any 
'owerof the Quantity under the'Vincutum (in any 
Binomial or Trinomial Surd) and then leffen the 
Index of that Surd by the fame Power if it is in the 
P Numerator, 
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Numerator, or increafe it in the Denominator : This 
alters the Power of the furd Quantity. The other 
Way is aftually to divide by the Quantity under the 
Vinculum, and then leHen the Index of that Surd 
by 1 if it be in the Denominator, or increafe it 
by I if it is in the Numerator : This alters the Di- 
menfion of the fimple, variable Quantity. And in 
both you will have the more Terms according 4s you 
multiply by a greater Power, or continue your Divifion 
the further. But the laft Term only will be of a like 
Form with the given Fluxion, differing only in the 
Index of the Surd, or of the variable C^antiiy. 

6. Therefore in any Fluxion, but efpecially io 
compound Binomials and Trinomials, if there be a 
Surd in the Numerator you may leffen its Dimenfion 
at Plcafure (or take it quite out oT the Numerator) 
if you multiply by fome Power of the Quantity under 
the Vinculum, and UJfen its Index by the fame Power. 

7. Alfo in any given Fluxion, if the Index of the 
fimple variable Quantity be too high, (as afl, jfl, rd, 
6f'f.), or when it is too iow or negative, (asi — 1, — ?S, 
— 2fl, i^c.) it may be alter'd at Pleafure, by dividing 
by fome rational Compound Quantity in the Denomi- 
nator if there is apy, or clfe by the Quantity under 
the Vinculum, znA fubtraSing i from its Index, if it 
is in the Denominatort or adding i in the Numerateri 
and continuing the Divifion to a proper Number of 
Places. 

For Example^ if — - ■ r '~ Pe given; reduce 

. , , ... x~'x-L/^i+l>hx~-* , 
the Index, and u becomes , ^_^ ,but 

neither Way will it agree with any of the Forms j 

for in the firft Cafe flz=2, and jf=*'— 'x=*' se, 

which makes rr ;- ; and in Cafe 2d, G z= — 2, and 

ar-'x =**-'*, and ^=0; bu: a ought to be a whole 

Number. 
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Number. Therefore (by Art. 6.) I multiply both 

Numerator and Denominator of — — ^ by 

aa+xx 

y/'i,(/ — XX, and it becomes — — i 

aa + xx y/ii — xx 

bbx 

now the firft Term -=== — comes under 

aa 4- XX vbb — xx 
the 23d Form, being of the fame Form as chat in 

Art. X. And the latter Term — . i^^ - r^^-'' - ^i.. - ^^ 
aa + xxvbb — xx 
being aftually divided byxx+aa {aceording te jjrt. 7.) 
. . — X aax . . 

It becomes — - ■■ - - - + t ,, : — ^znz:- , the lat- 

^bb — XX aa 4rxxy/bb—>tx 

ter Term'(like that Art. i.) belongs to Form 13d j 
and the former to Form 10. 

Or thus. 
by aa+xx, and "it becomes 



.x^/hh- 



aa + xx 
9ls/b%- XX aaics/bt — xx 



Redoce the Index 



xxy^aa+xx 

■^Xy/bh—xx 
\+aax~^ » 

which belongs to the 23d or 24.th Form, where a^ij 
aAd the firft Fart belongs to Form 12. 

By thefe Operations the given Fluxion is reduced 
tofcvyal Terms; all which (except the laft) muft be 
ftill further reduced if there be Occafion, by repeating 
the fame Method, til! at laft all the refutting Terms 
will fall under ibme or other of the Forms in the 
Table ; as in the Examples here given, and many 
more will follow afterwards. By thefe Sorts of Re- 
P 2 du£tion. 



hyGoogle 



io8 7'be Doctrine 

duftion, a given Fluxion is prepared for a Soluticxi, 
, when' it does not fall direiflly at firft, under anjr of 
the Forms. 

8. In Form 16, when the Denominator of any 
Term -happens to 0, that particular Term tnuft be 
found thus j take the known Part of the Numerator 
(that is leaving out the Powers of z), and muUiptf it 
into 2.302585!^^ . z, and you have that Term. And 
the faid known Part of thcNumerator will be the Value 
of the Capital Letter in the next following Term. 

' — r~ 

For Exampky In Bnding the Fl: x^x^^ + — , 

we have this Series -— + — - — — ' + 

— "-^t 'HL- eff. Inftead of the third Term, 

2 4 
take— 'ExLog:*. ButB=:jA=i(without*)i there- 
fore — iB = — i=:C. Then tbe Series is + 

■ A— ^i^ ^— 

^ XX OT . 8X2** ^ XX 

— — iX2.30258Log:*+ J — 

9. Though thcfe Forms contain Variety of Lc^- 
rithmic Fluents j yet each of them may be changed 

• feveral Ways into different Quantities. Thus, wheo 
a Logarithm is in the Fluent, you may multiply (the 
JVsm^r whofc Log. is there) and then divide it by 
fomc compound Quantity, which you fee will make 
it fimpler : Or you may fquare it and take half the 
Logarithm : Or you may extraft the fquare Root 
and take double the Logarithm : Or you may mulcU 
ply it or divide it by any given Quantity : Or make 
the Numerator and Denominator change Places, and 

then 
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then change the Sign of the Logarithm, (Sc. And 
thus you may always find the fimpleft Ezpreffion for 
the Logarithmic Quantity. 



Thus, 



Log:-j =Log:— =|Log.-=:2Log: 

v/y=-Log:^. (^c. 

lo. And if you have ap untraftable Fluxion that 
will anfwer to none of the Forms % it may fometiraea 
be tramformed into others, by Prop. 9, which may 
then be refolved by the Table. 

The following Examples will make the Frocefs 
very plain. 

Example i. 

To find the Fluent of . 

Here n = 2, by which expunging the numeral 

Index, the Fluxion will be reduced to -. — . 

which is a Fluxion belonging to the 4th Form. 
Therefore «=:—««, ^—ij 2 = *, and '^ ^ 

xLog.of;+^ = -^-^-2-xLog.*« — Ai =: 
2.3025851 Log. v^**— fl» , the Fluent required. 

Ex. 2. 

ie/ the Fluxion — : — : — r ieaven. 

Here n=2 ; whence the Fluxion will be reduced 

to — ■ , a Fluxion of the gth Form ; whence 

y/hb+x' 

ti-=.bbt f3=i; 2=:x, andf=2,3025SL(%.»i-v^^H^x 
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^ Fluent of ■■ ■ - ■' — J therefore the Fluent of 




rofni the Fluent cf .JfL. 



Here «iz=}i and the Fluxion becomes c — ax*\ x 
h)c**~'x, which belongs to Form the 3d and nth. 
Or rather thus, by taking x^ out of the Radical, the 

=5^-^ _ ' 

Fluxion bccoAcs — a + cx '■ x** "x.whtch. 
belongs to form 15th. Here « = — «, j3 =: c, z=*. 

Then Cnce — +j>*= — 2 ancgativewholc Num- 
ber, therefore the Fluent will be had in finite Terms, 

andis=.ix:-^--^5^:X-« + « '^ 

— _2 —L^^ — xf — <w^ » the Fluent re- 
sit ad 

(juired. 

Ex. 4. 

Ti; jini'the Fhent if - 



This belongs to Form the 12th, having by. Form* 

the 3d the Fluent of — ■■— ■; in which Cafe, 

^zz — cc 
v^if n n 2, and — J =: i— 2 =«■— n, and the 

given 



hyGoogle 



Sea. I. ^FLUXIONS. 

given Fluxion becomes — . But fince 

v'— f' + z" 

^^zri, therefore the Fluent cannot be had by 

Form the 12th. Wherefore I reduce it to 

— r==r=- , which is a Fluxion of the loth Focm, 

where »i= — 2, « = I, P= — cc; and the Fluent 

= XjOi7453Degreca of the Arch whofc Sine 



Ex. 5. 

LettbeMuaitef—y/zax+xxt or ax^ x y/ia + x 
he required. 
This belongs to the 9th and 13th Forms. To get 

the Fluent of — ■ . by Form 9th % here 

v 2a + * 
*-=z%aj /3=i, 2 = *, ji=:i: Whence the Fluenc 



=2.3o25Log:<»+*+\/2<ix+*wi= ♦. The giveti 

Fluxion therefore would become ax^x X i" +*■ 
Where- * = — 4, t*-— — j, t=i, * = 2a,f3r=i, 
>i=i, 2=:*, y=:2i»+*, *=:o: And the Fluent 
of * ^x v^2fl+jv i> = ap + *^ v^2a+«» by Form 1 3. 
An d the Fluent of M!~^xy/2a^x = <«f + 

Ex. 



hyGoogle 



TV i^i: r x:sr 



Ex. T- 



Tsa vill be iac rr Fom n£ sci ^d iidi. 

Ta Sai -ix fxaon cc ^ by Fficm 6du 

mt — — z« 



j^X 1-5C25 Log. ^ = ^xi-soiSXLee- 

J'^^=: TbcBbrFanniuh, «=As, p =: 

_MX1 . 



+ =r W# — — z i and coo&queatly the Flu- 

eotof u=i>f_-^*=-^ X 






Ex, 
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Ex. 7. 

30 fnd til FlutM 4 hx J ^^^ - 
This by Form 23d is transformed into ix«+3i''X 

^Clli. Wlicr£A=i, «+/2'=«-«=o, .f + W 
— I 
zz4a — 33c, p ■= a: By Form tlie gtti tlie Fluent of 

. '" '" is — —X2. 30258 X Log. v^sJ+v^a+j; 

:=r^. And by Form 13th, Fluent of — bv—k^ 

^a + jv is = —f — h'^y/a~+~sv =z ~-i 

li,/a-xx 4«-3' ^l X Log: 

V^ 3«— 3* + \/4^ — 3x' 

Ex. 8. 

Tn fnd tbi Bum of " .' 

a 
TIlis by Divifion is reduced to —^ ^aa—xx -S 

wt X \/'"' ~ "* . The Fluent of —rr-^iia — xx 
t/a b 

ib + —xx 

a 

(by Form 9th and 1 3th) is = -5:-^^ _ "^^^ - 



X Log. ■' + N/'"'— " . And by Form the 23d, 
,;"^^^f^. is trausformedtoT^TI^"" X ^ 
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Ex. 6. 
rtJmJ thi Hunt sf — 



This will be had by Form the 6th and iicb; 
To find the Fluent of by Form 6th. 

aa 
Herea— <r<>, = Ti» i=2f then the Flueat is =: 

' r '*''' * 
—- X 2.3025 Log- — = — X2.3025XLog. 



yttS.= t. ThenbyForm lith, « = a>, PS 
p—z 
aa 
— —, l- = — i, »=o, 1=1, y=i, , = 3, J=3,' 



-TBTXi 



Hz • bb 

+ 21^ = *^* — "^^ » ^ti confequently the Flu- 

bz^z b^ 3* 

entof — i!=:iif_ — --2r=. -^ X 



, /b+z b' 
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Ex. 7. 
To find the Fluent of ^x^ '^~^J . 

This by Form 234 is transformed into *X«+3^^X 
^~^^. WhereA=i, e+fs^^a-x-v, g+bafi 
^4a — ^x, p = ai By Form the 9th the Fluent of 



■ — ■ is — — X 2.30158 X Log. \/zv-\-\/a+iv 
: = ?>. And by Form 13th, Fluent of — hv—iy 
x/a + 3v is = —f> — hv^y/a + 3^' = —*. 

f - 2.30258ifl ^ 

*v^a-*;X4^-3* -p^ X Log: 

v^ 3a— 3* + v/4^— 3*-* 

Ex. 8. 

^0 find the Fluent of —r- .; 

bb A XX 

a 

This by Divifion is reduced to -77- y/aa—xx -a 

g X v^^"-^ . The Fluent of '^^aa^xx 
bi + — xx 

. „ , J .u^• _ \/''^ — >"* 2-302g8tf 

(by Form 9th and 1 3th) is = -3i_^^ _ i,^ 

X Log. _^ + \/'"^—'"' . And by Form the 23d, 

^xy/^p^, .^ transformedtoTT^^"' X ^ 

** + «" O .^ 
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= — ■■ For^+fc' zzii + ~xx, c+/zi 

bb ■\- ha V ^ 

a 

=aa—xx=v, pz=.hb+bay tf~~i, «=i, r=:_i, 
».=l. Now by Form the 6th, the Fluent of —2I2_ 



P—-V 



=2.302581/ TT'XLog. of . 1_ = f. 



v^v 



And by Form nth the Fluent of -,-x — ■ ■ 

2i>a i 



'^'bi 

. y/aa—xx ^v 2.3025a 



= ■iu''~ bl ■ 'Whenee'the Fluent of JT ''•■'■'-g 
bb-\ XX 



bb + bb ^°S ^x 

^ 2»X2.30258 Log: -^^::^^^: +^, 
-+ M" M-' ~ 

Ex. Q. 

^ 1 

neFlumtifbbx-^xy.-t±^_^ iiripind. 

\/ab + ax 
Here S = i, and the Fluxion would become 

^i-'-'xx—^iJs^.. therefore the given Fluxion 
■^ab + a>/> 

.-. reduced byMultipfieation to ^^?^^i±2^^±t^ 
XMf^ab + axx\^a^x 
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hhx 2bbax—*x 

- ^=r— -r^:— - =- i cach Term whereof belongs 

to the 23d Form. Let tf+/2S=(»+*=v, ^+i&2r'= 
ab-\-ax^ fl — I, r:= — 4, m= — 2, p-^ab^aa^ thca 

~ . " ■ - - — = — — , whofe Fluent by 

Vab-^ax\^a-^x ^p + av 

zbb 
Form the 9th will be -—^- x 2-30258 Log: 

r zbb 

^av+^p+av: := -^ X 2.30258 Log: 

■ 7=^=- „ 2b^ ^ 

\/^aa+ax+ ^/ab+ax: = 2.302585 x --^ X Log: 



of \/a+x+-</b + x: = — 7-A, the Fluent of 

the firft Term. 

Again for the 2d and 3d Terms : Make e+/z^ — 
i+ij*— '='y,^+i6z*=fl+i3^jf— ', 6= — typ^a — b, 
f^=i in the fecond Term, and x=2 in the third Term, 

ibbv '^v 

which therefore will be transform*d mto — 

V^p+bv 

bbv~'^v — bbv^v t r c ■ ^^ '^ 

and , whole Sum is — 



\/p+bv \/p+bv 

hbv^v V T^t 

-— ,, ::. By Form the gth the Fluent of— 7^= 

y/p-ifbv \^p+l?v 

= — --X 2.3025 Log: v'^'y+v^i' +^1': =2. 30258 

V* . • 

2 X .ba+bx ba+ax 2 

Q 2 . 'd» 



hyGoogle 



Ii6 The Doctrine 

+^-T-V7'+^v, multiply the Sum of thefe Fluents by 



•-bby and you will have— ^--^^xB-^^\//>+3ir— 

ha~^hb h 

•~~ y T — 'B — —'^/ab+axi/a+Xj to which add the 

firft Term — >— A, and you will have — r— A + 

^a_3^^ ^ _ 

— -y^B— — v/"** +'^\/'»+*. '•'•e Fluent re- 
quired. 

Ex. 10. 



To find the Fluent of — 7— v/i»'i' —a'z+ie^'z* 

The given Fluxion will be reduced to v 

fl'^' — a^z + i63'z' a*l>z~ ^z 

't/a'-b'- — a^z + i6i'z», 4x/ ibi*—a*z—' +a'i*z—^ 
a^ ^zz 

i^y/n'i* iJlZ + 16^'2* v^fl'i'— <JiZ+l6^'Z* * 

each of thefe Terms belongs to the 27th Form. 
For the firft Term, ^=— ^B'+a'i'z— ', j>—i6bA 
a* 
^ 4^' ''"'* *"=— 4> fl= — I. and it will be 

transformed into — ~ '" zz ^Z___^__ 

^ a 
whofc Fluent by Form the 9th will be — x 

2.30258 Logar:i:7+v<?^+w: = ^^ X 2.30258 x 
4 

■Log:— — — i-ij' + -— "v/'''^' — '»'2^ + io*'z'. 

Again 
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• Again fortheothertwo TermSjhcre t»=_|a! 4. 

fecond Term, and =2 in the third : And thefe two 
Terms by Form the 27th will be transformed into 

— giy vv a^-ii 

i6bby/pg-^vv i6bb<^/pg-\-vv S'^^^s/pg-^vv 

whofe Sum is ^ ^ — "'"^ . 

ibbb^^pg'^w Sibby/pg+w 

whofe Fluent (by Form the 9th)= \^fS+'^, _ ^ 
i6bb 32W 

xLog.of : f+v/^+^z.: = ^"''^^ " "'f + ^^J!f! 
4^ 

— 2, 302585 x—TT- X Logi— 4a' + i6Wz + 4^ 



v^a'^' _ a'x + i6^'3' : Whence the Fluent of — r~ 

4PZ 

V^a'-b^ — d'z 4- i6^'2:' is z= — T'\/a^b^—a^z+i6bbzz 
4* 

— — X 2.302585 Log: ^ <»' . + — ~ X 



^/tf'^' — fliz + i6i*2* : — — 77" X2-302S8sLog:i6W2 



I Ihail add a few more Examples, chiefly to 
illuftratc the Method of Reduction. 

Ex. II. 

-bepropsfed: Eivide by 2 and it will 



be reduced 10 — ;: . This belongs to Form 

/+^==-" 7th, 
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yth, where n=z— i, ^=5, i=2, x-=X/-t<, K = 3i5» 

fl=;,587785i ^=,951056 ^ f=o, and f =,809017 ; 
i3=— ,309017; u=— I; where always obferve that 
the Cofines of Arches above 90° arc negative Num- 
bers : then will be found P, Q, R in Degrees ; and 
the Logarithms of v^i — zjk+at*, ^/\ _ 2tx-^xx , 
y/\ —aux+xxj for which Logarithms put S, T, V-, 

d 
Then (by Cafe 6th) the Fluent is j-^ x into 

— . 309017 X2LS+,95io56x2NP-i-,8o90i7X2LT 
— 587785 X2NQ-LV. 

Ex. 12. 

Givtn x-ix X aa—x'-*^, this byForm2ift (putting 

vziaa—x^) is transformed into v—aa^ x = 

— 2 

— i X — -, which belongs to Form 7th and 

t4th. 

Ex. I J. 

Let S^^^^^±p__ i>g gi^e„ . this is reduced to 

aiib — iixxY 



aax—'xxaa-i'Xx' 



abb — hxxY ibb — bx'-^ * 

which Terms belong to Form 24. 



-J both 



Ex. 
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Ex. 14. 
Let ^'^ X'^+y ^^ prepofedi Divide by 

H+b, and it is reduced to^fiM^-iiiiZ+^I 



^^;c X a + Jf 



The two firft Terms belong 



b+x-aab — bx] 
to Form 24th, and the laft to Form 25th. 

Ex. 15; 

Let zzn — ; ■'^ r ■ ^:... zr be given j Divide by 
o-^y^ab+cy—yy 

a+y, and it will be reduced to •^ ' * 



a^ab + ey —yy 



aa^^ + cy ^yy aaxa+yx/ai'+iy —yy 
The laft Term belongs to the 326 Form, and (by 
reducing the Index) the two firft Terms become 

y-^y y-^y 

ax/~~ I + ry^" + aby-'' aos/^ 1 + cy-' + j^jr-^ 
both which belong to the 27th Form, 

Ex. 16. 



Ghen .^fv^^^-^^t^f^ ^ this (by Multipli- 
cation) is reduced to ■== — - * , -r' + 
a~~x i/aa ~bx + XX 

dx*x 
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dx^x — idxx , - - _ 

- — — i the firft Term belongs to 

a — x^aa—bx-^xx 

'Form 32. And dividing the reft by — * + a, they 

are reduced to- r^^!jg_^ + bT-^^xx 

\/aa — bx + XX -^aa — bx ■\- xx 



+ '"^■^— ^'^X'^ ^ . The hft belongs to Form 

a — xyaa — hx-\-xx 
32, and the two former are Fluxions of the 27th 
Form. 

Ex. 17. 

_. x~^ X X ab — ***' 

the Index) becomes '"'W-i H^^^a^' ^ ^ ^^j^^ 
belongs to Form 33d. 

Ex. 18. 



-^' ^4_«^2^ + 2, ■■ ^'pr^pofidi becaufc4^ 
is greater than e*, it cannot be refolved by the 33d 
Form, therefore I divide by a+ — aazz + 4*, which 

reduces it to ^'=^v^^^=^ ^ z z^aa-zz_ 
«♦ ■ tfuxa*— J»2»-4-Z* 

a*x ^*-^'y+z T > ^''^ ^''^ '** ^"'"s f^^Jo^s 

to Form the 34th ; and the firft is further reduced to 
g~"2; zz 
; — ^ ^ — 1 - i which belong 

to Forms loth and 3d. 

Ex. 
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Ex. ig. 

Let there he given - ■■ ■ ' — . (hjj jj fg. 

aa--ax-\-x>f\/aa~{KC 

ducedto ^ """ , — ■" •' 

the former Term belongs to Form the 35th \ and the 

latter by D'lvifion is further reduced to - _j. 

aa — xxf 
a^x — a'xx , ^ „ , , 

ji the firft. belongs to the 



aa — ax-^xxxaa — ax^ 
binomial Forms, and the reft to Form 35 1 where 
obfervc that the Part firft found (belonging to Form 
35) deftroys a Part of this laft -Fluxion; and then the 

whole is reduced to this, 



Given ■ - , , — , extraii: one Root h 

a+ez' -\-cz"-\-dz'i' 
of the Denominator (fuppofed to be put = 0), then 
will h — z'^o, by this divide the faid Denon^iinator, 
and let the Quotient be e-^fz''-\-gt^' j then the given 

Fluxion is reduced to this ■ 



which belongs to the 29th, 30th, or 31ft Form. 



Ex. 
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Ex. 21. 

There is ziven r- ■ — . eiitraa 

two Roots 0, b of the Denominator ■, then you have 
a — z" =0, and b-^z' =: o, divide the Deno- 
minator by <» — z" X *— z". and let the Quotient be 
t+fz" +gz^. Then the given Fluxion becomes 



a—z''xbsi''xe+/z"TiZ-' ixb-^^'X^+J^+gz^ 

— - — (putting a — *r:j,} both 

J X «— 2" X « +/z' +^z" 
which. Terms belong to the 29th. 30th. or 31ft 
Form. 

If the given Denominatoi has no Roots, yet ic 
may be divided into two Quadratics by the Rules of 

Algebra, as ■■'■■'■ " ' ■■'— ; which 

* p-¥qz-^z"y.r + sz'-{-z"' 

may be transformed to Trinomials, as in Ex. S. 

Prop. 9. 

Ex. 22. 

z™-'z 

Given - ^ . here rand 

a + bz' +*2^"x« -^Jz' +^z*" ) 
im muft be Integers ; put p = y/bb — ^k^ and 

the Fluxion is refolved into thefc two Terms, — x 

P 
xr—'z k jf^-'z 

then dividing by the Denominators — ^ + itz", and 

2 

t+p 

n,,,N,-.^llyGOOglC 
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— - + kz% if there be OccaQon ; and the refuliing 

Terms will belong to the 326 Form, and perhaps to 
foBic others of the foregoing Forms. 

Ex. 23. 

•re Integers-, and ^e':>ff. 



x*—'x 

To find the Fluent of — — r- . where *, A 



Transform it into this *•-'* x : - 



^ + 3* + ** 

the Fluent of the feveral Tcrois will be found by 
Form 28. 

SCHOLIUU. 

Although the Conftrudion of many of the fore- 
going Forms depends on feveral Things that have not 
yet been delivered ; yet it may be proper in this 
Place to give a ftort Account thereof, that the Reader 
may not be intirely ignorant of them, which he will 
the bet(er underfland after he has read fuch Parts of 
. the following Book as they are founded on. 

I . It is plain by Prop. III. that the Fluxions in 
Form I, 3, 19 and 20 belong to the Fluents there 
alligned. 

%. Form the 16th is calculated in Example 13, 
Prop. X. and Form the 18th in Example ^^. Like- 
wife the Fluent in Form the 15th is found by Prop. X. 
Affun^ng Az*+' + B2^+'+' + Ca'+«+' cff. X 

«+^a^ '= Fluent of w+fSz"' z z. 

3. By Prob. 11. Sc&. 11. the Fluxion of any Quan- 
tity divided by that Quantity is the Fluxion of the 
hyperbolic Logarithm of that Quantity % and that the 
R 2 Numbet 
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Number 2.302585 reduces the common to the hyper-, 
bolic Logarithms. Now if the Fluents in Form 2, 4, 
6 and gih be put into Fluxions according to the afore~ 
faid Rule, it will appear that they will refpeftivcly 
produce the Fluxions in thefe Forms. 

4. In Example 3d, Prob. X. Se£t. II. it is Aiewn, 
that the hyperbolic Space between the Afiymptotes 

ai> 
is = Fluent of — ;c, in which if you write RR 

for al>t Rz (or 2) for a+x, and Rz (or z) for x, you 

will have RR— , whofe Fluent is the hyperbolic Space 

in Form the 2d. Likewife if you write RR for ai, 

, -^ + z" for tf-H*, and tjz<— '2 for jf, you will have 

rRRt^sr-'i: . ^ ' , , , „, 
as in Form the 4th. And laftly, write 

RR for al>f and v^i»+^(3z" for <»+», and v/(3 x 
-j,?iz*°~ z for X i and likewife writ? \/» — \/f^^ '**'' 
tf+Xj aqd-:^v^Px|flZ* "'z for x, and the Difference 

of thefe Fluxions will be "RRy^^X z^*~z ^ ^s 

in Form the 6th. » ;— ^z- 

5. By Ex. g. Erob. X. Seft. II. the hyperbolic 
Sedor is equal to the Fluent of — ~ x rr-^ — > in 

which writing R for a and i, R ^■^~ for /, and 

^Rv/f Xz^'i for ii you'll have 

y - " ■■■ — ^- » as in the 6th Form. 

4X«— Pz- ■ ■ 
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. 6. And by the lame Example, the hyperbolic 
Seflor is = Fluent of — -^ =1 (writing R 

for a and l>) — ' , ■'■ . ; ■• ; now if you write R*/-^ 

(3 '^i 
iot y, and jiRv/-*X2^ z for^, you will have 

rRRy ^P X 2^"~ Z . ... 
— ; ■- i ifi hke manner if you put 



y/e^Z'' + |J»Z" =^, or — — v/ajSz'-f-fS'a** — 
. ^ . 2R , . 

^, when « IS a negative Quantity, or -p=.\/» 4. jJaf" 

^^y, when « is negative, and expunge jr and jf^ you 
will gee ttie Fluxion of the 9th Form any of thefe 
Ways. 

7. Since the Length of any Arch of a Circle (whofe 
Radius is R) is = ^^—= X Degrees in that Arch j 

or Length of the Arch = ,oi7453R xDegrees in 
that Arch : And by Example the 5Ch, Prob, VIII. 

Sea. II. The Arch = Fluent of ^^' 1 if .you 
RR + rt ' 



write Rv"- — ^o"" '» ^"'^ ~ v'— X z*° 'z for /, 

you will have "^V ^X^^ g_, whofe Fluent 

2X<»+,32'' 
therefore is z: that Arch n ,oi7453R X Degrees in 

the Arch =: ^ — % from all which, the Con- 

ftru^iqn of Form the jih wilt cafily appear. 



hyGoogIc 



126 ^%e Doctrine 

8. Id like Manner by the lime Problem, the AlcK 

r= Fluent of -^ . — , in which writing for y. 



iR 



Ry/J^, or-py/i^a:. —fi-z", ind the Fluxion 
fcr », vou will get — - — x :=z= — > 

and flRv/.4 X — ^=:^ , from which all the other 

Varieties in Form the loth are cafily deduced. 

0, Fprm the 1 ith is gradually calculated by Cor. 2. 
i^rop. IV. where it is demonfttated that the Fluent of 

— -— ,''j.i,.. z'"'" X«+«ai'' — /i+ix«A 

/•"+«+/+i :X« 
in which writing x for ^, $ for A, y for «+iz^ , 
you will have the Fluent of «+^' z' 'z; again, 
writing w+i for ;, Fluent of «+^'*2'+'z (now ' 
found) for Ai you will have the Fluent of 
I+ft? z'+"i; again, writing ir+2» for ^, and the 
Fluent of •+«2'''2'+"z (laft found) for A, you 

get the Fluent of M-S^'*2'*''z, and fo on. 
In like Manner the 1 2th Form is calculated from 

Cor. 3. Pro p. IV. where t he Fluent of i+S^'/i — 
^+V-^.+;,+ ,X jB^ ^„^ ^ ,j^^ p^^_ 
i>+iX" 
cefs the ijth and 14th Forms are gradually calculated 
from Cor. 4 and 5, Prop. IV. Theft four Forms 
might have been diftrently exprefs'd from what they 



i.Goot^le 



Sea. I. of FLUXIONS. 127 

are in the TaUe. For Example* Form the z ith may 
be e:q)re£red thus ; \cte zzx -{■ i^ d-=iif -\- i ^■n 

+ ftut then the Fluent of «+^l z''^*'z = 

— «1 Xgxg+tXg+2''Xg'f3*ixCg'c. toAplaces 

$*' Xdx d-^rixd-^x 5+31) X i^c. to A Places 

_^. d&z' ^-gy ^ Z5^^n ^ 
e»a^ — -=^D——:r:=^ — ' z=^z: — u-^ist. 

continued to x+i Places i where A, B»C, feff. are 
the firft, fecond, third, (^e. Terms with their Signs, 

f ;= Fluent of »-\-0z''\ z'z^ y = «+iS2^ 

10. The 17th Form is derived from the nth ; for 
when z and y arc o, all the Terms vanifli except the 
firft, in which taking o, t, 2, 3, (^c. Terms (for 
each of the Terms in theQuantitye+y2»+g2*"£^f,) 
and multiplying each by its refpc^tive Coefficient, 
and the Sum of air by ^t you will at laft obtain 
this Form. 

1 1. The Fluxions in the 21ft and following Forms 
are transform'd by Prop. JX. and their Truth will 
appear by the bare Subltitucion of the Quantities 
therein contained. 

12. There ftill remain the jtb and 8th Forms, 
i^ofe Calculus is fomething more difficult : Thefe I 
inveftigate after the following manner. Let T, U, 
W, (Sc. ftand for the Quantities ^/T— W+Jwr, 
%^i— 2>* + **, i/i—iux + '(''■> ^c. then the 
Fluxion of L xLog. T (or the hyperbolic Log. T) 



wUl *» TrfSfwc' ""^ *^*^ like for U.W, &c, as 
is plain from what is delivered in Art. 3. Again, 
the Fluxion of NP (as will appear by Art. 8.) is 

; ^^ — , and fo for the reft NQ, NR, fcff. 

' — "*+** Laftly, 
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Laftly. we muft take for granted (for I fliall not (tay 
to demonftrace it here) that the Produ<5l of all the 
Squares of T, U, W, ^c. if a is an even Number, 
or the laft drawn into the Squares of all the reft, if 
A is an odd Number, is always equal to i+xK 
Thefe Things premifcd, let us inveftigate any one 

Cafe J as for Example, to find the Fluent of - - j 

i8o 
here a =3 and — 00 : Here ^, e, u, i^c. ~ o. 



and / = — I, and therefore v/i — 2tx+xx ~ i+x; 
and all Arches above iSo are excluded)*- hence I 
afliime LA x Lt^. s/i — 2sx-{-xx + BNP + CLx 

Log. ! + »::= Fluent of ■ ;- ■. This in Fluxions 
gives "*■ 

Bd— Aj+A*. Cx X „ . , 

; X ■{ ; — = — ; — r; put Bi2 — Aj=I. 

I — 2SX~\-XX ^ l+* 1+*'' ^ 

I+A* C I 

then ; + — ; — =: — ; — - 1 reduce 

1 2SX-\-XX ^ 1+* i+x' * 

them to a common Denominator, then 
+ I +'a* + A*' 



I — 2W + I , , l+«< 

Here the Denominators being equal, we have i— 2J ■ 
^o, or 2j:=i ; and equating the CoefBcienrs of the 
homologous Terms in the Numerator, I +C =z i, 
A + I— 2jC or A + I — C=o, and,A + C=o. 
From whence will be found A= — 4* C=i^ I=|» 

B = — = (becaufe tfa=|,) \a. Whence the 



Fluent is — jLx Log. v^i — zsx-^-xx -^ |iiNP + 
T L X Log. I +«. ."',". 
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This done, I put ** = -~~ ; and (by Prop. IX.) 

transform the Fluxion -- ^^ - into this other ""^g l^ 

zt"— '^ 
— - — , whofe Fluent therefore you have above. 

In equating the Coefficients, if you had made 
A+I — Czri, and the other Equations =: o, you 

would have got the Fluent of , 

After the fame Manner may the 8th Form be in- 
veftigated, remembring what was faid of Sines and 
Logarithms, and obferving that (if you put T, U 
W, &?c. for I — w, \/i' — 2sx+xXj \/ i—zix+xx), 
the firft T into the Squares of all the reft, .if ^ is 
an odd Nnmbcr r or the firft and laft into the Squares 
I of the reft, if a is an even Number, is always equal 
to I — ** : The Demonftration of which belongs noc 
to this Place. 

Here note that in thcfe two Forms, you may if . 
you pleafe put P, Q, &c. for the Degrees of Arches 

whofe Sines are — , — ~ f-ff. 

V' I ISX+XX y/l~2tX+XX 

their Fluxions being the fame as the other. But then 
,if the Arch whofe Sine is be Icfs 

\/l — 2SX -i-XX 

than a Quadrant, the Arch whofe Sine ia 



\/t— 2J 



- will be greater than a Quadrant. 



PROP. 
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PROP. XU. 



7*0 corre5t the Fluent of a given Fluxionary Equa- 
tion or Proportion. 

"When the Fluent is obtained, by either of the 
foregoing" Propofitions, from any given fluxionary 
Equation or Proportion j it is only obtained in gene- 
ral. But fince the Defign in any particular Problem 
is to find the contemporary Fluents \ fuch general 
Equationor Proportion therefore is for the moft part 
imperfeft till it be corrcded by the following 

Rule. 

1. Inftead of each feveral variable Quantity (or 
Member) in the Fluent fubfiitute fuch a determinate 
Value thereof, as each ot them is known to have in 
any one certain ivid particular Point or Place: Then 
fubftrail each Side of the refulting Equation from the 
correfpcnding Side of the Fluent j and the remaining 
Equation will be the correSl Fluent. And the fame 
Rule obtains when the Fluent is exprelTed by a gene- 
ral Proportion. 

2. Or any particular Part of the Fluent may be 
otherwife had thus without the foregoing Corredion : 
Subftitute the' Values of the variable Quantities for 
any particular Time^ Place or Point ; do the fame 
for another given Time or Place j and the Tiifference , 
of the refulting Equations, gives the corrciponding 
Part of the Fluent. 

3. Sometimes it nnay be fufEcient to add fome 
pven ^antity on one Side of the Equation, which 
may afterwards be determin'd according to the Nature 
and Circumltances of the QueltioD. 

Demon- 
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Demohstration. 
Let X=:Z be the FluenC obtained in general, from 
a given fluxionary Equation, X=Z. Now fince X 
may not be equal to Z (by Cor. 2. Prop. II.), take d 
a given Quantity and Jet Xz:Z-f i^ be an Equation 
for the contemporary Fluents. Now ac a certwn 
Time when X=*-, let Z=f j then you will have 
the particular Equation hzzc-{-d at that Tiine v.ihis 
Equation taken from the former will leave this general 
Equation for the contemporary Fluents, X — iizZ+J 
— c— i/, that is X— ^=:Z— f. Q^ E. D. 

Scholium. 
Thefe Things are to be thus underflood when the 
variable Quantity in the Fluent continually increafes 
(or decreafcs). But in Cafe it increafes and decreales 
by Turns, or palTes through one or more Maximums 
or Minimums : Then the feveral Parts of the Fluent, 
between any given Point and each Maximum orMi- 
nimum muft hefeparately found by diftinft Opera- 
tions, and each correSfed by this Propofition, and then 
the feveral Parts ceUeSled into one Sum. 

Example i. 

Let ax—2yyt and the Fluept is ax=yy, now when 
^=10, let *=::o, and then ax — oz^y'' — o, or axzzyy, 
which therefore needs no Correftion. 

Ex. 2. 

Jgain let ax=2yy, and finding the Fluent ax —yy. 
Now when _y=o, let x-=h \ and the Equation be- 
comes ji=o, this fubftrafted from the' other Equa- 
tion, leaves ax—aitzzyy, the contemporary Fluent 
required. 

S 2 Ex. 3. 

D,gt,,-erihyGOOglC 
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Ex. 3- 

Let hx—xx—yyt the Fluent is ^* =: — , 

2 2 

but at a certain Point of Time * = i, and alfo7=r, 

then the Equation becomes bb — {bb or {bb = — , 

therefore the correft Fluent is bx — ^Jf — kbb = ?jy 
—ItT, That is by Reduction rr — bk + ibx-^xx 

E-x. 4. 

, , . -Xix^x cx^z , ^, 
Supp^fe ibjy = — — , the Fluent is 

^ = - — i but when_j' = r, the Quantity — = A. 

«i 

Therefore the correft Fluent is ixj' — r' =: — 
— A. ^ 

■ Ex. 5. 

Let ^ = ,,. ■„ r=- t fupfqfing y given ; the 

yy 

Fluent IS -7 = ^j^' +ys but when ^ — a, x = o, 

and^ = v'^^' + x", therefore the contemporary 

Fluent is -* ^ = y'"*" +ji' — ^, or > — a-^ib 

xy = iK^x* +^'« 

Ex. ^. 

Z^/ i&y = — ; ■,■,. ■ - : By Form the gth its 

i/aa + XX 

Fluent is by =. 2.3025 Log. x -J- y^aa -j- xx ; but 
when y=.a, x':^o, then the Equation is ba = 
2.3025 Log. a. Therefore the corrcfted Fluent is 
by — ba := 2.3025 Log. * -i-.^aa+xx: — 2.3025 

Log. 
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Log. \ that is hy^—ha = 2.302585 Log. 



PROP. XIIL 

to iwoefiigatea 'Problem by the Method of Fluxions. 

Rules. 

I. Lee all the Quancicies be denoted by proper 
Symbols, as is explained in the Notation of Fluxions^ 
and let fome one of the variable Quantities (with 
which the others may always be compared) be fup- 
pofed to increafe uniformly : And this may be called 
the Principal variable Quantity. Then the given 
Equations, or fuch Equations as are deduced from 
the Conditions of the Problem, muft be turn'd into 
Fluxions,, fccond Fluxions, i^e. by Prop. IJI. in 
order to get as many Equations among thefe Fluxions, 
as you have Occafion for. 

z. But becaufe fometimcs Ibme Doubt may arife 
about the Signs of rhe Fluxions : Obfervc that any 
fluxionary Equations, deduced from the Equations 
of Curves, or from any given Equations in the Pro- 
blem, will contain the Fluxions with their proper 
Signs. But in any Proportions made between Fluxions 
or Moments, as in fimilar fluxionary Triangles and 
the like ; then the Fluxions or Moments of Quanti- 
ties that decreafe muft be adually made negative \ 
and thofe that increafe muft be written affirmative : 
Or, which is the fame Thing, (fince one Part of any 
Whole increafes whilft the other Part of it decreafes, 
therefore) inftead of the negative Fluxion, you may 
take the proper Fluxion (^ the increafing Part <n 
that Quantity. 

3. Since 
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3. Since Velocity is always meafured by the Sfiuei 
uniformly dcfcribed thereby ; fo may the Fluxions 
be meafured by the Moments uniformly generated by 
the Fluxions. Therefore the Moments (uniformly 
generated or, which amounts to the fame Thing, 
confidered as arijing or vanijhing) may be put for 
the Fluxions, and the Refult will always be the very 
fame in all Operations. And fince in many Cafes, 
efpecially in geometrical Problems, the rcafoning and 
calculating with the Matnents will be more eafy and 
evident than with the Fluxions } the Equations that 
are gained thereby mull at lafl be changed into 
fluxionary Equations, by fubfticuting the Fluxions 
inftead of the Moments, which muft always be fup- 
pofcd to be taken in the jirji Inftant of their Genera- / 
tion : Or, at leaji when the Operation is over, thele 

, Moments muft be fuppofed to be diminijh'd ad infi- 
ffitum, that ibehjirft Ratio may be always obtained. 

4. In the Rcfotution of any Problem', the Nature 
and Conditions of it are to be clofely examin'd and 
ftridtly purfued according to all the known Methods 
of Algebraic Reafoning, by attentively confidering the 
Relations of the Quantities, and their mutual Pro- 
portions and Dependance on one another ; and forming 
your Procefs according to thefc their Properties, by 
duly comparing together the ^amities, their Mo- 
ments or Increments^ their Fluxions or fecortd Fluxions, 
&c. as the Cafe requires ; till you get a competent 
Number of Equatiotts or general ProporttMs. And 
then .you muft proceed to expunge fuch Quantities 
as are fuperfluous, till at laft you get a fluxionary 
EqHation or Proportion with the Quantities required. 
Then if there be Occafion, 

5. Find the Fluent of the faid Equation or ge- 
neral Proportion by Prop. X. or XI. and corred 
it by Prop. XII. And then you have a comfhat • 
Equation or general Proportion containing the Quanti- 
ties fought. 

6. But 
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6. But to obtain an Equation of the indetermin'd 
Quantities, by having the corrcft general PrepertioH 
b«bre found, or by having only the fluxionary Pro- 
portion i you muft affign to each indetermined Quan- 
tity in the faid Proportion, [or in the Fluxion thereof) 
fuch a determined Value as it is known to have in 
any particular Cafe ; and from thence you muft draw 
an Analogy from the Fluxion alone (of the general 
Proportion), or from the correS Fluent alone, (or 
fometimes from both together.) From whence there 
will be had an Equation between the Quantities re- 
quired i or at Icaft between their Fluxions, whofe 
Fluent muft then he fou?td »nd corxeiled. And note, 
thcfc determitCd Values (of the Quantities) may be 
either exprefs'd in Numbers or Symbols, as any one 
Ihall think proper. 

Sometimes it may be fufficient to affume a given 
^antityj by. which multiplying one Side of the 
Proportion it will be turned into an Equation ; and 
this given Quantity may afterwards be determined 
according to the Nature of the Qucftion, 

Thefe are the general Rules^ but after all, many 
Things mvSk be left to the Sagacity and Invention of 
the Artift. 

CoROL. Hence every Problem belongs to Fluxions^ 
in which the Increments, or the Proportions of the In- 
crements or Moments of the feveral variable Quan- 
tities contained therein, can in all Cafes be computed 
and exprefied by Equations, 



To find the Velocity wherewith the Ordinate BM 0/ aF 1 G. 
Circle increafes in every Pointy whilfi it moves uni- i, ' 
formly along the Diameter JD. 

Let AD=%r, AB—x, BM—y, and by the Na- 
ture of tbc Circle 2nif — xx=.yyi this Equation put 
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into Fluxions gives zrx—^xxzziyyt or ——x^, a 
general Equation for the Increafc of y in all Points. 
Therefore in A where ^ji is o, and x is o» xziy 

becomes — =y, therefore _y is infinite, li CBz=.BMt 

or r — x—yy i\isnx~yt and * and j" increafe equally. 
But in C where r — s:=o, then j» — o, therefore j" does 
not increafe atall. In b where Cb^bm^ then v= — x^ 
therefore;' decrcafes as faft as * increafes. Laftly in 



and there the Ordinate decreafes infinitely : And in 
all the intermediate Points it has all the intermediate 
Degrees of Increafe or Decreafe. 

Ex. 2. 

To find the Space adefcmdif^ Body will defcribe in atg 
Time by the uniform Force of Gravity. 

Let 2= Space, *= Time, t)= Velocity, acquired 

in that Time. By the Principles of Mechanics z oc 

vx «**■, and therefore ztxvx a*xj that is the 
Fluxion of the Space is every where as the Velocity 
into the Fluxion of the Time ; that is, (becaufe the 
Velocity is as the Time) as the Time inco the Fluxion 
of the Time. 

Now if only the Ratio of the Space and Time be 
required, it will be fufficient to Cake the Fluent ; and 

then zee—, or zoC**, that is, the Space is always as 

the Square of the Time. 

Buc'if the abfolute Quantity of the Space is fought, 
we muft reduce the general Proportion or its Fluxion 
Co an Analogy from fome particular known Cafe. 

Thus 
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Thus it is known by Experiment that in the Time /FIG. 
or I Second, a Body would acquire fuch a Velocity j, 
as to move through s or 327 Feet uniformly in that 
Time, or to have defcended through ksor it-h Fccc 
in that Time. Whence 

tis::x:~j-= Fluxion of the Space z when *=/ j 
wherefore from the general Analog (zoc**)we have 
ix . , . . . sxx , ^ ,. , 

~r :tx :•. ^ : «*, and % = -— , and nndmg the 

Fluent, z = -rr* which needs no CorreAion (be-^ 
caufe whenzno, *=o). 
Or thus from the Fluxion and Fluent, — : /x : : z : 



Or laftly thas, finccyjizz, when /=*, therefore 
from the general Analogy ("z cc**) it will be i j : // 

: : z : jf* 1 whence z= ~, and thus the fame Equa- 
tion is obtained any of thefe Ways. 

Ex; 3. 

If a Bodr} is prcjeSed upwards with a given Velocity a,' 
iojini how far it ^'ill afcend in any Time x. 

Let z r: Space, v ^ its Velocity ; then by Me- 
chanics 4 OC f*. Now fince the firft Velocity is 
given, therefore the Space /, which would be uni- 
formly defcribed in the Time /, of its wliole Afcent, 

will be given i wherefore t : s : : * : =r Moment 

of the Space z at the firft Inftant, that is Mfbcn «=■». 
T Tbere- 
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FIG. Therefore frorti the general Prbpbrtion (z a vx-^) ~ 

: *e : : A : «* : : z : vA i whence z r: ™ j but 

ta 
the Velocity the Body lofcs is as the Time, there- 
fore /, : a .: : x : -r- zz Velocity loft^ whence 

a* , .- . SK sxx 

V =:a — , therefore z = — — -77- j and 

the Fluent z =1 -.- — - n^, which needs no Cor- 

' re£tion. 

Hence if * be greater than 2I, the Body will have 
flefcended again below the Point it was projeded 
from. 

Otherwife thus. 

Let z — Space, v = Velocity, s = Velocity ge- 
nerated by Gravity in the Time /j then by Mechanics 

z, cc vx. Now fince the firft Velocity isgiven ; there- 
fore the Space </, which would thereby be uniform- 
ly defcr-ibed in a given Time /, will be given i wherc- 

fore t : d ; : X I — — z: Moment of the Space 2 
at the firft Inftant, that is when a — v. Therefore 

from the general Proportion (z a w) ~: ax i:z 

: vn^ : : a, : -vx, whence z = - — j but the Ve- 
locity the Body lofes is as the Time j therefore 
t : s :: X : ■— zz Vel. loft 1 whence viz a , 

therefore z = —. -77- ; and the Fluent z = 
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dx dsxx , , d . 

7~ 1^'^ but / : ^ : : 1 : « = y i there-F I G. 

sxx 

lore x^ ax -T- . 

Hence if 2ta be greater than sxy the Bodf will 
have defcended again below the Point it was pro- 
jeScd from. 

E X. 4. ' 

to find the Time wherein a given Cylinder fall of IVater 
will empty itfelf by a Hole at the Bottom, 

l^etJC=h, CE=x, AE=ib—x, / = Time oF 2. 
running out with the firft Velocity, z zz. Time fought. 

Now the Moment of the Quantity running out OC z 
X Velocity j but the Velocity is as v*^, and the 
Moment of the Quantity is $s the Moment of AZt 

01 — Xy whence -r- * oc Zy/x^ therefore 2 ^~yz i 

~~tx 
But b: t : : — w : — r — = Monwnt (rf the Time 

at the firft Inftant. Therefore (from the general 



... — *\ —if , _; 
Pro^riion z oc ~/^J' 



^xP h ' v/i ■ ' ^' v/* ■ 

— 7- , whence a = ■— ; — , and the Fluent is 
v'f vbx 

~ i but in the Point At 2 = 0, and 



it=b, therefore the Fluent correi2ed (by Prop. XII.) 

2tX^ 

IS zzzit — — r^ i and when * =: o, then the whole 
Time 2 = 2?. 
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Ex. 5. 

F I G. JV ^nd the Tim wherein a given Frufium of a CotUy 
3. full of Heater will empty itfelf iy a HoU in tie 
Bottom. 

Let the Cone be complcated, and put FG=p the 
Altitude i TGzzb the Height of the Fruftum, TS 
—Xy Circle CD=d, FT^^z^^ /=Time of. running 
out (of a Cylinder whofe Bafe is d and Height ih) 
with the firft or greateil Velocity, zzrTime fought. 
Proceeding here as in the laft Example, you'll find 

zy/x tx Moment of the Quantity ex — i x Circle 

EF<x ^^ X H^' . Therefore z eg "^^ 
PP , , , PPy/" 

■= 1 , —tx ~dx I —dx .= i 

X *+x i thcn-^ : -^ : : ^ : ^^^-^*+, 

: : z : — v,^ X *+ * * from the general Analo- 

~~tx 

gy i therefore z = t= x ^ + * • And the 

ppv^bx 

Fluent is z zz Z^^ X : aW*^ + Ux^ +ff*i 

and when correfted, the whole Time 2 = / x 
2bl> + *l>h + ^bh 

PP 
And if the Fruftum were inverted, the Time 

would be found to be./ x '^~g^'^^^^ Where 
<i=Circle JB, x=iGS. 

Scholium. 
If EF or y be the double Ordinate in any Curve 
C/f 1 the Time of running out might have been found 
the fame Way, only by AJblHtiiting the Value of EF 
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or 3 had from the Nature of the Curve, into theF I G. 

Equation z=T—r, and then finding the Fluent, 

where d-=. Square of the Diameter of any Cylinder, 
and bzz. Height, /=: Time of the Cylinders runnii^ 
out with that firil Velocity! 

Ex. 6. 

lAt ACE he {the SeSlisn of) a WaUfupporting a Fluid 4» 
behind it, and- joining to the perpendicular Side AC i 
to find the Curve ADE terminating the other Side of 
the Wall, fo that its Strength may be every wbere as 
the Prejfure it fuftatm. 

Let AC-h^ AB=x, BB—y. The EffcA which 
any Number of Particles of the Fluid prcOing at B 
have to break the Wall at C, is as C£ x Number of 

Particles X their Force, that is «.&— *X*X*,('be- 
cau^e the Number is as ;f, and the PrciTure or Force 
as x). And the Sum of all the Forces a^ng on AB 

to break it at C is as the Sum of all the h — x x xx 
that is as the Fluent of bxx — x*x, and therefore as 

— , and when xzih. the whole Preflbre on AC 

2 3 
to break it at C will be ji" ; therefore the EfFeas of 
the Preffure at B and C will be as ^5' and AC^. But 
the Strength of the Wall in 5'and C is fuppofed to 
be as thele Forces, and by Mechanics 'tis known to 
be as BD' and CjE' j Therefore AB^ :AO:: BJ> : 
CE^y that is ^» ot *' i Abd the Curve ADE is a Scmi- 
cubical Parabola whofe Vertex ia A^ and therefore 
convex towards AC. 



Ex. 
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Ex.7. 
FIG. ^ifpefa a Wind to blow agair^ the ferpeniiadar Side 

4. AC of the Wall JCE ; to find tbs Curve ADE 
koundittg the ether Side, fo as the Strength of it be 
tvery where tu the Force it fttftains. 

'Lct.AB=x, £D=zy,' AC—h. The Force of any 
Farcictes at .5. to break the W»I1 at C is as CB X Num- 
ber of Particles ot h — * x * or oe b—x x * j and 
therefore the wholef orccc^ all the Particles on y^£ 
. to break the Wall at C is ce the Fluent of hx-rrxx 

cchx J therefore the Force to break it at C by 

all the Panicles on ^ is ibb or as hh, and this muft 
be as the Strength of the Wall or as C£' j confe- 
euently x» ixy'- and x o:y, therefore ADE is a right 
Line. 

Ex. 8. 

5. Let JBC be a heavy Body, BC a Spring fixt to the 

Block D: Let AB be clofe thrufi up to C, that the 
Sprii^ may be clofe bent, and fixt thus to the Stock D ' 
% a Pin. to find with what Velocity the Body will 
be projected by the Fo'ce of the Spring when the Pin 
it fuddenly pluck' d ottt. 

Let BC-=.b the Length of the Spring in its natural 
Pofition, CNz=.Xt v=. Velocity of the Point fiirfien 
it arrive* at N, w= Weight of the Body AB, t— 
Time of defcribing CN. By Mechanics or the Laws 

, Of Motion V oc '^^ oc (by the Nature of a 

h~^x . 
Spring) -— — t : Likewife by the Laws of Mouon 
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finding theFluent,w'Oc — r^ — , and whcn*=J,F I G; 

V* « — i that is the Square of the Velocity is tc^ 

ciprocally al the Weight of the Body : Confequently, 
if the Body is projei&d horizontally, the Square of the 
t>iftan(% it is projcAed to will alfo be reci|»QCiilly as 
the Sody. , 

Univcrfally, Cnce b^^—x reprefents the Force 
of the Spring at Ni and b the Force, of it at d 
if inftead of h, we put / = abfolute Force of the 

if 
Spring at C, than will -— - be as the Square of the 

Velocity for all Springs. 

Ex. 9. 

Let BC he the ^adrant of a Circle, A the GenttTy RS ' 6; 
. paralUltoBA. "To find the Nattlre of the Curve I>F§^ 

that conftantlj hiffhas the Angle made by RFintd the 

Arch FC. ' 

Defcribe the Circle « e infiniffily near FC, and draw 
nj> A, and n« parallel to CAi then fince the Angle 
o Fb = ft Fp, and Side Fn common^ and the 
Angles 0, p right, therefore^ » = «^. 

Let AS=.x, SF=y, AB or Apzzy, AD-=.b, 

and lince 0n = np, that is * = v, therefore x:nvy 
and the Fluent xzzv, and correftcd it—v~~b, or 

*+*= V. But by Prop. 47. Eu. I, b+x (=?<*) 
= jy + *■*, that \&bh -^ zbx =yy ; whence the Curve 
Z>F^is a Parabola, whofc Latus rcAum ia 2^* and 
Focus the Points, 



Ex. 



hyGoogIc 



144 



TJf Doctrine 



Ex. 10. 



FIG.?'' fi*^ *^ ^J""* "/ *^^ Vibration of a Pendulum in an 
•J extreamly /mail Arch of a Circle ; er in any other 

' jkcb. 

Let the Length of the Pendulum CB^r^ Cord 

JBzze, BF=x, Arch BE=v, Ee=v, Ff='x, then 

BD=~,BGzz^,IlG-~% T^x,EGz= 



\/cx ^^. Alfo let t = Time of a Body's 

defcending or afcending thro' the Cord AB^ z = 
Time of defcending or afcending thro' the Arqh 
BE, then 'it ■=. Time of defcribing AB with the 
Velocity in fi ; by the Nature of the Circle v =. 

;;^ . The Times of defcribing any 



( axx- 

2y/cX — ' 

Spaces uniformly are as the Spaces directly and the 
Velocities reciprocally ; but fince the Pendulum falls 
from A and is fuppofed to defcribc the Arch AB in 
defcending, or BA in afcending, therefore the Velo- 
cities in B and E are as y'^ ^'^^ y/DG, or as 

V^^ and \/7f; therefore 4/ : —y ; : z : —7= 



whence z : 



y/c—x iy/cc — ex 

(rejefting cxx^—cex 



nj^rr __ 4^ x + c 

as extreamly fmall) ' * ^ — ; And the Fluent 
^e—x (by 



nh,Goo^[e 
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(by Form loih) is 2 =: — x Arch of this Circle FIG. 
^'" 7. 

—y and when *=f, then z = 

TT xQuadrant 5//^ = — X3.1416: And az or 
zr , 4 

the Time of an entire Vibration is ~ it x 3.1416 i 

3. 1416 
Or, which is the fame Thing, iz zz -^--^ — x Titne 

of dcfcending through twice the Length of the 
Pendulum. Or putting s =: i6tt Feet, r = Feet in 

the Pendulum, then 22 = x ^—. in Se- 

conds. 

And to find the Time of Vibration in any Arch 

^B; we have z = ^^'^'^ = 

2v'4«r — 4r»iif— ccx + cxx 
tX~ix _ tX'-ix 



4x/c Xy/l 

tX—ix 



, -Xl 

4^c— * 4rr 



-IX ■ - — 7-. — i , . , c \ 
y 1— '"^' (puttmg a ■=. I 



■'&c. 



4V^rrx 2-4 2.4.6 

whofc Fluent, by Form 1 7th, is j x : i + -j- + 

— •" \ - ' * ^^* Time in a very fmall Arch. 

V There- 
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FIG. Therefore the Time of Vibration in a very fmall 
7. Arch, is ttj the Time in the Arch, the Chord of 

whofe Half is /r, as i to 1 + ^f^ - ■ ^+ '^Zf ' ^ 



Cor. Hence if the Pendulum r meafurei Time by 
vibrating in a very fmall Arch ; and if £ be the Chord 
of the Arch a -, then the Secqnds loft in 24 Hows by 

vibrating in the Arch aa, will be nearly ■ .^. 

or _51 and the Minutes loft ^ . 

rr rr 

Or if "Time be mealured by vibrating in the^fi 
^(», then the Seconds lott by vibrating in the Arch lA 



nearly. 

Ex. II. 

To find the Meridional Parts for any Latitude. 

Let Radius CA = r, the given Arch of Latitude 
AB^Vy Sine D^^y, Meridional Pai-ts of AB—%. 
By Conftruftion of Mercator's Chart, as Cofine of 

the Latitude (^yrr—yy) : Radius (r) : i (v:z : i) 

V : z = — ■ ■ — -" , but by the Nature of the 
y/rr~yy 

ry . try 

■ Circle V =: - — ; — ■-■■ j whence k pz ■■■ ' * ■ " ■ { 
Vir~jy rr — yy 

"wBence, by Form the 6rh, z tz. -v .. - . . P . vra ^ Log. 

~— =c 2.30258r X Log- %/ — "^ ■ But in .the 
Triangle 

D,gt,,-erihyGOO^Ie 
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Triangle EBF, as EB {-yrr—yy) : Rad. (r) : : EFf j G. 
(r+y) :. Tangent of the Angle B = ''^''^y ^* 



r— ;y 

= Cotangent of half the Complement 

of the Laricude )4B, whence x — ^.^oa^r x Log. 

Cotangent of half the Con^lement of the Latitude. 

And by Corredion z = 2.^02 jSsr x Lei- Cet. of half 

the Co. hat. — z.^ozjSr x J^> Bjid. and this is the 

Arch of the Nautical Meridian. But Qnce the 

Meridional .Farts in the Tables are otpreflbd in' 

,-. . c 2'3o*585 X »8o X 60' 
Minutes, therefore z = — - — ^-^ 

.. 3-14159 

X Leg, Cot. i Co. Lat, — Leg. Rad. = 79^5*795 ?< 
_ Cot. *Co. Lat. _ Raditu / 

^°S' Rad. -W'^'7°^xLo8. ^;,..c^.t.J . 

CoR. I. Hence the Meridional Parts fpr the 
Difference of Latitude of two Places is = 7915*7 x 
. Difference of the Log. Tangents of half their Comple- 
ments of Latitude. 

CoR. 2. Since Radius : Meridional pifference 
of Latitude : : fo Tangent of the Courfe : to- 

ihc Difference of Longitude \ and '-^ — = 

7915,705 
,000126531, therefore ^ ' 

As ,00012.6331 : 
To 'Tangent of the Courfe : : 
So the Dif. of the Ug. Tangents of half the Cmp. 
ff the. Lat. : _ , 

-To the Difference of Longitude. 

Otherwife thus. 

Let / = Tang, of the Latitude AB^ DC =Xi 
tben by the Nature of the Circle j/yzirr-^xx and 

■a 2 ■' ^^ 
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F IG Jt7=— a'Jf. andj^ = . But by Trigonometry, 

8. " _ . •'' 

yi-y)--^' •• Rad. (1):* = 1, and^ 

= tx. Likewife x : r : : y x v ■=. -^. And by 
"^ *• ■* 

the Nature of Mercator's Proje&ion, x : r z : v 

/ry\ try —rrx „ 

[7) ■■^=^ =-^- But /'x-=;y I 

r 
rr—xx, whence x = ; ■■ .' — ,1 and y = 

and. X ^ ■ — -T-- , and Jfjr = 



rrt \ . — rrx — rti i + tt 

. j^^; therefore z = _^-_- x ^7- = 

' ' , ■ . Therefore, by Form t!>e 9th, z =: 

2.50258rxLog. / 4-v^i-fn : But if/ is theTran- 
gent, ,^\^u is the Secant; and by the Elements 
of Trigonometry, Sfcanc + Tangent = Cotan. of 
half the Complement of AB. Therefore z =z 
2. 30258r X Log. Coungenc of half the Complement 
of the Latitude AB, 

To find the Meridienal Parts fer the oblate Spheroid. 

Let the Semitranfverfe CA =: r, Scmiconjugate 
CG = f, Arch AB-=:v, Ordinate i)J!z=y, CD=x, 
Meridional Parts of AB, put = Z i and / = Tan. 
of the Lat. at B, as before. 

Then by ihe Nature of the Figure car — ccxx = 
rryy, and — ccxx^irryy. But by Trigonometry, 

^,-.e).:Rad.(.):.=-^^~.. And, 
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re F I O. 

by'MircaUr's Projeaion, » : r : : i: : Z = — ., fc 



And fincc ccxl=rry, we (hall have x = 




— i"but i-,/x'+jf' = 



■ rr + rcliy _ 

fore Z (-^; - „^„„v/rr+«KXT 

ro y'i +K . _ rtci X I + f;_ _ __Z'-__ 

rr+ccit '■ ~ rr+cctl\/i+lt \^i+lt 



rcct — r^t 
rr+ails/i+lt 



Put rr^^ec =#, cr = 



Cofcc. Latitude, thenz = -7==^-===-^==- 

■ r-ii 
-z-r/x- ^ / — :5 ' = ''■)' ^""^ 

■ 1 ' V ^v _ 

the 23d) i — rfy. cc—rr+rrv X _^ — 



rffL 



Form the 6tb, is Z = « — " ',„ „ X ^8? 



hyGoogle 



«!;6 'iie DocTRiKx' 
8. "^ ^\ = z-i/L X Log. - " - 

= «— i/L X l.<Jg' ^_r . bccKife by rrigoneniaiY 
•i + ^ otiil±i'= ». In Minuto Z=.z- 

f ' + T- / 

-79I67^XlJDe.¥' T- Or putting i- or 

. 5^5^ = ^. tlttt.*inz=z_2ay-:?ixLog. 

'^,^' 'Where.ir= natural Cofecant ^f the Lati- 

•ludetolhe'Kadius i* and z-= the Meridional Parts 
for the Sphere. 



I V-ir-d l+dl 

-Sitfce— =;>, therefore ^^.i= — -f, iherefoie 

Zsz—y^ig-ydxhos^y/^^;—. ButbyTrigo- 

nomctry, t/ — ^ = Coun. i Arch whofc natural 
*.- l~~qy 

Cofifie 1i df. Therefore, let^ = nat. S. Lat. y/=: 
Arch whofe nac. Cofine is dy^ to the Rfld. i ; and 
*<S = L*g. Cotan. 4i/f^-io, -ta had in the Tables; 
then Z = 2—7915.71*8. 

fo -the fperoidat Figure of ihe. Earth, we fcall 
have 'i/^.a93,sor tEereabouts, according to Sir 
/. i^euitotii or d'=, 14.it according to Mauperttiis. 

Ex. 
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Ex. 12, 

Tc^fiaJ the Nature ef tie Curve which a beavf fiut^if ^ I q^ 
Une willftrm itfelf imto hy its Gravity, ^ 

LeC the Line be furpended on the two fixt Foiota 
I>, ?, and difpofe itfelf into the Curve DAP i ^iQ 
Vercez, j^its Axis, and BC an Ordioatt. 

I. The Part of the Curve ABB is kept in \\% F»> 
fition by a ccrtun Force at A a£ting in Diredion AZ 
parallel to the Horizon ; For if the Une be cut thro* 
zt An. will reduce icfeif to a perpendicular PofittoR.' 
And this Force ading at A is always the fame what- 
erer Length the Curve be oft For if the Line be 
cut thro* at Bt and then the Point B faftned to the 
Plane ; it is evident the Force at A is neither greater 
nor left j for the Refiftancc of the point B dots the 
fame as the Tenfion of the Line in B did before t 
and the Force in A or the Tcniion of the Lioc tn A 
muft remain the fame. 

a. Let d = the given Fart of the Line who& 
Weight is equal to the Tenlion of the Line in 'A^ 
and ^=*, BC~y^ AB=.z^ draw the Tangent ££, 
and BR^^BAf perpendicular to the Horizon, and 
RS parallel to it. The Line BA is fuftained by thr«e 
Forces, for its Gravity a^ts in DircAion BR^ it is 
drawn at A in Direction AZ by the Force a, and ft 
is I'uftained in B by the TenGon of the Line in Di- 
reiflion SB v ^"d thefe three Forces being mBR^ RS, 
and BSt and BRzzz by Conftrtx^ion, therefore the 
Force a~RS : Whence by fimilar Triangles BR {z) : 

RS (a) : : io (x) : B e (y) : : X :y, and axz^ssy, which 
is one Property of the Curve. 

3. Take Br-=iBb the Increment of the Curve, 
draw ru parallel and B n perpendicular to £5*. then 
isHB^Bfi, aadrnz^ko. Since iF£ is the perpen- 
dicular 
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FIG. dicular Force or Weight of the Line at 5, Br or 

'* 2 is the Increment thereof, and therefore * is the 
Increment of the Tenfion of the Line in By and x is 
the Fluxion of the Tenfion, and therefore the Fluent 
»::= Tenfion or Force aAing in Direftion wr ; But 
in A where ar=o, this Tenfion :r«, therefore by Cor- 
rection, the whole Tenflon drawing in Direftion of 
the Curve is a-\-x ; and this is the Force BS, as was 
Aewn before : Therefore again by fimilar Triangles 

tf +« (£S) : z {BR) : :z: X :■.%.: X, whence ax + 
XX = zz, and the Fluent zax + xx = zz, which is 
another Property of the Curve. 

4. If the Point B be fo taken that the Angle RBS 
ox SBC be half a right Angle, then will JB or z\x 

— (Ji for then,;:=y, an^ z = f — - =\ a. 



g. Since y= 



^/zax+xx 



— -— i therefore by Form 9th, ;f = 2.30258a X Log. 
«+,+^2-»+»>_ ,.30,38^ X Log. ''+'/^+^, 
whence the Curve may- be eafily conftrufted. 

Ex. 13. 

Tofn^tbe Nature of the Curve BM in which a Body 
mtving {after its Fall thro' -iB), itfiall dcfcend equal 
Spaces in equal Times. 

Let jiB=a^ BP—x, PM—y, now fince the Ve- 
locities of Bodies are as the Spaces defcribed in equal 
Times, and the Squares of the Velocities are as the 
Heights fallen from ;, therefore a : a+x : i (Square of 
the Velocity in the Axis at P : to Square of the Ve- 
locity 
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locity in the Curve at Af : i /*f »: Afi»*::;J» :«*+}»::)_ F I G. 
*' : jc'+^', and by Divifion a:x :: x*:y*i chere- lo. 
fore XX* zzay, or x^x =ayy and finding the Fluent 
^^^za^yt or (zy'zij*': Therefore the Curve is a 
femi cubical Parabola convex towards BP. 



Ex. 14. 

Tj*" a Body he projeHed from any Point A parallel to the 
horizontal Plane B C, and be urged towards that 
Plane with a Force which is as atiy Power of its 
Height above the Plane i to find the Nature ef the 
Curve it will defcrihe. 

Let AB=r, AD=x^ DP-=yy w = VelQcicy ac- 
quired in falling through AD^ /rzTime of falling, 
/= Force in D or P, which fuppofe to be as BD". 

Now from the Laws of Motion v oc //* but /oc 
— and/ccr — *', therefore v oc — , and 

cnt — a — > but in A, « =0, therefore 

the Fluent correfted is i^ oc • — . 

But the Fluxion of the Axis is as the Velocity of a 
defcendiog Body, and the Fluxion of the Ordinate 
is as the Fluxion of fhe Time, or as a given Quan- 

• A u f ■ ■ / > J^+'—i^x'-^ 
tity^i therefore w :^ : : (u=) \/— 



n+i 
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F I G. : ^, vhe^ce V =; - — , orris 

»+i "" »+i 
■ ■ -^ . and the Fluent will g^ve 



^r"+> — r—x 
the Nature of the Curve. 

12. Case i. Letgni, then y==- r- .— , ■■ -, dcfcribe 

\/2ax — *■* 
the Quadrant JEFi then by the Nature of the Cir- 
cle, Arch ^E = Fluent of -;•■- — , there&re 

' ^ 
take J or DP = — >C Arch JE^ and P- will be in 

the Curve required. 

Case z. Lee»=Q, then^ r: — ^, andjf^a^v/*, 

or 4iix :=}y % dierefore the Curve will 4x a Parabola, 
wis well known. 

13. Case 3. Suppofe »=— i. Here we mud have 
B,ecourfe to the ori^nal Procefs. itfelf,. and there we 

ihallhave«i«3C j defcribe the Hyperbola fl2 

to the Afljrmptotei JB, BC j then the Area jIDEH^ 

Fluent of j therefore v «, 't/ADEHy andjJ = 

- : , ■ ■ -7 — for the Natuijcof, the Curve AP. 
•/Aksl ADEH 

14. Case4, Lctar: — 2, thcn_y —hx<^- . . 

Let. .^ be a Cycloid^. AG ~v, BE ^ a, AG B 
being the generating Circle i then tf = -o + ^rx—^x, 

and 
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and » = V + — ^=- X = (bccaufc v =: F I G. 
2\/rx — ** _ J ._ ' 

^ . ) xy/^^ . But y = fo-^XAv'd^ , 

whence y = ^»v/^ therefore take T>^ — h^r x 
D£, and P will be in the Curve. ■ 

„ , . h-it.rx — xk 

Case 5. Let «:z: — 3 •, then^ = ■ — ■ — , . 

•s/2rx — XX 



whence y = br\/zrx—~iex^ and the Curve is ad 
Ellipfis whofe Semi-axU is AB. 

Ex. .5. 

iff knew whether a given Curve line he (oncave or 
convex towards Us Axisy in wpf given Point thereof. 

Let AB be the Axis, BC any Ordinate, take DB 
=.BFt and draw the Ordinates De, Fo infinitely near 
BC; draw en and Cg parallel to ABt and produce 
eC to 4. Now by the Nature of Curvature, if the 
Curve be concave towards the Axis, in the Point C, 
and the Ordinates increafe, then the Point of the 
Curve will fall between * and g^ and therefore the In- 
crement/* is lefs than «C, whence oi or/ e — gk 
that is /0 — »C, will benegativei but o^isthefecond 
Moment of the Ordinate, and that is as the lecond 
Fluxion when P k and D e approach to, and coincide 
with BC i therefore if the Curve be concave towards 
the Axis the fecond Fluxion of the Ordinate will be 
negative. And the contrary will happen if ihe Curve 
is convex towards the Axis. Wherefore 

I.*tthe Axis AB=:x, Ordinate BCzzy, then com- 
pute the Value of y by the Natuie ot the Curvf, 
and fubftituce Numbers for all the Quantities if there 
be Occafion, then if its Value comes out negative it is 
concave in that Point, if affirmative it is convex co- 
wards the Axis. 

X 2 Ex. 
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Ex. 16. 

F I G. -^ -i^ ^^"i 'ffiifd into the Form of a Curve, and 
1 7. '^*?' ** ^^"^ Form by a Force or Prejfure a£li7ig per- 

pendicularly upon every Point of the Curve ; to find the 
Proportion between the Tenjicn of the Qdrve^ and the 
Force a^ing perpendicularly upon it. 

Let ABt BC he two equal Particles of the Curve, 
and let the Force ailing on the Particle B reduce it to 
the Pofiiion ABC; compleat the Parallelogram 
ABCE, and draw AD, CD, perpendicular to ^5, 
CB i and then the four Points, A, B, C, D, will lie 

in a Circle. Let AB or BC=z, AD or CD=r: 
Now by Mechanics the Point B is aifled upon by three 
Forces BA, BC, BE ; BA or BC is the Tcnfion of the 
Curve, and BE is the Force afling perpendicularly 
againft the Curve, therefore ihei'e are to one another 
as BA CO BE, or (by llmilar Triangles) as \ BD to 

z. Let now the Points A, C, approach to B and co- 
incide with it, and 4 BD becomes Ir, the Radius of 

Curvature; and 2 is the Particle of the Curve, 
whereen the Prefllire ads: And therefore the Force 
aifting perpendicularly on any Particle of the Curve is 
to the Tenfion of the Curve, as that Particle of the 
Curve is to the Radius of Curvature in that Point. 

Cor. Therefore if the Particle of the Curve and 
its Tcnliun be given, the Force a<5ting againft that 
Particle is reciprocally as the Radius of Curvature t 
that is, dircdly as the Curvature. 
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Ex. 17. 

EAF it aCuTDt Line fupporttng a Fluid ; tofindtbtV I G. 
Nature ef the Curve. 18. 

Let the Axis of the Figure CA—b^ CD=x, DB=y, 
ABzzXt let z be given : By reafon of the Fluidity of 
the Water, the Tenfion of the Curve is equal in all 
Points, and therefore by the forgoing Example, the 
Preflure at B is reciprocally as the Radius of Curvature 
in B. Bat by the Laws ot Hydroftatics the Preffure at 
£ is as the Height DB or_y, and (by Prob. V. Se6t II.) 

the Radius ol Curvature is ■-^, therefore — ot-^. 

X y X 

and aflumingthe given Quantity — , then — =-.<_, 
^ '2 iy X 

or '=-yyZi and the Fluent aax ~y*Zi but in 

At x=zandy—bi therefore the Fluent corredlcd is 

MX — ^z^yy — Wxz, or aax ^z aa + ',y — M x 

.-— — aa — ^^ -\~yy x Y 

•\/x'^+y'; which reduced gives* zz -'< -.£. 



for the Equation of the Curve fought. ■ 

Cor. Draw EK perpendicular, and IK parallel to 
ED, and aKb thc-Tangent EI; than if EK=p, EI 
z=j, J = Area EACt which is as its Weight, then 

(by Mechanics) p iq::s: - — =Tenfionof theCurve, 

whence (by the foregoing Example) fince^z=:Prcirure 

OS zif vx 

at By It will be yz • -^~ : 2 : -„— , and thence ■ 

P >i f 

—yyz =: — x, and therefore -^ == aa. 
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Ex. i«. 

S I Q,T0 JbJ M ii^imte Series^ or Jivfrai fuch, mb»fi SiM 
iBcjr if bad. 

-^ ye. For 
i—x* 



Suppofe the Fh v*** = ■ + jj then by 

potting this into Fluxions, we fiull find f = 
— ir+' - _ — *•+' ;e _ ' *■+' x 

= — ~- X : *■* + *^'* + «*~*i + «*^Jir, 6ff. 

tt) or — VI dierefore tf =: x: — + 

a^-i^ a+i a+i 

— + Gff. + X —V. Whence Fl: W* = 

* — v.. 
But Fl: vfx iiiUb = F: «■» X : « + - + — 

♦ »+» aX«+3 3X»+4 

A< iitfimtum. 



'+' 2X1+3 ' »+• 



X'+i 



Put 
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. »«■+■ — n J t - F I &. 

Put ■ — o. and then * =: ii 

»+i - 

Therefore the foregoing Series will become 

^ ^ _4= + -^=^ + — 4:==C^f. 

»4-2 2X»+3 3>«''+4 4X«+5 

ai infini/um = ^ X : iq:; + - + ^ZT + 

6ff. to I. 

»— a , 

Or, which 18 the fame Thing, -r— x : i + » 

+ 7 -f i ©"f- CO -XT = Sem of the infinite Serie* 

~ + — lz=r + -^'-= + . i-^ " GJV. 
»+z 2X«+3 3X»+4 4K»+5 
0if infinitum. 

Now if M be put fucceffivcly equal to any Integer 
Numbers, there will be had fo many infinite Series, 
each of wWch will be equal to the Sum of a g^veo 
finite Series. - ^ 

For. Example, fuppofe » = i, then i x i +-{i or 

i = to the infinite Series — + — 4- — + ' 

Moieorer, whatever be tiw Value of », if w ot 

the f : -^ be known, we ihall always have the fi- 
1 — *- 

nite Series jjxT X = "*"*■' ~ «+*+{«'+F'+i«' 
I . «"+• «•+> 

. . ■ to —T—^+' = to the Series ^ =^ 

■ »+» ix»+2 2X«+3 

+ -^^-^ + ■^^, (it. ti mjmium. 

3W+4 4X»+5 ^1^ 
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F I G. The like may be done by afluming any other 
Quantity {oTV i ii for Example, let n = F: ^ , 

oe V =z ' =z X + x>x + **« + sfx, (^{. and 

V = * + ^ + 4*' + A*'S ^"^- 

Suppofe, as before, F: vx^'x =: h tf ; then 

»+i 

' H-t-I *i_I »+l 

I X'~* *"~+ 

4- X — V, and a = ■ x : + + 

^ »+i » — I. » — 4 

*^7 1 . . *♦ 

... ^ x'—v ^ — - — X: — V + * + — 

n—7 »+• , 4 

+ 7 + T7'--+,^- 

Again, F: vx'x = F: *":tf x : * + |** + ^*^ ^f. 
*"+" *"+s *"+' ^* . ^ 

= + + — ==- , <3c. therefore the 

»+2 4X»+5 7>0«+S 

finite Scries X : v*"+' — v + x + + 

»+i 4 

— . . . + =: the Sum of the Series + 

7 » — 1 »-|-2 

— — __ _^ J y^., ad infinitum \ where « ii 

\ 4XS+5 ;7X»+8 
any Number in this Series a, 5, 8, 11, &?c. and in 
general. 

If v = , then » muft be fochthat»4-i 

I — }^ 

may be divifibic by «. And if you make !;*•+' — v 
== o, and X ■=. i; as before, you may get as many 
particular Scries as you picafe. 

Ex. 



n,,'N,-r^h,Goo^le 



Sea. I. e/f FLUXIONS. i6t 

Ex. 19. 

Te Exprg/s the Fluent of ajimple Expreffien a^Xy 'b F I G, 
a% i^mte Seriesi and from thetue to /tan ufr- ttiaf j8. 
Series. 

- Put ax^x = F and exprefs the Index by two- Parts 

u M * l'x' -* I 'X, then al!umeF=^7 *—+»-}-/', 



= ' — I X fT^-^ **^ = <■ — I X -dx^x. .Again, 



x—^+' + ; ; whence / = d — i x Bx^x. 



*-*+* +Vi then'E' = f — txCx*x. 

AITume v = ^^C'*'-W*-/+' + w, ace. 
*+/ , . 

Whence i^ or ?!:«** = **+' X : ^:^ 4- S '^ 

where AfB, C, fitt. < are the' prece<ting Termu 
Therefore taking (, </, ^ &c. any Quantities at 
PlealUre, the Series will be known, and the Suna oS 
it given. 

I. Suppofe <i=i, ^1 c, df e, 8cc. zz 2. Then FU 

itfx=*'X:}+i** + -f5+|C, &«. 2=.*-. Th««« 

fore J + i-^ + 4^( &C-, =-i. 
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"-' '" '- . =«.--= i »=i ■■= ^ "^ 8"""; 

'■■■^~ " =^^ ,^ Si3C of l«*l""' 

• „-!_ -hoc -» K •'-" ! *»^ (*■' 

« _• X — - Jt -7-* =»^ ■» ■» s • 

fore 
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fore -^ OC ~ - » or ^■- = — ^- i therefore ■?- = F I G. 



213. 

— ^~. and the Fluent is — r- zz —r- ; but in yf, » 

^ z, and * ;= o, therefore the correfled Fluent is 

~r- = T- — -7-, vihtocexy—az — 'Oy, therefore 
:a y z 

a+x xy — «s. and a +x x Z'*— «" :;: a^z^, or 

aax 4- XX x z* =■ «+** X*S and z = ^ 'i-xxx , 

and the Fluent z = \/2i7x -|- xxt an Equation to 
the Catenary. 

Ex. 21. 

To find the Carve of TraSion to a right Line. That 228, 
i'j, // a heavy Bodf be placed at A, and a Cord AB 
of a given Length fejtened to it, and the End B 
drawn along the right Line BD ; to find the Curve 
defcribed iy the Body A. 

'L.ctAB be perpendicular to 57), and ht AE be 
the Curve defcribed by A. Draw thcOrdinates£C, 
ee infinitely near each'othcr, and -^ toBDy and 
draw the Tangents £D, ed ; and Da -^ loed. 
Then put AB, ED or e d zz h^ AE=.z, BC=Xy 
EC^f, CD=s ; ihtabb=ss-\-yy, and 2« = — 2yy. 
And by fimilar Triangles, y : b : ; — y ; z, and 
y : V^bf^yy : : — y : x, whence 

—by bsi . . — y 

z:=. — <- — -, and x= — • 

y bt) — iS y 

And by Form ad and 4th, 2 =: — ^Z.xLog:^rz 

bL 

xLog;M — it. But in A, yzzb, or j=o, 

therefore the correal Fluent is 2 = 2.30258^ x Lpg: 
h 2.30258^ _ bh 
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FIG. 2. Soppofe i, c, dy ty &c. = m. Then FI: «f"* 



&ff . = — i aad = — •+ A + 

2ltt 

3. L«-2=i,*=»— 1, f =z, ^=3, «=4./=5. &c. 

Then F: *"-'x =,*' x : + — T"-^ + ~~r 

n+i »+2 11+3 

fl + C, &c. = --. Whence alfo + 

ir-1-2 »+3 «+4 « 

Ex. 20. 

To fnd tkc Curve which a flexible Une ^AR is put 
into by the Wind, or awj flutd moving againji it. 

Let AE bfl the Axis, and BE, Cf Ordinates in- 
finitely near, 5*/ parallel loAE. Qz\\AE,Xi £B,yi 

'AB, z i Bd, xi Cd, ji BC, z ', and let 2 be g^ven. 
The Force of the Fluid afting perpendicularly againft 

the Particle of the Curve 2, is as the Quantity of 
the Fluid a£ting ■ on it, and the Sine of locidcnce, 

that is as _y X y, or^, that « *s -^ 1 And (by 

2 2. 

Ex. 16. before) that Force will be as the Cur- 
vjiture in £, or reciprocally as th6 Radius of Curva- 
ture, that is (by Prob. V, Sea. 11.) as -^ -, therc- 
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fore il OC "■? . or -^- = ■-% 1 therefore 4- = F I G. 
z zx z X . z 213. 

-~~—t »Dd the Fluent is — r- = -;- j but in J^ y 
y. . z y -^ 

= Zy and X ;= o, therefore the correded Fluent is 

-;- =: ■: :-, whcpcexy^az' — 'Oy, therefore 

Si y z ■" ■' - 

a + x xy :=aZy and a+x x i;' — x* i:: a'a', or 
2fl* + XX X z* = «+** XXS andz = '' +^XJC . 

'/zax + xx 

and the Fluent z = 's/zax -|- a'a:, an Equation to 

the Catenary. 

Ex. 21. 

To find the Curve ef TraSiion to a right Line. That 228. 
(J, if a heavy Botfy be placed at A, and a Cord AB 
of a given Length fajtened to it^ and the End B 
drawn along the right Line BD j to find the Curve 
defcribed ^ the Boify A. 

'L.etAB be perpendicular to JZ), and let AE be 
the Curve defcribed by A. Draw the Ordinates £C, 
ec infinitely near each'other, and -^ to SD, and 
draw the Tangents jEZ), ed ; and Da -"- toed. 
Then put AB, ED or ed =i>, AEzzz^ BC=.x^ 
EC=.y, CD-=:s i thcabbzuss+yy^ and 2W = — zjjy. 
And by fimilar Triangles, y : b : : —y : z, and 
y : "s/bh^yy : '• — y '■ x, whence 

—by bsi . —y • ^ /•/■ 

2;= — <- = , and X — — -^ ^bb~n=s ,- . 

y bO — iS y ^ ■" bb—si 

And by Form 2d and 4th, 2 = — iixLogi^-rz 

bh 

xL(^:ii — Si. But in A, y~bt or s~o\ 

therefore the correft Fluent is z = 2.30258^ x L9g: 
b 2.30258^ , hb 
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PIG. i^,=±,/u:=^ = -}]& . .=, n K 

> , == "T y .; ; and by Term 

the 9tb and 3d, the Fluent is =z i^Z x 

Log: J + •— > +^ : — v/*^- 

Alfo 7; — — = — J + 77 i and by Form 

hi — St bb — ss ' 

6th, the Fluent is— J -I xLog^T — . Therefore 

2 " i—i 



-^bb—yj + 3.30258* X Log: 
s.3oa5«* _ *+J 



Ex. 22. 



129. ^0 find the Curve of Traiifon to a Circle ; or the Curve 
EN deferibed by a Bodf^N, dratim altng kf a Cord 
DN of a given Lengthy whUe the Exa D faffes 
through the Periphery of the Circle BAD. 

Through N, n, two Points in the Curve infinitely 
near, draw CA, Ca^ and the two Tangents ND, 
nd; draw DF -*- to CJ, and Do J- to ndi 
and draw CD, and alfo CEB. 

Then let CB=r, EB or M)=i. Bji=x, CN=iy, 
EN^z, AD-Vy DF^Sy NF=P. Then in the 
Triangle CDN, rr=bb +yy+ 2l% whence P = 
rr-bb-^ _ v/jr=r;7. Then fincc NDzznd, 

Nn or z-nde \ aHb v = ad— AD=Dd—Aa^ 
Dd— X, and Dd^ix+v, and by the Nature of the 

Circle v =: — - - By fimilar Sedors, r:x 
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: : ^..-iMi. =^- jAoiJ tl« Triangles DFN, mtf F I G. 

yx hi **9- 

being fimilar, i :i -i^ : z = -^% mi by 



or dDo; and r ; w+v fD<i^ ' '• J' ' («'^or)2= 



+ 



By Form loUi, tbe Fluent of -' -i ■ =: ArcR 

vrr — w , 
whofe Radius is r and Sine /, and is clierefoce = 
rUs 

Arch AD; and ■ — =™r c 

ii—st\/rr—ss 






, rU 



rr — W — hbv 
Or 
whofe Fluent (by Fo™ 'ke eth) = — - X 
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FIG. hrL ^/^r^^n^hy^^ 

329. rrzT^iF^Log: 




. Arch AD. 

r/rr — eb — b-yrr — ss 

by .2byy 

Again P ibi.y :z =-p- ~ ^^^-^^i 

aiid z=2.30258ix— Log: rr—W—;?: and cor- 

2rb— %bb 
Kcftcd z=?.3025*xLog: j^^r^fir^- 

Scholium. 

Since y = ., - — ..- ^ z, therefore when v is a 

, . . rr — bb —yy . , 

Maximum, y or ; z = o, and rr — 

•' iby 

hb —yy — o i whence y = \/rr—t>b j then P=o, 
indj=:i. Therefore the Curve can approach the 
Circle no nearer than r — */rr—bb j therefore if a 
Circle be defcribcd from the Center C, with the 
Radius \/rr^b, this Circle will be an Aflymptote 
to the Curve. 

And let thefe few Examples here fufficc, to Ihew 
the Application of the Rules, to the Calculation of 

S articular Problems. We will now proceed to the 
:efoIution of more general Problems in Mathematics 
and Natural Phllofophy. 

SECT. 
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S E C T. n. 

"The Ifiveftigation and Solution of feme 
of the mofi general and ufeful Pro- 
blems in the Mathematics, 



P R O B. I. 

Tfl determine the Maxima and Minima of 
^tfOTttities. . . . 

WHEN a Quantity is required to be the 
grcateft or leaft polfible, under certain Con- 
ditions, it is called a Maximum or IVlinimum i and 
at that Moment it neither increafes nor decrcafes,, and 
therefore its Fluxion is nothing'. Now fince any 
Quantity is a Maximum or Minimum, when its. 
Fiuxion is nothing, upon the Suppoficion of only of)^ 
Tariable Quantity therein, and the fame is true whcft 
any other Quantity alone is fuppof<;d variable: Con;' 
fequently when there are fevcrai variable Quantijfics, 
in the Maximum or Minimum, 'then each of.thefe 
Fldxions muft be feparately equal 't6 nothing. XherCr 
fore 

- I. Puttbecn^MtSlmTititym-for'tbeMtiximuiiker 
Minimum required ; and get an ^fiuUia* invoboini Hi} 

h 
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F I G. ^ ^^^P ofiobicb and other given Equations, exterminate 
as many of the variable Quantities as you pleafe^ if 
there h e f ev erai r Then put the remaining Eqitatium ims 
Fluxions^ and for each Equation exterminate one Fluxion, 
till you have hut one Equation ; in which {brought aU 
to one Side) make the Sum of all the Terms multiplying 
each particular Fluxion^ JhpafOtely ^o, and you wtll 
get as many E^afions, which, together with thofe atfkfi 
given, will determine all the unknown ^antities. 
, Sometimes we-na^ »alfe the Legaritiuk of ttS ^m^o^ 
tity a Maximum, or ASnimum, or the Log: of the Lo- 
garfibm §f it, &ci a*id put Us Fhmien ::? o. fhis 
Precifs is fometimes ntceffary in tstponintiai ^oMities. 
For if the Quantity itf^f be a Am*, or M». its Log. 
will be fo too. 

2^ Bui- %vhm^ tie- Flmtim of any fin^e ^ antit y rf 
found —o, then that ^antity itfelf is either a Maxi' 
mum or Minimum, , or a^an^ng S^mtity. Or if an 
impeffihle Equation come ea/, the ^antity will have na 
Maximum or Minimum but what is itffinite. C^t^ntmes 
the^Eqaation will bdve feveral Roots, all which muji he 
feparately tried, to fee which ef them will anfwir the 
Conditions ef the &ueftion, and give the Maximum or 
ASsimimrejuirea i and tl^s is dine ^ ptttti^ thefingk 
vtKiable i^mafity i* the Maximum •or Minimum eqml 
hftver^fKeeffitie Vvikm e^tprepd i» H**nben. 

230. Wften the Nature of a Curve, as £GD, is reqnired^ 

vthlcK {hall contain Ibme Maximum or Minimstm^ 
rfjCrv fuppofe two Points erf' the Curve P and £? to bff 
g^Vertj then we riiuft' find an fnterlnciJiate Pclnt C, 
fo-tliaf the Part between F and G',. or, Flf^nd G.I^ 
nl^ hi ^-Maximum or Mininum, For if the Point C 
Se not fb-fituaicd^. that the Part between i^H afii 
5 /bc^ Mdximm or Jl^nimum, 'tii "plain the -wiioiff 
£xaa6t bt-fo. THerefore, 

.. 2- Dram'tv»iQfdimifftFfff QStiifini^ iieari iM- 
ttfi^tii^-at^ it^dit^.fmaU gkx» fidlivftluMMr^ 
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mum or Mimmum, and alfo of the given ^antity men- FIG, 
tioned in the Problem, to find an intermidiate Point C, 230. 
drew the Ordinate P C, an arithmetic Mean bttween the 
ether two F H, G I. This ordinate divides theft infi- 
nitely fmall ^antities into two Parts ; then the Fluxion 
of the Sum of each mufl be put :z o> which gives two 
Equations, from whence the Nature of the 'Curve will 
be bad. 

In Cafes more compounded, where the Problem 
involves fcvcral Conditions, and the Nature of the 
Curve is required. Let £FD'bc the Curve, and 
let any Point F be given therein, ^nd let C be any 
other Point in the Curve, infinitely near F. Draw 
the Ordinates FH, CP; and Fm parallel to the 
Axis AB. To find the Situation of the Point F, 
fo that jIx F C—B xFm may be == a Maximum or 
Affiwffjwm J fuppofing y^, 5, conflant Quantities. Let 
FwiTJ, Fczit, Cm:=n, a given Quantity. I'hcn 

- . ^, . -dsi 

■^ vm+ss—Bs^my in Fluxions — ttt^i —Bi zio. 
^nn+ss 

whence yf J = B ^nn-^ss zz B t, for the Nature of 
the Curve EFD. Now fincc HF (ory) is given in 
relpeft of the Point F; therefore ^, B may be made 
upofj" and any given Quantities. And the fame 
Thing holds good of any other Point of the Curve. 
Therefore when Jt — Bszzm, the Equation of the 
Curve is As = Bt. But fince At — Bs ~ Max. or 
Aff». therefore the Sum of all the At— Bs — Max, 
vr Min. that is F:Az — F: Bx ~»i, where FC oe 
t = z, Fm or s z: X. And if tither F:Az or F: 
B xhe given, the other is cither a Mtximum or M- 
nimum. 

Whence the following -Rule, 

4. LetAH-x^ HF-y* EF-=z, andletybe 

given i ondfuppofi F: Az-F:B k =zm. JVhere A 

Z and 
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FIG, andBaregivett^Kontitiestormailettpefy end given ^OM' 
aiO. fifietf or /tub at denote a Maximum or Minimum, jind 
all the CettdittBHS of the ^Jiion being freperly exprejfedi 
telleS all the ^antittes affeUed with z, for the Value of 
A i and all the Quantities affeSed with x, for the Value 
of B i then the^e Values being fubftituted in the Equa- 
tion A it =zBz, fttjiead of A and B, gives the Equa- 
tion of the Curve. And the fame holds goad if you make 

f:^^Fi — zzfi Max. or Miit. 
B A 

S c H o L. 
Concerning curvilineal Spaces, it is in Effcfl the 
fame Thing to feek thegrcateft Area contained under 
a given Peritnetcr, as to feek b given Area under the 
leaft Perimeter. The fame wiU hold in RefpcA of 
Solids and their Surfaces. 

Example i. 

To find xz-^-yy a ASnimum, fo that x-i-y-i-z=b. 

Put )tz+yyzzm, and expunging z, bx — xx — xy-{-yy 
^iw. In Fluxions bx — 7.xx—yx~>y-^2yy_zzOj and • 
taking the homologous Terftis, bx~2xx — ■ji'a'ziQ, 
and 2yy — xy—o, whence 2X-\-y:=ib, and « = 2j; an4 
therefore >=|^, *=|^, zzi\b. 

Or thus 1 
Since *24-jyr=ffl, in Fluxions xz-\-zi:-\-iyy=Qi^ 
ilfo from the Equation x+y+z—b, wc have x+y 
;(-^=o i and expunging z, we get —xx — xy-\-zx-{- 
2)y/=o, and therefore zx- — xxzzo, or z~x; and 
2yy — :ry=o, or x=2^, whence *■, y, z are found the 
fame as before. 
Note, In this Example if x be given there will be 
a Minimum, but the Maximum is iiifinitej and 
if y be given there will be only a Maximum : 
Therefore in general there is no Maximum or 
Minimum but what is infinite. 
' Ex. 
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■ Ex. 2. 

fefindu the greateftin this Equation x^-^':i*-^atiy-~yi3sQ,-^ j (j. 

Foe X write fliy and the Equation isffl' — ^iffi'+jmjr 
— j»i =0; InFluxionstfwy'"— iy'^±o, whence cyr' =:aw, 
by which and the fofmrr Equation, m and _y are de- 
termined. ' 
Ex. J. 

Ttfjfofi aCyUtider of a- pvtn SoUdiiy h, ^itb the Uaft 
whole Surface, 

l*t>=:AJtitude, x zz. Diameter of the Bafe, czt 

3.1416, then ^^ = hj and £— .. 3: Suip of tfat 

Bafes, cxy^convex Surface =: ^— ; therefore ~-~ 



1 A-h 'y4^ 

duccd gives *r:v^^) and thence 7 = v — — *. 



In tht Se^Umk ABC^ to find /be RiSi^gle AD B 19. 
a Maximum. 

I AX. AC — a, ^B^jv, DM = s/ax~^xx^ then 
«^/iM — w=ffl, or ijx' — x*=w* ; In Fluxions 3**':^ 
— 4*';c=o, whence* t=i«. 

Ex. 5. 
Gi-uwi /£^ Bafe AB and Perpendicular CD, in a zoi 
. Trint^e ACB, tofindthsAugUACBt the greatejl 
fejftbk. 

Biffed AB in £, and let CDz:^, ^£=j, ED=yi 

and by Trigonometry (C5) i/pp + jj — ajy + ;?' : 

Z 2 ' (Radius) 
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■ (Rldluj) R::p: ^ = 



F I G: (Ridluj) R::p: ^^ _ =S.^Bi 

20. \/?/i+M— 2£y+fl' 



\^PP + {— / 

2«ffi2 

:: 3}; . 1 • ■ = ■S-<C 

= m, tnd ?* + ippqq + J' + 2J";r' — ify +yt — 

-^ — : In Fluxions ^pfj} — 45j/y + 4)riy = o, 

and^i =yj — // X_J',' and one of ijie Roots isji^Q; 
the other Quantity y' =ff — pp is an impoflible 
Equation when p is bigger than q ; whet%fore the 
Point D falls in £. 

Ei. 6. 

ff"*; ?«»/ P heins given in the Tranjverfe oftbtEUipfn 
AUR 1 to find PB the iteareji DiftMtce to the Curve. 

Let AC=t, CD=c, AP-p, PR=t, P^=»j 

then ^B' =: -^ x pq+qx—px—xx^ and PB^ = 



(— y,pq+qx—px-~xx + at* = iw» ; In Fiuxiont 
ffff* — ccpx — 2C«X 

— * ~ h 2Jf;c = o i reduced * = 

-XCP. 



greater than PS, which the Nature of the Queftion 
will not admit. 



Ex. 
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Ex- 7- 

To draw the tint EF to touch the An^le C of tht^ I G. 

Relfangk ABCD, fo that the Part,- contait/i 22. 

httwtm the Sides ABt AB p-oducedt maf he a 
Mtnimum; 

lMAD=a, AB=t, EB=x, EA—h+x, then 

X ^ , XX 

,, j aabb zo^h 

z=.m, or hh-\-2bx+xx-^— — \- —^ + <M = J»» : 

2aabbx laabi 

This in Fluxions is 2bx+2xx — 

«' ' »x 

=o; reduced is x*+ix'—aabx — aahh^Oy divided by 
flr+i=o, one of the Roots, and then x^—aab = o, ' 
and * = ^aabf or from the other Equation *= — *. 

Or thus : 

ba 
By fimilar Triangles x : a : : b : ~ -^ DFy thea 



EF 


= \/aa-i-xx + 

XX 


Jhh.'^ = ... 

aahhx 


In Flux. 
i Te(lu«d 


x^ z 


.y/aa + XX 

z ash. 


1 Li , aaU 



Ttf find a Cent of the greatefi Solidity under apveu 
Convex Surface and Safe b. 

Let the Diameter of the Baie = jt. Side = v, 

f=3.i4iOt then the Surface =: —- +--—=*, and 

Solidity 
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FIG. Solidity = — \^'w—^xx = »!; and expunging v. 



cxx I Abb lb ti L 

fn Fluxions, Sibx}t-~$bcx^xzzoi reduced*' ='— ; 

c ' 

i^^ b <^ 

hence X = v'— , f = I v/— , and Height =*/— - 

and thb Height, Bafe, and Side witt be as v^2, i and 
i4. ' And the .fame would be true if a Cone of a 
given Solidity, under the leaft Surface was required. 

Ex. g, - " 

fa fitd y and. x fucb, that ay' — y^x^ + *♦ m^ he a 
• Minimum, 

This Equation pi Fluxions is airy^ji — 7.x^yy^7y*x» 
'■4-4*'* =0 : And comparing the homologous Terajs, 
Z<^^y — 2x^yjf=.6, and 4*5;f -j-2y'ftr;f = o -, whence 
3jy'r:?*% indix^zryy-, and therefore gay— jfy, and 
witncc_y=o, or_y^3<3i hence *'=:o, orx'^'aa. 

Note, if jy be given, the Quantity aj" — y'-x'-+x* 
Bn a Minimum, bm the Maximym is infinite^ and 
if V be given, it hds a Minimum, but the Maximum /> 
is alfo inBnite : Therefore if ndth^r be given,- k hai 
a Minimum, but no Maximum. 

Ex. 10. 

fojind xy^a'a* a Maximum-fe that x+y+u+z~h. 
• Htm *)r»«*2* = w, and expunging a:, y^w'z* K 



i>-^y — u — zzzm, or h—y — u — z =. : 

, „, . ... 2wy SCK* 
In Fluxions, —y — «—z =z — ■ — ^ — ^. '— 

411RX ' 
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'■■■■ ^ ' ■ i and coUcding feparately the iuunoIogoiuF I'G; 

Qusmtiues, *=——->« =:-^^, z = -^^i-i 
' _yJa'2+ y''U*z* yu'Z! 

whence . -= — r= — = — =i— y-s—a. 

;'*»'2* 234 

therefore « = 4j, z = ^« = 2)", and therefore ^y = 

^ — JJ") ior_y = Tii hence « =:T's^,_y =T^^, u = 

Ex. II. 

^0 find a Trapezoid ji BCD of a given- Area b^ wbofe 23.' 

/W0 5/J^j on^ £ii/^ ^£ +AC+CZ} j!&d// he the Ua^ 
. poffihU. 

Ixt BC=zx, BJ=yy CD—Uy perpe ndicular BE 
orCF^z. Then ;'+''+«='». and z\/yy — zz + 
zv^'hu—zz + 2zx~2by or (dividing by z) ^/yy — zz 

_. lb 

+ \/uu~-zz + a;? =z — . Put thefeEquations into 

„ . ... - . yy—zz uii—zz 
Fluxions, andjj'+*'+«=o, and - jl ,. -j ■ — - 



+ 2X' = i and expunging x, 

. . ^^ , \/yy—^zz 

uii — zz . • —2iz yy 

_—--:_2__2jf—2«-—~i whence .-1 

VHU — ZZ ^^ Vyy —zz 

— 2y =0, and4z* =2>'. AHb ' ■■■ - s^^ : 2a 

v »a — zz 
eOi-aad thence 42* =: 3aa. Therefore gy* = 3a*, 
* J T ni ~2;2 2^ —2^2: 

indj'sw. Lflftly--^=z^^- ^ ="^^* 

\f^ — ZZ ^Utt-^ZZ ^^ 
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=: zk i and expunging 



Zand u, 1 = =ziy^^3=26, and* 

_^ y/««-zz = I X/ihhi and z =^ — , Hence 

^S =: 2y^£ = zPB, and AB—BC-=. CD : And the 
Figure is infcribed in a Semicircle^ whole Diameter 
U JD. 

Ex. 12, 

Civftt the Velocity of a ProjeSiile, and its Height A^ 
above the Horizon : To find the Angle of Elevation 
LAGt to throw it to the greateft Difiance poJfiBUt 
en the horizontal Plane BC. 

Let s=AD the Space defcribcd in a given Time, 
d=DE the Space defcribcd by a falling Body in the 
fame Time ; ^ =:: AB ; and let AG be the Line of ' 
Projeftion, AL parallel to BC, GL-=zx. Then by , 

the Laws of falling Bodies, d : b-^-x : : a : — ^ 

= AG'. Therefore J L = J ti^ ^^, -bc 
:^tnj OT bss+ssx-^dxx :^dmmi in Fluxions, six — , 
idxx = o, whence x = — -,-• Therefore AG z= 

' 2(3 



■^js/j^bd + aw, AL-= —^>/4id + ss,ACzzb+-2 
= CG ; whence the Angle FAC is biflcfted bv fhe 
Line of Elevation or Direflion AG ; and ^4i.d -t- si 
: s : : (AL : GL : :) Rad. : Tangent, of ihQ 
Angle of Elevation LAG. 

Ex. 
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Scan. 0/ tuvxib^i ijj 

llx. 13. 

Jf the Weight * he gtviiy and the RaSii of the JHeet-^ i g. 
aitd Axel BAt j^\ to JlnJ the weight y^ toberaifed 231. 
hy the Defcent ofw^fg that y may receive the grtatefi 
MMtioKpoffikU in a given Time. 

tet AC=d, Jff=b, and ^iit ^+ jrrw, fo tliat the 
Part j> may juft balance jr upon the Wheel, and there- 
fore lp=.a</. Let 2i=VcIocity gain'd by. Gravity in 
one Second, and v=Vel0city gain'd by ji in its Afcent, 

... h 

id the fimi TimHi aiid tften —v ± Velocity of iv i 

^d the^ Motion which'wbuld be generated in q by its 
Gravity will be ^ 2hq. But lince the Motion of the 
Bodies w, y, is generated by the fame Gravity of 3, 
therefore that Mocioh will be equal to the former ; 
for When the Force is given, the Motion generated,' 

. , b 

in a given Time, will be given. But vy + -'vw 

: Motion generatedin vr and y, therefore vy 4. 





= 2*J. 


But 


t- 


w — 


/>=«; — 


f > 


wliciice" 


^=T 


^H 


^ 


six 




—■ 




a 


\ and vy ~ 


a 
ix 


■ 111 +} 

K/m—jy 
tv + ay 




lakx/fw'.^ra;! 


= », 


ixlm 


'+> 




by tHe 


QoeftilMi, or - 




2ali 


. In 



Fluxion*, ^— -2«jy x^ +_'?)'— ^yJlf^wy — ayy 
=: o, anfl^ bhm — za^ — daxf =c o Y which re- 
A a duced 
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FIG. duced is y = -^^ X ^t" = 7 » And 

hence is found tj = -t- x : v^* — * - 

And if i zz fl, then ^ = .4.14W. 
Scholium. 

If the Brachium a was fought, all the refl being 

^vea, we Ihuutd come to the fame Concluiion, chat 

•4 ■4^"' 
IS, a zz — . 

Ex. 14. 

232. The Arth AD btif^ gi^en^ to MvitUJt into three Parts, 
ABt BC, CD i /o that the PreduS of atrf Powers 
ef tbt Situs BE' x CI' x DOt m^f be the greattfi 

fo£ible. ' , 

Let Radius RA=:i, Arches AB =A, BC=zB, 
CDzzC, aviAAD=g\ Sinti BEzzx, CI=y, DO=Ji 
CoCmciREzzX, RI=r, RO=zS -, BqnJ, Bp=x, 
and let*^"j'=Max. by fimilar Triangles X{R£.) : 

1, {RB) : : x {Bp) '. A {Bq) zz -^ ; Jikewife i = 

^, and c = 4 • And fince A-\^B + C = j, thcre- 
« y s ' 

- + 7=0- 

And fince xys' = Max. therefore w^^'xyf -i- 



nf^'yx'r + rf—'sxy — o^ or 4- -=^ + 



X try rs 

-+f+T=''- 

From thcfe two Equations we get — j = S x : 

* y . • ■^ "fx »y , 
j.+.j.,.ad-.=-x:-- + ^-=.l.err. 

- Jx - Sy mx . m „ 

forr -^' + ^ = -„- + ^- Hen« (K- 

^ •' cordmg 
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cording to Art. i of the Rule) we fliall have — — = F I G. 

"^ 232. 

-^., »d -f = -^ i therefore "jf = l". • 

*n« -0- = ~T- . Hence -yT :—::«: r, aad 

-J : -jr- ; : r:»j andw^jiw, -^ : ~:i:m:n. 

But 1^ TrigODometry, - - , -^ tnd — are tlic 

Tangents of the Arches J, B, C; therefore the 
Tangents of the ^Arches ^, B, C, are refpeAi»eI)r 
as the Indices of the Powers m, n, r. And the iame 
holds true for any Number of Arches whatever. . . 

Cor. 1. J^ there he only two jlrcbes A, B; then 
K,+» : mr-n c : .Tan.^+?.B i T.A'-^T.B : ; 
(by Trigonometry) S.j+a ; S.J— 8% that, U 
«•+-» : m — n : : S. Sum of the Arches yf, 5: 
S. of the pifFerence ^ whence the Arches will be , 
known. 

OrtBus.. Let Tangent of y/:;»w, of 5=fro," of 

A+B=t. Then by Triswonwtry **+"^'" -f, 
a quadratic Equation for v. * ""'^'^ 

Cdr. 2. If .there he three Arches A, S, C; let 
their Tangents be ffft;, sx*, rv, and Tan. Sum =^i 

Tan. 7+5 = 2. Then by Trigonometry ^±22^ 
i—mnw 

= z, and • 



=: /j a cubic Equation forV ■ '^ 

And if there be 4 Arches, you'll have a 4th Power i 
if 5 Arches, a 5th Power of v, 8cc. 

A a 3 Ex. 
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E,. .5. • 
FIG. Sff jM *- Atdximumt putting s =: ■^: 

I-ef A":; Hyp. Log. qf * Then fince »' b a 

Maximum^ its 'Log. (by Ait. i.) is a Mt»imiiM% 

' X 

that is, j^or -— is a Maximum : and the J-og. of 

- , jf 

--^ is ^fo a MoKlmum % that is, L{^. .X" — Log. *" 

or Log- K—itX is 4 .3^. and tts Fluxion, ^~'^ 
— A* =0. But Jr= ^, (fee the next Prob.) j 
therefore ^-^ ■— x -^ Ax —6; whence X*x + 

Let a: = I +17; then JTs v_-i^ a.^^.™.-; 
2 3 - 4 

4^ir. (by gxatnpte 3, of tbe ^{ Pnb.) 1 therefore 

w v* „ ■ -• vv W 

-2 ■-? . ■ ■■-■a 3 '^ ^ 

i+w :^ = *• That is, w +. Ji;* — i^' ^c. 5:; i. 
,vyhencey'by.R«verfion, f =.56, and ar^i.jC. " 

But becaufe this doe$ npt cpnyprge faft, put ti — 
\.^6f and's'+TJ— *; /■= Hyp. Logoff (=2.302585 

X vulgar Log. ti), then \?iU X=: / H — ^ -^^ 
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7+7x1'' + '^' +/!*.»+ -i-'OT.&c. = 1. 
In Number^. 

I.oo2i92i+z.53i8o22v+i.j46s9da»> £ft. =: {. 
Or 2.03ry+T;v = — ^.0917586. 
Whence v=r—,>QP0866iv and B+v,or)f=i.5§9l3|J|. 

Olitr^e fifiu. 

Let /+^ = Jr; a = >fumbjef of the i^yf. 
Logarithm"/, as before. Then * for the Numi)ej 9f 
the Hyp. Logarithm /+J 'or of X is) =f'^:i + 
P -^ip$ + iP* ^^- (W Scfaol. 2 . of the liext-Prob.) 
Whence the Equation Xf+A:x«= i. becpmej 
fA-p* +7+?X<»»o + 118 + }»(>/> £!fr. = I, 
That is, 

/+Tx/+^>l|,L, ,.=,,: ;. 

In Nunibers. 

1.002192 + 3.949611; + s.txiiispp Sc. = I, 

Or .788.58; +J^ = — ,00043768. 
■Whence ;j =— .,op0554a>. ?(>^'+/ = -(44<309 
= Hyp. Log. « i or /+/),; ,4342945 = vulgar Log. 
of » t^ee Cor. to Ex. 8lh of th« noM ProJl.J = 
0.1928836} whence j;=^ 1.559134. 

Nptc x' Qx^xf has QQ Minimum. 

Hen 
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FIG* Here follow fome Examples of finding theKrtuie 
or Curves, that require' fome A^imum or Minimum. 

.- - i'Ex. 'i5l." 

230. To determine the Nature of the Qrve EFD, fe that the 
Length of the Arch AD being givetif the Area ABD 
^lail Se <>:Ma^mm. -''.'• 

Let HFCIhz an infinitely fmall given Part of the 
Arcrf, and C an intermediate Point (according to the 
Rule Art. 3.) and draw tKc OrdinatcsFi/, G/, and 
CP ; and Fm, Cri paiatlel to AB i and fuppofi: 
CmsGn. 

Put the giv(;n Quantities FUz^-p-, CPziq^ Cm or 
Gif=.a\ and the variable ones iO»=i', Cnzzs.-. 
/Then by the.Natutf.of the Pr oblem . FC+CG^z 
given Quantity = v^wpw + ^is+nn : Therefore 

■ =: o^ And becauf^ 



\/w + hn y/si + nn 

ihe Area^+jJ is a Max. = *», therefore pii + ^s 

.= 0, OTpv:^ — qs, whence - 



v/ « + «« ?\/« + hit 

the Ordihates alike afFedted) 




p\/vvJr nn i 

Fm _.- , Cn ^. 

^ss + «« * "' FHxFC ~ CPxCG ' 

quently (any one as) - ._ ■■'- — - is an invariable 

riJ xFC 
Quantity. Therefore if AHzzx^ HF=yy BF~x, 

then — :- = — , or aizzyzj for the Nature of the 

yz a -^ ' 

Curvie, which will be a Circle. ^ 
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Jf the Length of the Ar.cb be givm^ and the Solid toF I G. 
be a Maximum ■,■ then will ^'■v + j'j = « ; whence 230. 

p^'u ^ --T-ff'j; which gives — or 7— 

■ . fpy/vo+mi yyz, 

a given Quantity, or aax =z yyz . 

If the Surface A 13 ^/ j:(V£fl^. to. have the Solid a 
Maximum. Then you'll bave^y'w+M + fs/i$^nx 
= a i^iven Quantity ; and /!^ + ;fi =: is } which; 

gives — — „■ ' - ■ or -- a ^ven Quantity, that 

. py/vv + nn y^ 

is ax = yz, as in the Bril. The fame Equation 
■will be found, if the Solid be given, and the Surface 
be a Minimum. 

Er. 17. 

To find the Nature of the Curve EKD^ which generates ... 
the Solid ofkafi Rififtance j witf/f Length and greateji ^'* 
Hiameter are given. 

Let CP, an infinitely fmall Part of the Axis, be 
given i draw the OrdinatesC/?, P'T; and the inter- 
mediate one ^i andletj^z:/, 4^=2, Tm=.v, 
Fn:ns, Fm-^Rn'izn. 

Then by Mechanics, the Force of the Fluid 
againft the Part TF of the Surface, will be as the Cube 
ot the 'Sine of Incidence^ and magnitude of the 

Surface, that is as -^ xpXFTt or ■^^. There- 
fore the Force of the Fluid upon the two Parts TFy 
n^p n^q 

!* + v* "'' nn +JJ 

Th«efort -'^'^ ' _ -^^ = o. And 

nn-^-ivy nn-^ss 

fincei+,w=: a given Quantity, thcreforei' = — ■». 
whence 



hyGoogle 



fS4 Sfe tfacTttiii 

Fife wfceate -^ r - = -^ifcrr* " "?fe =*#'« 

144, na+w wi+tj 

Q^irftityi Art ts-, prating p=yt v=x, -< — = a, 
<xn'x—taf. ^ 

n'iiittbi^u^ tHi gtiifitini Plan Abed, m 

ihe pealtjf Diibmiar BE art givm i thunfv-f-p'zi 
tfgiMn QdBltilr,- Ad' >«'=—;>! Mdi gtvA', 

ntt-\-w Ml + ss ** 

^ its Btt^ J'e, and greaiefi Diamtef he gi^in v 
tHeri /^v+f ji == a* given' Quantity, of^K'z:-^j>j, 

Ex. 1 8. 

234. ^ofindtbe Nature ef tbt Curve ADI^ wteraaajhify 
wUid(ffien& fhm A toK m' the Jhrttfi THaie i the 
P^nts^, RbtiHg-gtwa. 

Suppofe BE an inGaitely fmall ^vetCpart o^ the' 
Axis, uid draw the Ordinates £D, Eff^ and the 
itiiddle one CM i and let the invariable Line's be 
SB'zipt Cf^zzqt oM=.tt=gBi and the' variable' ones, 
BC=Vt CE=Js then the Velocity at ZJ will be* as'' 
V^i^, and at Mas\/^{ and the Times' bein^as' 
thp-Spaces direftly and Velocities reciprocally, there- 
fore --; willbcas the Time of diefcribing DM, 

and -^ as theTiiAfe m MH\ thfitfiwe ^^,t- 

y/CM ^f 

whence 
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ythaee ■■ ^ - ■ + f ■ r =o« «(id F I G, 

tr 4- J = o ( therefore we haw '"', •• "imw 1 " =s 

■ ■ .1 «:m a s thtt & (putting i<B=x, BDzzy) 



-^ = ^. agiwnC&iUHityi whenM Ay/a=t 

Xs/yt QT ax*=y3i^=yx^+yy*, and ;^/^ sr^v^j", 
which denotes a Cycloid. 

If the Felecity at D kt at aitf Power or Sum of 
Powers of BD^ which call R ; it will appear the fame 

Way, that ^v- =: a given Quaotiqr. 

,If the j^a ARK ht given i then^+jj is given* 

orpv = — «, whence - , — =— ^ , or 

p*xDM fxAffi 

— r— ^ -r I and if the Velocity at Z> be as 

BD*, then ■ ■ * ■ . = ■ ■ ' ' . 

Ex. 19. 

Given CA, CT and the Lenttb of the Curve ADT^ 235: 
. t» find the Nature of it, ^ that the Area ACT mof 
be a Maximum. 

Let the ininitely fniall Parts of the Area £C^ 

. and of the Curve BM be given } and draw the mean 

Ordinate C2>. and put CD=p, CEzzqi Bonv* 

Vs=zs, Do or Eg-=n. Then ^iro+nn +■ ^is+nk 

tt a^vui Quaatity, and 'S - "^ - =«, aMazimttfO. 
B b Thett- 
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FIG, Therefoire . 

335. %/m'4-» 



— qs i whence 



: fat CB=yt Bo=iXi De=y; 



pxBD qy.DE 

then - -r =: — , a given Quantity, or ax—yz, an 

Equation to the Circle. 

Ex. 20. 

Tejind the Nature of the Curve ADT^ in^ vshub a Body 
will move from 7 to A in the Uafi Time pqffihle ; the 
Velocity at aw^ Point E being as CE^ , the m''' Power 
ef the Dijlance. 

Take ECB ati infinitely fmall given Angle, and 
draw the mean Ordinate CZ>; and put CB=p, CD^q^ 
Bo=Vf Dg^s, D9 ot EgziH. Then the Time be- 
ing as the Space dire£tly and Velocity reciprocally, 

we mall have — . i + ~Z — Z — = m, 

, r - q" . 

Whence ^' + - — ' = o, and 

p'"\i'w+nn q"\/ss + nn 
fince the Angle ECB is given; if Rad. = i, then 

- = LBCD, f~ -t DCE, and — + - = a 
-p ? . P ' 9 

given Quantity^ and — = ■ — -^ i therefore 

Pi 
'' " vv ' — si ■ sqi/ 

.^V^i'*.+ «* q" y/ss -^ n/t pq"\/sj+Kit 
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V s . . * F I I 

"" r--y.BD- J.-. X !)£■■>■""" "-7=?" =35. 

= , a given Quantity. 

If M=:o, 'jiT> is a right Lide, where a is the Per- 
' pendicukr from C. 

If )w=i, then -r is a conftant Quantity, and 

the Curve is a Log. Spiral. - ■ 

Ifm-^7., theniwf=yz, the Equation of a Circle.' 
If R-=ianf Sums e/ the Reivers of y^ reprefenting 

die Velocity} then will -^ = a conftant .Qaanticy 

as before. 

Here follow fome Examples of Curves, where 
more Conditions are concerned in the Queftlon. 

Ex. ai. 

yo ietermrte the Nature of the Curve EFDy fo that 230. 
the Points E-, D being given, as alfo the Length ef 
the jfrcb ED ; the Area ASDfisail be a Miximum. 

Let AH—x, HF=y^ EF=Zt then fince the Points 
£, D, are given, the Length of the Axis AB is given, 
therefore the Axis ABzzf: ax 1 alfo the Curve ED 
= F: bz; and the Area of the Figure = F: tyx. 
Therefore eoUefting the Quantities that are affefted 
with z, and alfo thbfe that are tSc^d with x; we 
Ihall have F: Az — F: Bx = F: bz — F: ^+^xx ; 
whence y^ = ^, B=a + Pft therefore by the Rule 
Art. 4. Ax—Bz becomes bx—az+cyZi for the Na- 
ture of the Curve, which denotes the Arch, of a 
Circle. - 

Bba , ff 
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^ the SoUd generated aiout JB., is requirtd to it m 
FIG. Maximumi then the Solid ^ F: 4ffX\ and Jz=.k, 
2^0. B=a+dxft and bx—az+diyz is the Nature of the 
Curve. 

1/ the Surface generated by ED is given, to have the 
Soiid a AUximum % then the Surfice = F: gyz, 
■whence A—b-\-gy, B=.dxf ; and gyk 3= nx 4. djyi, 
for the Nature of the Curve. Here the' Coefficients 
a, l>t Ct d, g are conftant Quantities, afHrmative or 
negative, to be decertnincd by the Clrcumftanccs «f 
the Qucitiop. 

Ex. £1. 

2}}. toJMihfNoHn^tf iheCurat ERIi, -mbich gaurata 
the Solid of leaft Refiftance moving in a Fluid; wbofe 
Length, greatejl Diameter', end felid Content is given. , 

LctAPzzM, PT:=y, DT=zzi then Axis JB=. 
F: ax, and SoHdky = F: iyyi^ then by the Keafon> 
ing in Ex. 16. the Force ot the Fluid upon the An- 

nulus PTF^ is —^ x a. which is a Minimum i 

«id the whole Refiftance ;= F:'^—X2L And col- 
s' 
lefting the Quantities affefted with 21, and atro thofe 
tffcftwl with X, aod wc have f: jz. — F: Bx=z 

F: ^— X » — F: ex +inx j whence jf = -^?^» 

,^ ;= <i + ^. Therefore iJx=Bz) ^f- x^az-^ 

byy%t for the Nature of the Curve. 
1/ inftead of the SeluUtf, the Surface is given i th^ 

the Surface zz F: eyx. Therefore J = -^- + or, 

and 5=j. Then (ylx=:Bz) ^~ x + eyx n az^ 
for the Nature of the Curve DTE, If 
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^ hib the Sitrface and StMty be given \ thea FIG. 



,. _ .r?t + fy, JI=fl+%. And \Ax-Bz) ^'i 
4-ryx=:iiii+%2;i for the Niture of the Curve. 

Eje. 23. 
Tefind the Nahtreaf the Curve ABK, wberamdBedg 234. 

•will defcendfrem A to K, in ihtfiiortefi Time j }be 
. Poims A, K Mt^ given, and the Let^tb of tbe 

Curve ADK. _ 

Let AB=x, BD=y, AD=z. The Velocity ic 
Z) is as \/jft and the Time of defcribiog DM or z, 

is as the Space divided by the Velocity* or as —r-t 

and the whole Time of defcribiog ADK = F:— ^, 
and the Axis ARzzF: ix, alfo the Cunre A DKzz 
F: £Z. Tiwo F: ^— F; Bit = F: -^ + c X 2 — 
F: W. Wbooco A = ~-+f, J=*, and (Ax^Ba) 

r*+— — =:^z, for the Nature of the Curre of 

quickeft Deicent. 

j(f tbe Velocity Qt D be /uppo/ed to ieasy, the 

Equation of the Curve will come out ex + —i- ^bz. 

Ex. 24* 

Tbe Ler^tb of the Carve ADG^ and tbe B»fe AG hai^ 2 itf. 

given 1 to find tbe Nature of it, /o that its Center of 

Gravity defcends lewer tban tbat of awf otber Line 

of tbe fame Lengthy viben tbe fioints Ay G arefixt. 

Let ABzzx, BD=y» dD^z\ then the BaTe AG 
=F: afc^ the Curve ADGz^Fibz, and the Di&ance 

of 
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of the Center of Gravity from AG is =* F: iyz, by 
F I G. Prob. XVII. following. Hence F: Jz — F:Bx = 

236. F: i+^xz~F: ax, and J — B + cy, 5=a; and 
(j^x^Bz) b+eyxx=az, for the Equation of the 
Curve. In C, where x~z, \ety=.d, and then' 
i+cdzza. LttCE=iv,y—d — v, and i+ed—cvxi 
or. 'd — cv X Jf = az, and if c = — i, then x = 

-^r~, an Equation to the Caceoary, by Ex. 12; 
Prop. XIII. 



P R O B. II. 

To find the Logarithms of Numbers. . 

Logarithms arc a certain Set of Numbers, fo con- 
trived to anfwer to a Set of Numbers in their natural 
Order, that the Sum of the Logarithms of any two 
Numbers fb^ll be the Lt^aritbrni of the Produ& <^ 
thefe Numbers. 

Hence therefore, fince ixi:=i» the-Log. of i-t; 
. Log. 1 = Log. "i, that is the Log. i — o. 

A]foIet^=C, then Log. .^+Log. B=Log. C\ 

C 
and thence Log. J or Log. -^ = Log. C — Log. B. 

Again j Log. J^ = Log. J+ Log. J=2 Log. jf ; 
And Log. A' = Log.^-|-Log.^+Log. J=sL^.Ai 
And foe the fame'Reafpn Log. ./^* = « x Log. ^. 

Laftly, let^S=i, then Log. ^4- Log. B = 
Log. i=oj .therefore if the Log. 5 (or the. Log. 
of a Number greater than i) be affirmative, the 
Log. of A (a Number iefs than 1) is negative. 

From what has been faid it follows, that if there 

be a Set of Numbers in geometrical Progreffion pro- 

cecoing 
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ceedingfrom i hoih'W&ys ad infimtum ; and another FIG. 
Ser correfponding thereto, in arithmetic ProgrefTion 
proceeding, both Ways from o j then thefc latter will 
rcprefent the Logarithms of the former, and both 
will be exprefs'd io.the following Form, - 

Numbers, — , — , — , i, », «', b», »*, £^c, 

'tfi «* » 

Legarithms, —3/, —2/, — /, o, l^ 2/, 3/, 4/, G?f. 

Now let the Number of geometrical Proportionals 
be increafed and their Differences decreafcd ad nfi- 
fiitumy that the Series may contain all poilible Num- 
bers ; 'and let the arithmetic Proportionals be in like 
Manner increafed ; and then the arithmetic Series wjll 
alfo contain the Logrithms of all Numbers. 

■ Therefore let » be any Number, and pi its Log. 
then the Increment of that Number will be i^"*"'— w*", 
this Increment divided by the Number itfelf, gives 



Logarithm is /+ 1 X / — ^, that is /. Now fince 
a — I and / are the fame for any Number and its 
Lc^rithm, thcrf fore the Increment of the Logarithm 
will always be in a given Ratio to the Increnientof 
the Number divided-by the Number ; therefore if we 

Jiut.x =. Number, and z iz its Logarithm, and af- 
ume the given Quantity M, we ftiall have z = Mx 

- i and fince the Fluxions are as the Evancfcenc 

Increments, therefore z =: Af x — ' » and the Fluent 

X 

z = Mx Fluenrof - - . Therefore, 
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FIG ftJaiitkeLogarkbmofaNaAerj Mvide th«Fk$*h}t 
af tbt Nwmitr frofofU, bytkeNumitr itf<^% md 
jad tU FUtentt vUth mult^fy kj the conprnt ^tuut- 
tity Mt mid it mUgvvt tit Logarithm tbtretf. 

Note, 'When 3f = i, the Logatithms are called 
the HyperboHc Lt^arithms \ in which Cafe, the* 
Fluxion of the Logarithm is equal to thet'luxion di 
theNamberdivided by the Number. AndthcFluxipa 
of the Number U equal to the Number muVciplKd 
by the Fluxioa of iu Logarithm. 

Exam pl b i. 

Te find the Lag. of hx. Here the FloxiaB rf the 

LiOg. is Af-^ = M — -i but the Fluent of M — 

= Log. «, tbeccfore the Log. hx ^ Lag. x. But 
. vhen x=i, thenLog. ^x=Log.^, andLog.xrrov 
therefore the Fluent corrc&rd is Log. ^x — Log. ^ 
= Log. X \ that ii Log. b* ^ Log, i + Log. x. 

This finds the Logarithm of a Produf): having the 
Logarithms of the two Pa&ori f^na. 

■ Ex. ,*. 

To find the Legaritbm of y. Here the Fltudon of 
lU Logarithm — AfX" — ■" =jWX ; xna 

taking the Fluent, Log. *' = Fluent of ^x =3 

» X Log. X, which needs no Correftion (bccaufe 
wbcn v=: I, N" = t, and Log. kko). 

This gives a Rule for finding the Lt^arithm of 
any Power or Root of a Quandty, wbca the hm^r of 
the Quantity is known. 

Ex; 

D,gt,,-erihyGOOgle 
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Ex. 3, 

?o find ihe ij>g. - — . The Fluxion of the Log. 

iB =Afx-7- = AfX:^- ■ + — - — 

n+x n nn h' 

—r~ + &?c. therefore the Log. - — = Af X : — — ' 
*♦ ■ 9 » 

+ — ; • — 7 + isc. If * be neg^ve 

the Signs of all the odd Ppvers muft be ch^ged. 

After the fame Manner the Log. = iW x J • 

— + — r + — r + ^'• 

9 2»* 3»' 4»* 

Otbtrtvi/e thus. 
To find the Log. 0/ n+x. Let n+x^^ty^ then t4)C 

Fluxion (rf the Log. is 5= * And Qas 

H(ile 8, Prop. X.) the Fluent or Log. «+* : => 
Mx'. — + + 1- ^e. aodcor- 

correOed, the Log.)i^V<!-«L«g. » = Afx •* — fJr 

-^ ^ JL, QPf, Apd Log. » + x: = Log.it+; 

•* * ** ** ** *' f J , 

My. : -^ + — + -(. + iSci 

3 ' ir a)" 47* 5)^ • ■ 
c c , co«; 
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Co«. ««!<!}.•/ *X^= L)l.i + Mx: 

+ &c. And tiiLeg. of 

n 1* yf vf: ' ' 

s , , ,, * *■ «> 

ScHOL. Thefe Series vill find the Log. of a Frac- 
tion, or the Log. of a Produft having the Log. of h. 
And it Bads che Log. of any large Number n+v, 
having the Log. of i^ and making izzn. ■ 







Ex. 4- 






rcfa^thL(ig.cf~-^ 


. Its Fluxion is 


= 2Mx 


nx 


= 2Mx 


n 


--? 


-.f 


-1^ 


mi — XM 


+ at. 


Whence 


the 


Fluent 


or Log. 


»— « 


iMx-- 




+ 


1^ + 


— + lie. Or 
7«i 


theLog 


n—x 


^"''^ +il4.i£ + 
1 3 5 



— + -1° Off. where « = -=^. ^, A C fc?f. 
7 9 Ml 

are the Numerators of the preceding Terms, with 
their Signs. 

' * 

CoR. TheLog.of ix— =Log.^+ 1 

. tA eB eC ,, 
+ + — . + tj.,. 

3^7 ScHOL. 
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ScHot^ The Seriesin this Example very fjjcedily 
finds the Log. of a Fraftion when * is very ftnall, or 
» very great. 

The Series in this Cor. finds the Log. of a Produ£t» 
having the Log. h one of the Faftors given. Like- 
wife it finds the Log. of a large Number n+x, 
having the Log. of ^, and making hzzn — x, and 
ic^i or ¥, 

: Ex. 5. 

Tojind the t-fg' of rty having the Logarithms of n—x 
. and n-^x given. 



The Fluxion of the Log. of 



yA»— ^*, 



= MX : — + — — + —7- + -IT » 

m — XX nn »♦ B« B* 

&fc. wKcnce the Log. — r.- ■- = Af X'- -— r + 
. y/un-^xx ^»* 

+ -— - t?c. but Log. —r=i==. — Log. ff 

4»* ■ 6»* ^«« — XX ' 

— : Log : »* — ** 

— Log. \/nn — XX ^ Log. n '■ r~ 

Log. « _ ^°g-°+^ - ^°8-— " . . Therrfore 
Log -^ L°S..M:^t'^8-»-'. +MX : ^ 

+ -^ + — — 4- &ff. or the Leg. n zz 
' 4*+ , 6»« 

Log. M-K + J-*g- » — * , JMe eA eB 

2 I a - 3 

+ ^+gff.^heref=;-^i ..f. ft C,' &?f. the 

4 . ,«s . 

Numerators pf the prcce^infe'Terms., ' 

C c 2 ScaoL. 
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ScBOL. This Series ii very pn^tcr fet" findtog die 
Log. f)f a bn^ prime Nomba' «, hariog tbe JLog, 
of (be adjoiaing N'umbcn a — i and m+ I'^tgo, and 
tbadoKxzzi, 

Ex. tf. 

tt^tht Lag. pf ■, hna^ tie L^ariihm tf tU 
'O^rnm^ Numien »— i ad «+* gnar. 

LetM.— i=jr,tli«nwm— ;^= = ' ■ 



cv''^, tbe Fluxion of die Log. of v/^?±£ 

= — - — — 1- — -JL Igc. It Mi 

- „ y. y ^ ac. t. m. 

theieforc the Log. t/^^^ = - + -^ + -^ 

[+ —-;- fc^'-XiWi and when jfU infinite. Log. v'^—— 

^7 .* . OV j,_^, 



= 0, and — +.— 



— + + €^f. =0; there- 

} S' SI' 

fore ttill the Log. v/^ii or Log. — * = 

3—' •»»— i 

Log. ,^ Log-+.^xLog.,^. ^ ^^^_^ _^ 
t ■ I ' I 

ar' A)" 7»' ^ 

Scnoi. Tftij Scrio is for tht fine {"o^wfe, and 
converges faftcr than thai ia EMmple the jth. 

Ex. 
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Ex. 7.- 

Ji fni thi UiatHhm of a hrge Numiir », tmii^ 

tit Ugaritlini cf n—x md «+' [f>«l- 

Putii=liOg.»+«.— Log- »•** - Log. jp^. 
Then the Log. n >* Log. ic— x = Log. ^j;;;;|f at 
LO&SxLog.^ , L*g.j^ 



S = iX- 



Log.— f Log. 5::r7 

(b,&t.3and4)iX 5; „ ■ ■ ,, - 

_ -£ V . I J. — + — + -?^ + yi.there- 

(i * . 

fore £«. » = Ltg- »— « + T** ' ' + 77 + 

_?!- + -2!i- + 6ft. Or thol, fince -j- = 

Log. «+^ — Log.»— « therefore Z^.us: 

2 

Log. iTi 4-LoK. »— « . £ V : — + — 
— = ' J ^2 2« i»»> 

ScHoi. This Series conveiges far Met thin either 
of the former Examples. 

Ex. 8. 
5» fni at ByptrhMc LigMlIm ef to. ■ 

Si«e^^'^«r-^xi^ = w> *«*«* 
*"%"xio'" ♦■l"-;;^! loLog. 

D,gn,-eribyGOOgle 
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ioLog;j + 3Log-7|55 = Lo&'o- By Ex. 4, 

Log. J= 2Af X : i + jX^ + j-X^ Wj. therefore 

- ' 20 ^ :^ , Be Ce , De , ,, 

ioL06.{ = -+j,+— + — + -^ + 6ft. 

(putting < = i). Likewife 3 Log. i2M = ^ ^ 
yfe Jit Ce ,. ■ . 9 \ 

— + — + — tf'- (m»V'=-^ )■ 

Here Jtf= I, /*= firft Term of each Scries, and B, 
C, i), &c. the Numerators of each preceding Tcrm- 

The particular Terms of ea<;h Scries being &und 
will be as follows. 

S) J = 2,322222222^2223222X2211222 
3) Je =s - 91449474165523548239598 
5) B' = , 6774035i2327^"46844i 



7)C, 


— 


5973575946536256335 


9)i), 


= 


573S94398"SM»26 


II) & 


:= 


579388280968170 


•3) » 


= 


• 6052489164910 


„(;. 


= 


64759H33»8 


17 iJ< 


= 1 


705437291 


19 A 


= 


779»354 


a, Z. 


= 


87040 


25 M 


= 


II 



IQ Log. i s= :2,23i4355 1 3141097^57 6629507. 

A = ,071146*450592885375494071 

3) ^' — 333+5»i32i4995«432i4 

. 5) -B* = 2813098335561819 

y) Ce = 28252595081S 

<)) Dt =s 3089693f : - 

"J ^' = 3554 

3 Lc%..-;^S =■ ,07.i»j4957985i9^8r3,63550404 
H. Ix^. 10 = 2.30258509299+0456840179911 i^e. 
C0B.OL. 
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CoROL. Hence therefore the Number M, mention- 
ed before, and made Ufe of in the foregoing Examples* 
wiil be known for the common Logarithms. For 
jQnce the common Logarithm-of 10 is i, therefoie 

2.302585&?i:.x;i/=i. Whence M^ ^^^^^'g^^^^ 

= ,434294481903251827651 1289 &r. 

After the fame Manner may BKifs or the common 
Logarithms be found, fmce we know the Number A£ 
For lee the former Series or ioLog.i=P; tits 

2'" 
latter Series or Log. -^ = ^i then the Log. 2 = 

10— AfP 9+Af^ . L J u r .1. 

_ — QfZ =^^ whence are had theLogarithms 

of 4 and 8 i likewife the Log. 5 = — — — . And 
thus, 

AM 

The Ix>g. of 7 = Log. 8 X i = I-og. 8 — -—- 

sivji r^B fivC T$»J3 ., , _ 

+ --f + -J- + —y~ + -J- ^'- ^^~ 

ample the 4th. And likewife 
Log. 3 = Log. 2 X i= Log. 2 + —J- + — - 

'+ + — -— tff. from whence is had the Log.' 

of 6 and 9. 
. Or the L(^9=Log. lox A= i — —-.4- 

'-^ + — — + — — 6?c.andLog. ii=Log. 10 

><K=.+-j---j---^^ -^-<i'. 

Both thefe by Example the 3d. And fo for others. 
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SCBOLIVU I. 

The Rules io Example dw 3d and 4th an tbe onbr 
two MBthpdi bf whicb the Logaricbm of a Number 
can be found without the Help of other given Loga- 
ri^pns. And therefore tf> find the Log. of a great 
Number there^, we awft tafce two or more C^cli 
fradiooal NpnUvn, th;u Uw ProcU^d of fomc Fowers 
gf tbffe Nuoit»ar» way make tiw Number wbofa 
li^garichm is fought : Aad t^eQ there wili be kid 
two or more Series, which will ^ve the required 
Logarithm ; in the fame Manner ai ic fhewn in Ex. 8 
for the Log. of the Number 10. 

Scholium 3. 
Tofndtbt Nmitrfrm titgiwB LeSflntJm. 
Let n = any Number , 

1 = Log. of itt 
n+x = dffy other Namier^ 
l-^z = iu Lffg. = L. 



Then we Aall han z ss 
thtf »x=t tmsi 4- wi> 






or Mx =£ lES + ifz^ 



To find the Fluent, by Sic /. Ntwmfi Mttkol. 
(Prop. X. Rules.) 


\mnz • ■ . ■• • 1 


+ taxi 






,-mz+ ^ +-^--+^^^ac. 



Which 
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Which is correft ; bccaufe when a: = o, z r: o. F I G. 
— 2 — 1 - 

Therefore »+«■=» x : 1 + wz H + h 

2 a.3 

4- ■ tff , that IS = » X : I + «2 + 

2.3.4 2.3-4.5 

(wz , . mz _ MZ „ mz ^" „ 

^ + 5 + — C + D&c. zzNum- 

2345 
^er TOi-ij/i !>£■. M /4-2, wi^rt z — L — /, 

Cor. 1/ »=i, ihen /— o, aW z=i. Therefore 

, wi . wZ _ wZ, _ wZ, _ 

I +mL + ~ — J + S + C + D 

2,3 4 5 • 

&c. =: Number wbofe Log. is L. 
And if m nit then 

i + L + ^ + -^ + -^ + -^&c.=: 

2 2.3 2.3.+ 2.3-4-5 

Number who/e Hyferbalic Logarithm isL^ 



P R o B. in. 

To draw Tangents to Curves. 

I, In all geometrical Curves, where there is given 25. 
the Relation of the Abfcifla and Ordinate. Let JP . 
zzXt PM=y, and draw mp parallel and inHniteljr 
near to MPy and Affi parallel to JP, add draw the 

Tangent MT, and let P^ or MR nx-, .R«=;'. Then , 

by tbefimilar Triangles TPMiiuX MRm, y:x ::yt 

^ = Pt the Subtangent. that is ^=PT. 

y 

P d Therefore 
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FIG. Therefore, iy Help of the Equation ef the Qtrvej ex- 
^' terminate x ory out of the ^uanlitj -7 -, andyou ivill 

get the Value ef the Subtangent. 

2 . In mechanical or trdnfcendent Curves referred to an 

y 

iy the Equation of the Curvey by the Helf of thqfe of 
the known Curve it is related to. I 

3. And in any Curve ^M referred to afixtPoint A\ 
draft} M perpendicular to AM^ and let AMzzy =zARy 

Rnziyj RM=x j and hyjimilar triangles ~^ot -■- 

y 

= AT the Suhtangent, out of which the Fluxions may 
he externanated as before. 

There are fcveral other Methods of drawing Tan- 
gents, but this is the moft general and eafy. 

Example i. 

To draw a Tangent to the Circle. Let AP = x, 

PM=.y, Radius AC=.ri then will 2rx — xx=:yy, 

whence 2r;c — 2xx=2yy, and * = — --. There- 

e -^ yx yy %rx—xx 

y r — * r — x 

Ex. 2. 

To draw a Tangent to the Ellipjis. Let Tranfverfc 
AB=2a, Latus rectum = b^ AFz=.x, PM=y. Then 

by the Nature of the Curve — ~- =: lax — xx, and 

■ r-. . 4^ • ■ abx—bxx 

in Fluxions — f^ = a«w — zxxj ory = , 

p "^ 2ay 

con- 
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conftqucndy PT = ^.-=^ = __. p , q. 

Ex. 3. 

To draw Tangents to all /oris of Paraholas. Let 25. 
JP—Xy PM=:y, and *=ry" , putting the Parameter 

=1. Then * rrw/^'^, therefore P7*= -.- — mf 

zimx. Atw^ therefore in the common Parabola,' 
where »)=2, TP=zx='iJP. 

Ex. 4. 

To draw a TaHgeni an Hyperbola. Let APzzx^ . _ 
PM=zy^ Tranfverfe = 2*1, Latus Redlum =: b. Then ^* 

the Property of the Figure is, — ^,— =:a<«f+**i in 



Fluxions — ,— z= lax + aicx or y = h\ 

b - ■' • 2tfjr . , 

T,* ■ yx layy zax+xx 
therefore Pr = -.- = , , = — . 

y ba+bx a+x 

Ex. 5. 
Z.^/ MB be an Hyperbola between the j^ymptotes \ 29. 
Put v^i'^:*, PMzzyy aada<f—xyi thcnxy-i-yx=o, 

or ;if = — ^ i whence FT = -.—■ = — *, and the 

y . y ^ 

negative Sign ftiews that T lies on the contrary Side 
of PM with A. 

. , Ex. 6, , . 

To draw a Tangent to the Gffotd AM. Let AP aa 
=Xy PM=y, AB~a, BC the Affymptote. Then • 
by the Nature of the Curve «y» — xy-^x^ i whence 
. - 2ay — zxy . 

2ayy — 2xyy -—y^x — 3«')f, or * =: — :— y: 

"^ "^ ' —' yy-i-ixx-^' 

D d 2 whence 
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F I G. whence Pf=^^-:z "f^'f ,■ oe ^jfpuijgiog 



3<i— 2* 

Ez. 7. 

?ff draw ff Tangent to the Conchoid. Let CA = j 
Ay~a, AP=x, PM-y . By the Kature oF the 
Curve, b-^x y/aa-~~xx = *)>, whence . i^aa—xir 

*- — ■ —;:■■—- nw +Tyi whence P7^ =; ~t- = 
V'da — «* ^ 

aa — 2** — bx—yy/aa — xx — baa xi " 

and being negative, it lies on thecontwrySideofPJtt 

Othmsife thus; 

Let JP~v, AM-y, PM=:a, AH~b, MR-i-, 
Theo by the Nature of the Curve t» + a = >, and 

v=jj.and by fimUar TriaDgles Pfl= !!1, and 
J- 

11V j im' 

Ex. 8. 

Zrf /fM*i tht Catenary^ JP^x, PM~y, jfM~z 
by the Nature oF the Curve zz=2ax+xx, whence zz 

^<j*+»c, andi=4±i;ti but ji' = i> — i.= 

' -T— i 

jj-J — *' = (expunging 

zz) 
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HZ) ——, and y — -■ — i therefore PT = 



H- 



Ex. 9. 

To draw a Tangent to the Ofcloid. Let jiP = *, 3 j, 
PM::^, jK:=im, PB=it, Arch ^a=z. Bji the 
Nature of the Figure ^=2+«, andthencej/ = z + », 

butftointheCircle2; = — *,and«= xj whence 

■^■' Vji z+u>2.a—x PB-' 

Ex. 10. 
To draw a Tangent to the ^uadratix AMB. Let - . 
AC=h CS=r, AP=x, PXl=:j, DN=x, NJ=i, 
CM=v, NS^t, RM=u. Now by thsNatuto of the 
Curve itx:r/t therefore bz^=tyt and by the Property 

of the Circle rj=/Zi whence 2 = -Y-' = — , and 
o t 

'y 

/y+_y/»«j +Jtt, that Is (becaufc «=:^ — * or 
«= — x^ and rr-^ss^^tt or f= — -— y /jr — 

/ "^ i PS 

+ ^^-2-. Therefore iT= 2l = ^ + 
■7 "• Ex, 
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Ex. II. 

FIG. Let JS ht any given Curve, and AH another Curve, 

35. fucb that AP = Arch AS, and Ordinate PMs= 

A^, to draw the Tangent TM. 

Let AP=x, PM=y, A^v. Taiigent SR=s, ^ 

=:/, AS~z. Bjr the Nature of the Figure x=.z, and 

T=j», therefore x=z and v—yi and l^ fimilar 

SiR ' 

Triangles t;= -^ 2 = 



V . t 

Ex. 12. 

LefBM be an exponential Curve, AP~x, PM=y, 
and a' = > Let A^T^k the hyperbolic Logarithms 

of o, J 1 then xAzzT, and Ax=zT—-; whence 

yx__ 

■ jf 
BMis the Logarithmic Curve. 

Ex. ,3. 
36. Let. the Nature of an expmmHal Curve he- expreffed 
hy this Equation x' =cy; Let XT'be the hyperbolic 
Logarithms of*, y j then xX^ T, and xx +Xx = r, 

but 'x^ --, and r =z -<-, (by Prob. II.) therefore 
x+Xx:=.^, oryx+yXx =j', whence PTz:—^ 



~yx+Xyx ~ i+X' 

Ex. 14. 

To draw a Tangent to Arcbimedes^s Spiral. Let Radius 
AP = r. Arch &P = z, AM=zy, c a given Line. . 

By 
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By the Natule of the Figure rz=iy, and thence FIG. 
i = -2L, and by fimilar Triangles X :z — = —7, ^'' 

«•_ J'* - W 
whence yn=-T- ^. 

Ex. IS- 

To draw a Tattgenl la the reciprocal Spiral. Let 3 J. 

Radius BA=.a, ArchiC = i, iP=2, AM =3, 

Rn=>(. The Equation of the Curve is ab—xj^ and 

therefore zy+j'i:=Oi and by fimilar Triangles j'2= 

a^^ oxyz-=. — «*i whence zy — (i;c =: o, or jr = 

S.. Therefore jH = ^ =^=*, a given 

Quantity. 

Ex. i6. 

i«» y<MD Je a Spiral of fuch a Und, that putting jg. 

'AM or A:=y, Arcb MC—v, JD=a, agiiiaiIJ«t, 

and m' zzy>. Let Arch BE=z, and by the fimilar 

Seftors AMC, AEB, av=y2, whence expunging v, 

x'—aj, alfo rM or » = — ■ or x = — -. And 

2zz=:afi whence * = -'?- ^ -?i , and therefore 



P R O B. 
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P R O B. IV. 

To find the Point of Injlexim or cmtrary Fletmre 
of a gvoen Curvf. 

FIG. The Point of Inflexion or contf :ry Flexure is that 
Point which feparates the convex from the concave 
Part of the Curve. 

40. In the Curve ^Maoy waf related to the Axis JP, 
letJP = x, Ordinate i»Af=^i draw the Ordinate 
/ m parallel and infinitely" near PM, and Mr parallel 
to AP. Now the Ratio of Mr xiarm is the great«ft 
or leaft potUble in the Poiat of contrary biexure, 

that is or -r is a Maximum or Minimum, 

mr y 

whence (by Prob. I.) its Fluxion.:?--, — i=o, or_yjtf 

— xy-=.os hence if A-^o, thenjf=o, or ifjfzio, 
then i = o. 

41, In a Curve BM referred to the fixed Point ^, take 
Mm infinitely fmail, and draw P»», and Mr per* 
pendicular ,to it» draw the Tangent Af 7* and P'T 
perpendicular to it } and lee PMzzy, Curve SM =:z, 

A&- = *', mr =_)». Then, by fimilat Triangles, 

PT ■=. ^ = -^. But in the Point of Inflexion 
* 2 

■z 

the Perpendicular PT is a Maximum or Minimum, 

therefore its Fluxion or the Fluxion of --.— =o,that - 

z 
. yzx -J- >yz — yxz ... - ... ... 

1$ 7- =0, or yzx—yxz+xyz—o. 

, ' Out 
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Out of which any of the Fluxions may be excermi- F I Gt 
Dated by Help of the Equaion i^=x'+j'' and its 
Fiuxion, making any of the Fluxions invariable, or 
the fecond Fluxion == o. Hence therefore to find\ 
the Point of InQeidona the Rule is ' 

I . Tn Curves re/erred to qn JxtJ, lei AP=x, PM=yi 40. 
put the Equation of the Curve into Fluxieps, and again 
fftt tie n/klting ^uaiien ifito Fluiaons, making bptb i 
andy given Quantities. 

a. In Curves related to a Pole or given Point P ; let .j^ 
PM^yt BM=z, and Mm, mr, Mr wilt he as _ 
Zt ft X. Put the Equation of the Curve into Fluxions^ 
and the rejulting Equation into Fluxions again, writing 
I for f<me firft Fluxion each Operation : 3'ben you will 
detefnitu the other Flunion which mufi be fubjtiluled into - 
one of the following Equations that eontains that other 
FUation. And thew you will get the Value of y. 




iiy/l —X" , 



Example i. 



Ijt the Equation of the Curve be ax* zz x*y ■+• aay. 
This in Fluxions \i ^axx^=.1yxx■^x'^y■^aay■t which 
put again into Fluxions, 2ox'=:2jw^+2a-*y + 2*'Jcy 
=2J'X*+4*xy. andexpunpngj^, fl;t'=^x +?**K 

— — i k\ that is by Rcdu^ion fl<i+w=4** » 

aa^xx * 

irtieDce x=0v^^. 

E e Ex. 
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FIG. LetBMhe Nicbemedefs Conc oid. JB zia, AC=B ; 

4*» then iu Nature isjw =: <f * v'S*^. In Fluxions 

^-^-— hxx -4- x*x 
3X'\-iy—Xy/aa-~xx-~ - ■ ■ — ■\ and «xpuog- 

ing^, -—=5=^^=-x=r» and thiii^n in Fluxions 
xx^aa — ** 
2a«i — fli;[t _ ^aabxx . . . > . 

u - - — --■ K*- = o, and reduced *'+ 

^hxx-=2aab. 

Ex. 3. 

Ai Let AFK he a Cycteid effueb a Kindy that Arch AD : 

nMwADB'.hK. l^tJB=%r,JDB=a,BK=K 

bu 
PD=Zt AD—U\ then y=.z -^ — , andj^=:z+ 

' _ - by the Propeny of the Circle z = ---■ ■ j.^^ y, 
1 \/2rjfw we 

, . rjc , , ar-~ax-\-rb 
and « = —*- 




Ex. 4. 

i>/ BM he tbf beliceid Parabola, RacRus PB or 
P£=r, Arch BEzzv, PM=zy. Then by the Na- 
ture of the Curve av :s.r—y , whence av'zz. — 2/ 

. .*..«.« > rx . rx 

X r— T, buE by umilar Seoors v = — , or v = — ; 

whence 
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. er FIG. 

whence rji =: — 2yyXr—j'i tnd y =:-- — :^— ' 

(puniog :c = i), and ji = ■. ^ x 7- — ; . whence 



/ — 2ary x ^J—r 

punging _y, ^» xj' — '"' + *»t = aary x zy— »" X 
— — — — , tbatis-ixyxj— r +-Mrrx;'— r + aarr 

X 27— r = o. Which reduced givci 4)"— i2rj^+ 
1 2r»jr> — 4r';'» +3r Vjf — zr'a* = 0. 

Ex. 5. 
Sttppofe BM to he a firt af Spiral^ PT or PR—at 45. 
Archi?3*=a', and leta'ziv^ exprefs iw Nature ; then 

2vjy+;5iv=o, but by fimilar Triangles « = —, 

wiience %vyy + ^x = o, and Jf = — - — putting 

^ =: I } and expunging v, x = — ^j— , and x = 

-pi therefore ;- = "rx 
= 4a*, whence jr = a^a. 



P R B. V. 

'to jmi the ^dius of Qtruature in Curves. 

Let Jmg be a Curve referred t6 the Axis AE, and 46, 
fuppofe C to be the Center, and Cm the Radius of 
Curvature in any Point w, and defcribe the equicurve 
E e 2 Circle 
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F I G. Circlf Dm coinciding with the Curve ia mn. Draw 

46. DC mr parallel, and /if perpendicular to JB, and 

ftroduce m3 to H, and draw nb b parallel and infinice- 
y near mBH\ and call the AbrcilTa AB, x -, berpeo* 
diculaf OrdiMte fiw, y % Am^ z ; mC^ r ; DF^ h 5 

AFor BHy e\ «r, it-y rn^y; aad mtip z j then 

By the Nature of the Circle 'DHxiDC—DHzz 
fim'-t thit is irx-^irh — hb — ^2**— *x=:«4-40'+^» 
which put into Fluxions r;j — hx — xx—cy-\-yy j which 
pm incu F luxions aga in, rx-^Jc'-xJf—x'=fy-f:i>y4^t 
therefore r — b — *x*^Xf+;'=**-t:X'=**' ^*" 

rj ry- 
by flmibr Triangles r — i — *=-^ = -^» *^^ '"^3 

:r — . = - . , whence the former Equation becomes 
z 

% 

y. - — - r- =z» 1 which reduced gives r= ^. — _ 
z z yx—xy 

for the Radios of Curvature of the Circle Dm or of 
the Curve Am in the Point m. 

Now fince we are at Liberty to take any one 1^ the 
Fluxions x,^, Z} as invariable-, we can, by the Help 
of this Equation z'^jc'+y' and its Fluxion, exrer- 
minace either of the other indeterniin'd Fluxions out 
of the Value of r, aad by that Means find feverat 
different Forms for the Radius of Curvature, to fuic 
different Cafes. And the fame Way will feveral 
Varucs of mHy CH^ be determin'd. Thus we'ftiall 

6nd when x k given, the Radius z= 7~ = — ~\ 

~xy — *a 

when y is given, the Radius = — i 

,jfx yz 

and if 2; be given, the Radius =:-r-i- = — r=. 

~.x -7 - _ 

Agam 
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Again in Spirals or Curves Kferr'4 to a fixt Point i9, FIG, 
ia AMh. Let C be, the Center, and CAf the Radius 47. 
of Curvature in any Point M\ and defcribe the Circle 
I>M» coinciding with the Curve in the infinitely fmall 
Part Ml. Dr»w Bn infinitely near SAU ud CUt 
M- perpendicular to BMi and call BM^ y i Curve 

AMy Zi Radius CM^ r; DEi v; £«, vt A^, v{ 

A&, Zi ntt y. By the Gmilar Triangles MEC and 

W»r.Affi =:A=il,and£C = -:L=:i. 

Z 2 

therefore v=r ~ -^, and thenoe vr= - "^^ - ^ ; 

z z* 

And by the fimilar Triangles BEe, BMr, it is BE : 

BM: : £f ; M-, that is j" — -.- :jf : : (w : * : : w 

: i : : ) -2 ^- . - ^ : x, which multiply'd and re- 
z" 

duced gives r = ■ . . ■ . ■ — -. - ■ for the Radius of 

zx^+jyyz— Tzy 
Curvature of the Circle DMy or of the Curve AM 

in M. Hence alTo 3iS : 



jyjgg 



zx'+JO^z— ^zy 



zx*-\-yyi-yzy 

Now Gnce we can make any one of the Fluxions 
iSijy Zy invariable i wc can expunge either of the 
refCand its Fluxion by the Help of this Equation 
S^ =x* +y and its Fluxion, and thence ol»ain Variety 
of different Forms for each of the Qualities CM, ME, 
£C, as before. 

Oihcrwife thus, when we have the 'Perpendicular 4^- 
B|ion the Tangent drawn to any Point il/of the Curve, 
we can fiad the Radius of Curvature CM very eafily 

thus; 
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F I G. diui ; let SPt Bp be fwrpcndicnlar to the Tangents 
48- MP, np, and let BP=.u, pq—^, the reft as before. 
Then by the fimilar Trianglea^Mj, MCn; and 

Mrtit MPB i r£ :=pMx MJi = JO*, or m zzyy^ 

whence r =: —-. Hence therefore to find the Radius 

of Curvature the Rules are, 

46. I. In Curves vobe/e Or£nates ate perpendieular to 
the j^fiiffa, for the Curve, Abfciffik, and Ordinate^ put 
«, sf, y : Put the Efuatiea of the Cur ve (reduced as lew 
iaid]fimpU as poffibU) into Fluxions, writing 1 for atg 
nu of the firfi Fluxions cantoned in it ; then put the 
re/iilting Equation into Fluxions again, writing t for 
the fame firfi Fluxisn. From the firfi Equation the 
at her Fluxion will he determin'd, and hy tbefecendytu 
vnllgei tbeftcend Fluxion; which being bad, fubfiitule 
them into one of the following Forms that contains, this 
jirfl andfecond Fluxion. 

Forms. 




CRaMus mC = , 5 % -' 



CH 
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\/i'— jf' _ \/i— y' FIG. 
r Radius « C =: J __y * , 46. 

^z r: i,< mH=. — .^. 



-^■_ _ Vi-y 



5*/ /» /i( Vertices of CuroeSy where they cut the 
Jhfdffa at right Angleit takeM- for the RaMut of 
Curvature i and in theMgbefi Pointi •where they cut the 
Ordinate at Right Angles^ m His the Radius. 

2. In Curves related to a fixed Pointy Ut the Carve 

AM=z^ Ordinate BM—yt and M-~st. put the 
Equation of the Curve into Fluxions, and makefimetf 
thefirjt Fluxions invariable, for which write 1 ; and. 
the Equation being turned into Muxions again, write i 
for the invariable Fluxion, as before ; thus you wiU de- 
termine the other Fluxion and fecond Fluxion, wbofe 
Values being fuhjlituted into one of the Forms below 
which contains that firfi aod fecond Flumih yoa will 
have the Radius of Curvature. 

Forms. 

■' '+y'—yy z^z~i—jx 

•'-' ' x+K'+yx z>—z-^yz 



^i—x*+yx I — >* — jjjf 
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FIG. Sut VfbenyeU huvf t^e Pirptndiatlar upon tbe Tatt' 
4$, gent drawn to aity Point of tbe Curves put this Per-, 

fendicalar = u ; and jind tbe Value of —-^ from tht 

E^iaticn of tbe Curve: And tbis is tbe Radius of 

Curvatwe. 

EXAUPLE I. 

M. Let tbe Equation of tbe Curve he ax — ay-^x^-^j*, 
where ^£=:x, ^M^jf* 0=1 a given Liae. Lecx=:ir 
tben putting the Equation into Fluxions a — «y= 

= (hec»nl«a«-j|r-»'+y ) — J^ . Whence the Radiu 
of CuTYtture = '"*"-^' r= «— 2» + «+ a)' ' _ 
^ = -—TT « determijiaK Quantity : Therefoie 

^M is the Areh of • Circle whofe Radius is ■-^• 

El. 2. 

50. £« ^w *e m EOtfr, a = Tranfrerfe, * = the 

Vaitmaa, ani ahi—iiai—ivj. In FloxioM «* — 

«««=2oy(whercx=i),iuidthil again inFluxions-2* 

... ab^2hx . 

—iV'+^Vy: hence J = — Im^' ~^ ~ 

t+aj* 4ahy+al — liix , . , W 

•^ — = :- r- = (expunging *) — -. 

«.> r », I+J** H-MW + ah — zlw 
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M —y =^ + M y. »n<i R»- F I G. 

diu3«C= _jj ■= i^^^;5 ■• 

^ai i/^w wereanHyperhokt it would be found io 
the fame Manner that ibH==j'+ — ■^rr — -j'',and»C=, 

Or thus in particular Numbers. 
. Let a=s*_t^h ^ aflume x=:i, x=:i, then 



,=v^r^ 



XX := v^T, and by the foregoing ope- 
ah—ibx I , i+(iy» 

'"■"■•J' = ' 2^ = i;7r'""*->=~"5~" 

8v/a ^rp 54 

Otherwife thus; 
Let Tranfverfe :=2r. Conjugate =:2f, S the Fo- 
cus, BM=y, BT=H the Ferpeodicular on the Tan- 
gent at M. By the ConicSe&ions « =. — 7 — i=r-, 

and i = -=^3- whmee -•?- = i^2!, the 

iry-yy* • tr 

Radius of Curvature in M. 

Ex. 3. 
In the Parabola ax:z:yy^ then ex-=i2yy and cie = 2 
{putting> = I) i whence Radius mC = '+•«'" 

7T^?V* , . * 

— , ; " , . — aa+4yy ; -^ 4XM-^ 

-J- 2(1(1 : fW 

Ff Other- 
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Otbenvife thus: 
FIG. l*t -f = Latus reaum, B ihe Focus, BM=jy 
58. BTzzu, the Perpendicular on the Tangent at M. By 

the Nature of the Figure uu r: hiyt iuul v = —4—, 

Whence i = 4r^i^ = J«:^ = i^, the 
u ay u a 

Radius (^ Curvature in M. 

Ex. 4. 
51* Lit I>m-he mi I^rperbola htwaen the ./^fmptakt. 

JB=x, Bm=:y. Draw mR parallel to ifte other 
Affymptoie j then f^noe the Peficion of the Ordinate 
mR is given, there is given the Ratio of mR and RB 
to mB perpendicular to AB; Let RB^^^ mRzzty, 
AR ^x — sy. By the Nature of the F^ure AR x Rm 
— aazitxy — tsyyy which turned into Fluxions ix + 
/yr— z/jy^zo, and again %tx^tyx—^tizzo% JKnce 
■ _ ^fy— * J ■■ ^ IS— IX _ 2* — 2jy 



, and X r= 



Then_L±i!l-^±^l^^\ the Radhft of 

X . txy^2S}y ■ 

Curvature in m. 
And in a right-angled Hyperbola. 4^=0, and the 

Radius becomes^ +'*.l^ =^±3! = i*^- 
z^tfy «*« ■*• 

Ex. 5. 

X«f ^i» h the Ci^idy wliofe Equstion is axtt—jit^ 

=yr', then a— >= ■— , in Fluxions —i — -Zj' — ~^~"» 
reduced— *'=3y'»-2^'x, in Fluxions --3«'x=^jr+ 
3y^x~Sfx-~2y}Xi hence k ='———, and ic 



hyGoogle 



Seft.II. {/-FLUXIONS. S19 

^•^' __. «f ^ ^, 52. • 

tt. R«iiu, = 21Z- = " +9»y+'""y±fr 

= (expungirg^i,/) 4^''^«'!y+'o»4^»+9-i)'-g!yl*x« 
= ^^5m^=C expunging..) 

-^ ^^l^y-^ . Therefore in the Vertex A, the 

6xa-.y 
Radius of Curvature is o. 

Or tbm d^nitiVfly in Numbers. 
Lec«;::to,j'-;i.«[Kli0uine;'=z,then«=:i,8ndx 

:r:n — = 4** And x = -= — ^^ — - ■ 

2)" " 2JH 



— i6xTS' 



whence-iZlH =1 Hs/r^. 



Ex. 6. 

irf/ *r^y ht an Eqmtie a for all Parattlas, then 

(if3'=i) * = ay-', Jc= : m^axy-^. Therefore 

Hence it will caljly appear that every Parabola, 
except the Appolopian , has the Radius of Curvature 
io the Vetiex either infinite or nothing at all. 

•Cor, If aK=yyf bx=y^f fw==7*, dx=^y'^ (^c. be 
a Series of Parabolas, then the Angle of Conta^ 
(made with the Tangent and CurveJ at the Vertex of 
any one is infinitely grcjtcr than the Angle of Contact 
of the next following one. The Angle of Contact of 
tbe fiift aK^y^^ is t^the fanu kind with that of Circles. 
F f 2 Now 
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FIG. Now it ajjpears chat the Angles of ContaA of one 
kind infinitely exceed ihofe of another kind, finer the 
Radius of Curvature of one kind is infinitely greater 
than that of another ; and the Curvature or Angle c^ 
Contaft is reciprocally as that Radius. Thus in the 

Curve ««=y«, the Radius = = Infinity, and 

m the Curce <&=iTS the Radios = = Infini- 

2or' 
ty, becaufe j'^o } and the latter Radius is infinitely 

greater than the former, for s= X i 

*■ 2qyi iiyy zoty 

aod therefore the Angle of Conta<a of the firft infi- 
nitely exceeds the Angle of Contaft of the laft. There- 
fore a Curve of one kind, how great foever it may 
be, cannot be interpofed at the Point of Contact be- 
tween the Curve of another kind and its Tangent, 
however fmatl that Curve may be : Or an Angle of 
ContaA of one kind cannot neceflarily contain an 
Angle of Conu£t of another kiadj u a whole con* 
Cains a part. 

Likcwifc in this Series of Parabolic Curves <iv=: 
y^t ix=yi, tx=y', dx=:y^y i^c. the Angle of 
Cohtaft which any Curve makes with the Abfciiia at 
the Vertex is infinitely greater than the next preced- 
ing. The Angle of Contad of the firft a»=y^ Is 
of the fame kind with Circles. And though the An- 
gles of ContaA of the fucceedJng Curves do infinitely 
exceed the preceding ones, yet they can never arrive ac 
the Magnitude of right lined AAglcs. Moreover 
between the Angles of Contaft of any two of thefe 
may other Angles of Contaft be found, ad iitfinitum, 
that will infinitely exceed each other. 

Ex. 7. 
54. Let Dm he the Legaritbmic Curvty wbefe EqualitM 

is yx —ly, putting AB^x^ Bm=yt a = Subtaogent. , 
. . ■ . , - ■ Then 
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Then (if i=:i) > = ^ , arid ji = i- = • 

Therefore 1+ZL. = ^±21, ihcRidlmrf 

—y —V 

Curvature j where the negative Sign only fliews iu 
Pofiuon. 

Ex. 8. 
Let Jm ht tht Catenary, JB=Xt B«=J», AmzzZi 
lis Equation is zsj=»ox+**, then (putting.2:=l) 
its Fluxion is 2=:dx+*x, and again i=aS:+xjr+ 

if' i hence x = —, — , and x = ; = 

a+x a + X 



i F I Gj 

54- ' 



a+x 



Therefore - 



a+x' a- 

a+x >/a+x —XX 



W" = —a — 



Ex. 9. 
Ut MhitbtCycUidi ABzzx, Bm—y ^ Arch .^D g^ 
zzvt AR=a^ then BT> — y/ax—xx, and *=; 

J by the Nature of the Circle (putting 

iy/ax — XX 
X=0' By the Property of the Cycloid, y=.v-^ 

. ; . . a — IX a—x 

vox — xXf whence^ =v 4- - 




the Radius = 



Ex. lo. 
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Ex. lO. 

F I G. Let Dm he tbeContboid, RA—k, jfDzic, ^=*, 
S3' Smzzy i ilt 'Equation is h+y i/'tt^yy = (9. This 

iquared and dirided bjr m — -^ ■+■ - — -+te-^ 

ii— li^jf— jpi = *«. la Fluxions, — 

aiw , J . Sbbce 

^— 2* — 2y = ^ttx \ and again —-; — + 

4^« ... .. , . — hhcc 
— % — ix*^ A- txx \ whence * =: — ^ r- 

bcc ^ b y^ ■_ ^hh'cc 2bcc i 

jyx ~ X ~ X* ^'^ " ~ j*x "^ ^ 7 7 

~. Now to find the Radius of Curvature \a any 
jgjven Point ffl i leti^g, ir= 10, if you take_^=:6j 
then x= i4|, andx = -- 2^i , and i = .^5^ j whence 

'y = 4o>326 the Radius of Curvature in th« 
Foini m. 
■ ■ The Radius <rf Curvature may aJfo be cxpr«Aed 

- ifldefioitely in the fame Manner as in cbe foregoing, 

tbo' more prolixly. Lct;v=-^, x=i~ ^ - . 

X' M X 

>t^ E±E^., Whence 



=: - "*"-^ ■ i therefore either x or t 
X qxx—pp 

being given, -the. o^r will- be known, «nd thence 
the Quantities py q. For Example^ in the Vertex 

where x-so, the Radiua becomes ——-=—* = 

Pecc 
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bhcfi^- ■ ice , , hh , 

c ' 

Ex. II. 

Let Dm he the ^adratrix^ JB=.Xy Bm=:y, JF or 56. 

4R~r,_JE = u, C£=v, Arch CF=/, RCP=i, 

RC—q — /, A-m — s. By the Nature of the Circle, 

tht Ftux'ran of RC{-~i ) U to the Flintion of AE 

(it) as r tov, that is, —~vj=rttt likewife riiffl 

«i , and by the Property of the Figure t =y, and 

and i=yi and by fimilar Triangles iPf=vXf in 

Fluxions yu + uy = XV .^ vx^ and expunging 

Wi ft, ^ we get — j'> + r*^ — «'> =:rj;f = — jp + 

rx^^xx (putting y — 1), this in Fluxions ry'x^rx 

- ^, r • '-^T+rx- 
= ~^ty + rx — 2**. Thcrerore *=— — — 



hence 



If the Radius of Curvature ia required in the 
Venex F, it will be found by expreffing JE and CE 
by inhnite Series ia Terms of jy, rejecting the fuper- 
fluous Terms. Thus it will hereafter be Ihewn 

(Ex. 5. Prob. Vni.) that CP=CE + -^ t?c. 

whence by Revedkm of 
Seriu 
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FIG. Series v=3^-~-~% and thence u = ^rr — w — 
/■—.^ whence (fy=:T* becomes ry — -•^.— — 

yx~4~* «nd *=r--:^. andi = — -^. 
orr 3r jr 

But the Radius of Curvature in F is -^ , where 

X 

you Biuft write r-^x for *, — » for *. Then 






Ex. 12. 



Ltt AM he the Lffgarithmtic Spiral -y 7*M a Tan- 
gent j 5?; BP perpendicular to BM TM. Let 
BM—y^ BP — Uf the given Ratio of MT to 



whence MG~^ = S-i therefore C falls in 
the Line 7'^ produced. 

Ex. 13. 

Let BM h ArcUmdes* Spiral^ JB^a^ Arch 
AD=:v, BM=yf and let iiy=avt whence ^ = 

ev i but by fimilar Seftors v = — or x- = -^ , 

^ y 

therefore Max = hy. Let y = i, then x = -^, and 

« = ^^ J whence the Radius = -^.^ '.'*"*'- 
*"* af + *' + ^* 
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- '^^ + i^^^ _ axd"- + w^^ . FIG. 

Ex. 14. '■'.:" 

SUppoJk the Elation of the Spiral io he by* = ^^^ Soi 

tKeft, li- ff:±i, »f(!^*~'jf ~i^v = ^ — , orm^^ 

= fl"+'j a^ain, til FloxiodS, iB»l|j*^'j/»4fw^_^=:cy; 

hence # = " ■'■■' , an* j- =: - - . — -••^. Whince 



the Kadius = -y^^+ZT 



|,-l^tyi« _^ O'^+^V 



fSi^ijrl— » + W+i X »«b'*-'«""+* 



Ex. 15. 
Let BM Be the reciprocal or hyperbolic Spiral, Radius gj; 
1^ or BD ^ a, giveo Arch ^Errs, Arch JF—v^ 
BM=x- By the Property of the Curve an=.iy, 

whence yv + vy =0, and v zz ^ = Z : 

But, by fimBar Triangles, v = :, therefore yx — 

- . . ■ — r ' . . — f - - 
*— wy, let x=i, then^zz ,andj'=— — :_ — 

JL. Therefore J'" ■"+r'..' = Jxi^M^P^ 
:=i (becaufe the Subtangent St = «) ■' - - = 

.:; . n , fuppofing BG perpendicular 

to BM. 

G g Ex. rS. 
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Ex. i6. . 
FIG. Let BM he a kind of Spiral, Radius BD=a, Jrcb 
52 ' DF=tt BM=:y, Jrch MR=v, and let its Nature be 
a'X-=vK By ihe fimilar Sectors BMK and iiFJD, 

' ■ ■ ■ ■ /y 

1; = — , .whence '<»* =/!?'■ in Fluxions ^'/*/ + 

■2/^=0, by fimilar fluxionary Triangles / — , 

:ind expunging / , 3a* +2^=0; fct^czi, then x = 
—2' d " — ~~'^' — ~'^ — '^ _ 

ji!L: Therefore JL>lI±Zi = J2£^±^^ 




.. = — 73\/7i the Radius of Cur- 

x + X' +yx 530 

vaiure, where the negative Sign relates only to the 
Poficion of it. 

Scholium. 
Let there be any. geometrical Curve defined by this 
general Equation e+fx"'+^"+hx'y'-:=Oi nuke JB 
=*■, BM^iy, the Perpendicular to theCurve3^^^»: 
Then the Radius of Curvature may be cxpreflcd in 
algebraic Terms affet^ed with v, thus ; compute the 
, Value 
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Value of y in the foregoing general Equation fpuc- FIG. 
ting ;^ ifiva/iable), which fublHiute in the Quantity 63. 

— r- , and put — for - .- ; and the Radius of Cur- 
— Jfy y X 

vature will be = 



»^"~' + sbx'y' '' X t' 



=m.m — i./*'"~*+r.r — t.hx' y X »£?'''""' +jA*y~ 



+ «.» — i^''~^+3.s—i.ixy ^Xm/x"" '+fi)x'-'y'^J 

Example, 

Let hx^ — tfy' +aix^o, reprefent an Hyperbolay 
a = Tranfverfet b =: Parameter. Comparing this with 
the general Form,we (hall find «=o,/=:A, «=2, = p- . 
— 0, »=2, i=«^» »'=i, J=o, whence the Radius 

_ _ —2ay\ X S-' I 

of Curvature = ■ ■ X — — 

2^X— 2^ — 2ax2bx-^ab] '^J" 

, . , — 2ay\ ir' 4.„i , , 

= t«p™8'"g') - -J,^y = -tr- ^ 

it will be the fatne for the Ellipfis. 



P R O B. .VI. 

To deiermitie the (^atity or Degree of) Variation 
of Curvature in any Point of a Curve. 

The Variation of Curvature depends on the Mo- 
ment of the Radius of Curvature ; and the Moinenc 
Gg2 of 
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F I G. ofthe'Curvf i andicisastheMotficntof ttie¥£4({>i}$Qf 
Curvature if the Moment of the Curve is g^vcfi i and 
reciprocally as the Moment of the Curve if the Mo- 
meat of the Radius ii given. Therefore this Vamtion 
is as the Fluxion of the Radius of Curvature dividedl 
by the Fluxion of the Curve: Therefore, 

1 . Find the Radius of Curvature by tbi lafi Problem, 
which divide by the Fluxion of the Curve ; aTtd the 
fhxiofis tjt/p/ be exterminated by the Equation cf the ' 

. -^en Curvi, or perhaps by axpr^fffig their Ratie ^ 
Jiel^ of tht Tangent^' Ordinate^ or Stfbt(arm^. 

2. InCurves referred to an Axis, finding theFluxipn 

of the Quantity -^» which divide by z^ putting 

x = i, and exterminating i, £, you will get the fol- 
lowing^ I$.i^le. Put X for tht Ahfiif^t y jir the Ori^- 
iiaUt i= \ ; I'hen fuhfiitute the Values of j, ^, y (got 
. from. ihe-Equatien of the Cw^ into the §iu^ity 

— ^^Jf -HyXi+J^ ^ audit will give the VariaticM, 

- y! 

Example x.. 

52. L^t the Curve he a Parabola J thtaaxzzxft And y=: 
a ^ —ay lay^ — avy 

«=__■! y = __i — _ i_. N0Wlf«2=2, 

* = T, >"= i» then^^ '• j^^ — ^» > — 3i whence 

then the Variation =6. 

In.generaly 
Since dK = y', therefore y, =; — , and p ^ — ^ 

-— ". andi; = i^lll^ = ^ = Jl'. 

- 4y> * ■ ■'■ ay* 4y* ^» : 

"Whence 
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Ml±i2lI+£. =Il|fl+ 3«^ FIG. 



Whence , _ _ . 

y $yi' ^.. 

327^ 'a* a ' 

Ex. z. 

In the ESiffii let hx xx—yj. Sufptrfe # ae 

<, ^=2} to find the y^tactoa of Curvature when 
x:;f4» ftadji'ssj:. fiy tbc Procd^ of £]uiiipte.2. of 

thp bA problem, y = r-— s; ^rr i, jl ^ 

\_^ '=■ — 8. and ic wiU he fonwid that ^ :;; 

:= 4 , the Variation required. 
' Or (» genera! thus: 

By the laft Problem the Radlufr ^ Cwrature !• 



52- 



aabh+^a^-^i>yy^'^ , and its. Fluxion divided by 
2fis -77 — :-^6yy^'adBlt-\-^aayy — 4,ay^. But from 



the Equation of the Curve - 



, ¥fhence' the Variation of 



\/aabb +4(W^ — 4«^ 

Curyatpr^ becomes -7 — x i^—x x iiy-, and is 

therefore ev«t)y, wh^re, »s the Reftangle mBOt fup- 
pofingOtil^ Center. -.: 

Ex. 3. 

D,gt,,-erihyGOOgle ■ 
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Ex. 3. 
FIG. Lgtx:=iyi denote a cubic Parahla % then-3jr>y=:i, 

^ and y = , >=-•'= — -, y = — <- == 

10 . ■ . V ^ ^Sf I 

— '— i .whence — 3y + -^i— x i +y = ■^- 

tlft Variation required. 

Ex. 4- 
55^ ;/» /fc Cyckid- Am the Radius of Curvature ia 

2^a4~axf and its Fluxion = -7;^ — ^j=Li but by 
V ad — ax 

t&e Property or the Figure z = — - — = — - — 

} ■ %\/ua-(ix ■ «■> — •« 

■^^ = — ^g-. The negative Sign only fliews 
that the Curvature increares. 
Ex. 5. 
'eg. In tbt Logarithmic Sfiralt (by Ex. 12. Prob. V.) 
the Radius of Curvature is ~ (putting c it id i: 

TM I TB I BM), and its Fluxion is -^ , and z = 

-^-i therefore Ji = — for the Variation of Cor- 
<i ■ <z < , . 

vature, which therefore is uniform. 

Ex. 6. 

61. ' Lil BMittbi'lyp!rh!icSfiri>l,{Ux. 15.Prob.Iatt) 

the Radius of Curvature is ■'' " "J'^j — .' wl'O'' 
.- . . Fluxion 
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Fluxion is ^y ^/le- +7S but the Subtangent ^^^ 

i(J'=:M» therefore i; = -x^m+Jy, by which di^ 

vide the other Quantity, then — = Vari- 

ation of Curvature in Af. 



PROS. VII. 

To find the Nature of the Curve ^ h wbofe Evolu- 
tion a given Curve is defiribed. 

A Curye ADM is faid to be defcribcd by the Evo- Qa, 
lution of another Curve VEC^ when a right Line i& 
fuppofed to be apply'd to the convex ^ide of the 
Curve VECt andthc End of it A is made to move 
with a circular Motion, and to defc^be the Curve 
ADM; whilft the Part Z>£ or iWC that continually 
leaves the Curve f^EC is extended into a right Line. 
The Curve r"£C is called the Evoluteof ^DM. 

Hence, it .appears that the Line CM which is a 
Tangent at C to the Curve FECy is the Radius of 
Curvature ki Af of the Curve AbM^ and is equal iiu 
Length to the Curve CE + the right Line ED the 
Taogpnt of £, or to the length of the Curve 
CEF + the Line ^A. Now the Evolute VEC being • 
the Locus of the Center of Curvature of all the 
Points of the Curve ADMi the J^atupc of the Curve 
?'£C is to be found. Therefore, -, ' 

I. h Curves related to an Axis^ put the Ahfdffa 
ABz^Xf perpenditular Ordinate BMz2.y^ and let CM 
ie the Sjtdius of Curvataret and draw CH parallel to 

AB, 
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F I' Gt M, md CL u BM, —ifH^' SIB to H, cajput 

Itj'tfot- tht Aifiifa 'and Ordtnatt of- the Curve PV re- 
fmd u Ibt Axis AL : Tbnijmd MH, HC ly Pril. V. 

it difcovered. 
47, a. Ahd it Sphvlifnd Ibi Radius •/ Curv/ilMri MC 
fif Prait T. w6ic£ wiffpve alt tit Points d in tie 
Evolutt. . , 

Thm Wljball bavt EC = ^S^, ME= ^S^, 
z z 

mnd Ibtrefere BE =} ^i^, and lien BC = 



J 



jy+MO^-^Xl^. 



Coi(o£. I. Fftncfritw'illbceafy-tofindanfN^ittr- 
bcrof Cur-VM whole Lengths may be exprefs'dby 
finite Equations} by affuming any Curve AM at 
Plfeiriifre ' and- fincKng its EvolVite£C: For' tlie Ra- 
dius o# Curvature- MC will give the Length of (fit 
EvoFtfce; for MC—BE:= Length of the Part EC of 
the Curve. 
64. C0R.2. Hence alfo if the Curve ^£C be giVan,/Ae 
Curvev^Mdefcribed by its Evolution may be iuund. 

For let ^r=^ f^EC=s, thtn AP'+VC=:CM=:.i- 

. +*t (U«*by>firtihfTHangl«i :«■: : *+*' : Afl?'=; 
— : — «, therefateMBorif = '■ '- •«-"«■. Mfoh ' 



h'^T: 



rz^-K-— — rr— v-where t == i/v '+« *. If the E- 

volution begins in F, *=q. New if the Falttt' of 
V er-iti&'got^ftem-the Eipiation' uf- the Curve^ and'fiib- 
fihtaeditt'thifrEiuations.yct^iibave the Natufe of tbi 
Giree-JMitbiHrota avj fiuSiimai ^ntitits. thM 
expunging 
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^^mghg V, u •mhen 'it tan he daa, ytiiU luivt tbeF 1 O; 
Equation between x andy.' But as / is always found 
thffrcin, 'tis a Sign that thlNMurc of the Curve JM 
depends on the Rettificacion of tbe Carve f^E ; wbofe 
Value, whan it can be had, loay be fub&ituted ia iu 
Room. 



Let JM he a Parahola^ ax=yy» and, putting_^=:i, 64; 
wc fhatl Bnd (by Prob. V.) CH = - f ' - = i a+. 

ax, aiKJJl!fiy=xX--:r— 



— jr+ -^— , and when x aad j" is o, AVzzia. 
?Wt v^VLr uzzLCy Mid wc have v =1 (JS~-Jy+ 

<w a 27 16 

•^^ ^' =3 ««, for the ProMJty of the Curre F€, n4iieh 

ay* » r / 

Itherefore is a femicubical Parabola whofe Latus rec- 
tum is ria. 

• , Ex. 2. 

Let GM he the Logaritbmic Curvet AGz=.ifAB:=.Xy 6^, 
BM=y, 5ubtangent RB=a, then ay=yx^ and (by 

Prob. V.) MH = — ^^-^, and HC = ^ 




orav 
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F I C = — jw, the Equation ot the Curve wherein the Cen- 
' ter C is always tound. 

Now fince v = ^y, therefore v will increafc 

when aa is greater then 2^, and decreafe when -iyy 
exceeds aa. Likewifc « will increafe when ayy ex- 
ceeds 00, that is when v dccreafes } and ic will de- 
creafe when V increafes. 

Ex. 3. 

65. Let AM he the Cycloid AB-Xy BM= y, Arch 

AD:zSt AxisTR=fy JR—a, tiicny—s-\-\/ax—xXt 

y = J^^. « = ^^=-; whence MH zz 

■' ^ X ^ 2Ky/ax—xx 

— :?— = 2v/«J^^, CH±:> XMff=2d-2w. 
Let R N-=.Vy NQ = «; then v =: a — *, and a =: 
jf— .2\/u* — XX = s — \/ax — xXf chat is (expunging*) 
«— J — \^av — w: And when xzzo, RP^ia. Hence 
the Curve "TCP is alfo a Cycloid equal to the Cycloid 
AMI. For compleating rhc Parellelogram RT^, 
and defcribing the Semicircle TS^ NP = {a — vzz) 
AB, ES=. Cy/av-w =: ) B D, Aich 4D = ^S, 
and £C=; (<■—«=:£ — J+ t/av — w = EN — ^ 
+ES::z)TS+ES: Therefore TC is the Cycloid. 

Ex. 4, 

^ Siipfoft AM to be the Catenary, AB=x, BM=y, 

z 
- a+x 

-i tad GHz 

X 

n,.,N,-,ni,.G00gle 



AM=z, anda=v^2ax+xl, andjf = - , 

aa 

■ , (putting z=i> whence MHz. 

a+x 
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HCtx jiy-na. Let n.=v, LC—tt^ and we haveF I G. 



— j», whence 8 =: J avA — irv— i-So^fSa 

la ^ 4 

xLog.rithm of "'-^^+^"'+'^. becauft } = ' 

2.502511x1010 that Log. 

Ex. 5. 

Suppofe VMto be a Curve wbefe Tangent MT is = 
the given Uite a, ^B=x, BM^y, f^M:=z,y z^t^thta 

by the Nature of the Curve ji> = — ■ ■■ — = — -} 
hence % = , z = ; Then Mlizz - — ii-» 

-Z~ xf —y 

HCzz~-\/aa-~^t the negative Signs ihow they muft 
be taken upward (and to the Right Hand) : But in 
the Vertex V^ MH and ffCare nothing, therefore the 
Evolution bc^ns mV. 

Let VL=v, LC=a, then v =: """-^ +y—a= 
_ Jf 

~ ^~y , andy = ': Alfo «=*+\/<m— jy, and 



y/aor—yy 

—^'^ , - .. , -x "'^ 

=: — — ^=-=:(expunging;>andj'] ' — s^^an 

yy/aa—yy \r2av+w 

Equation to the Catenary, therefore FC is the Cater 
nary Curve. 

Ex. 6. 

Let AM be the GJfoid wbefe Equation is ax*~yx*^i 70^ 
y, and fuppofe0=:io. To lina the Point C of the 
H h 2 Evolute 
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f I G EralMt •lKn7=3, (=i. 11; a rornur Cufcufatlen 



y> 



V.) HC = -^^ = |5 =aL. iaiMH=xxflC 

=:45{,and£C = 2a. And fo for Wir «thr glrcg 
Point of the Curve. 

Ex. 7. 
Let MM he the Log. Spiral^ TBC perpcadicul^r cq 
5A/i andletf:/: j: :TM: TB'.BM. Tbax (by 



. fore liace dw AAgk fCMis equal BMTy the Cunw 
£C is alfo a Log. Spiral the l&me .with BAjL 

Ex. 8. 

(58. Suj^cfi BMhe an HyperboUc Spiral, BE pcEpendicn* 
lar CO BM, A/C perpendicular to the Tangent in Mi 
ht Radius BJ=a, Arch JO=z% BM^y* then (by 
£x. 15. Prob. V.) Radius of Curvature in A/ = 
EM' 
■' " - i therefore draw £<? perpeodicalar to fMand 

and GC perpendicular to, CMt and the Point C is iq. ■ 
the EvoUite requiftd. 



p R o R vm. 

To 4etermine the Length ■of Curve Lines. 

Draw t^ Ordinate BM perpeodicular to the Asia 
'^ and JK ^ ^tnllcl and iDHnitety near to A0, Ad4 



hyGoo^le 



Sea. 11. ^-FLUXIONS. 137 

in Spirals draw Bn infinitely near BMt and let ilfrp I G. 
be perpendicular so mS w ni. Let the AbfciA ^(, * 

jtB=Xy Ordinate BMzzy, Curve JM=z^ M- =i ' 

«, rs:=:^, Afar=g . In the rigbt «i^bed Triasgle 

JWw, z =:v^*»-f;jf*, therefore a = v'.'f*+/*iwhere-, 
fore 

Sy iit Nattm t f the Cun tt ^xttmhaU x *rf Ml tf ' 
the Equation z^V'x'+jjr* i and the Fluent viittgrMM 
the Length of the Curve. 



EXAMPLS 




74- 



(bf^ Fonn ift.) the Fliierrt «=*+■—-, whichsetda 
no Corredioo. 

Ex. 2; 

' A /£^ f ABffWM Par^ela ax = vv. Hck x = — ^ -> 
vhence z =: v/;f»+j'' = ^ i/m+^ : And by 
Form i^^ch AM 13th, thecorre^d FliieoC2=^ 

4 i« 

E>. 3. J 

A /fo /micuhieal Parabola «» =;rS or jf = -^-r-» 74* 

and 

^ . n,gn,-.rihyGOOgle 
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F.I a and x= :&! And thercfiwe 2=^/5^+57— » 

^/i+S!, whole Fluent, by FomillK id, isz= — 

jf J ?7 

Xi+2!|. But in the Verten, jr ind »=o i there- 
fore (Prob. i2, Sed. I.) the Fluent concAcd is z=z 

-Xl'+- 

«7 +« "7 

E«. 4. 

j^ Ltfax'=y+^ itatiEjitetftnfirvarmsParaialaj, 



Then » = 



— - — , and X = — -y "^, and x* = 



^~^,}'y' = h'y' (putting 4 



z=y'Ji+iy' z^y-yWt+y '. 



.Whence z 



Now the Fluent of y'yyi^y "will he had 
by Form the 15th in finite Terms, when m is any 
politive even Number, 

And likewife the Fluent of ^ y' t + h"* will be 
found by Form the nth, when m is any odd Num- 
ber; finding firltthc Fluent of >■" y^.i-'chf' 
by Form 9th and 13th. . 

Ex. 5: 
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Ex. 5. 
ffV find the Length of the Arch of the Circle JM. F I G. 
Let Radius ^C = r, Sine 5Af=y, JB=x, by the 75, 
NMure of the Circle irx—xxzzyj^ and x = 

-^— ' = — ^ - - , therefore z = \/3f +_y* r: 
'■ — * s/rr —xf 

and, by Form the 16th, z =jr + 



*//r— J 



.^ + t^B + I^^C. £?<:. where A, 



B, C,' £j?tf. arc the whole foregoing Terms. 

Otherwife thus,. 

iM. ^=r. Tangent ./«r=/, tt—i^ AMzzz, 

Mn = z, then CT = v'iT"+~«' . By the fimilar 

Triangles CAT and TVr, ?> = , ' ; and by 

the fimilar Triangles, CMs, C7r, 2= , or 

W . /'/ i*i t^'t „ 

rr+« ^ ^ r* r« * 

whence (by Form the i6ih) the Fluent z =/ — 
t* t* f '» ^, 

Nowif r=i» and Arch ^A/=3o% then/=:v/|: 

... > II I 

And then zzz\/iy. : i — ■■ + r — - — - 

^^ 3-3 5-3* 7;a* 

+ -—7 -^ ^c. = tV the Cirtiumfcrence : And half 

the Circumference =^^ — — — — — ~ — — — r 
f 3 5 7 



hyGoo^le 



9^9 ^ DOCTRINS 

FIG.— - — ^t- where A, Bt Cf i^c'. are the preceding 
Ntnneracots with their Signs. 

Or dim, 1^ coUeftifig every two Terms !□«» oai!* 
ve QM have half the Circumference = ^\/3 x into 

Mfuccii^ ^v^3:=>^ 4if=iB, *£=£; iC=i>, €#** 

then hailf the Circumference = —-vf + -~B + 
'•* 5"7 

iTP' ^ »3i5 i7''9 2'.23^ ^ 

which Series will be aa follows. 

3,P792oi 435678 004077 38 

586JI 455917 676268. 1.4 

3455. 8^3867 20J147 II 

*S9 93047* 9»«749 53 

21 79499^ 295857 48 

I 94334^ 56620s 68 

180259 667580 92 

17186 683703 87 

idyi *6?6©2 79 

165 238193 86 

r6 .5300^7 76 

I 67«;7 49. 

170147 8* 

■ »7«4 o» 

iSoi 06 

>M 8a 

19 4& 

2 Of 



^ Half the Circumference. 



£x.£. 
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Let FMD he the ^a4rant of an EIUpJs, JD=za, FIG. 
'AF-=.e^ AB~x, BM=y, FM-z. Then by the ' 77. 

Nature of the Curva y = — y/sa—xx, and y = 

a 

—cxx , . y- . : ' . ■ ■■ _x\/a*—aaxx-i'Ccxx 
— *■- ""» 'g— "^ "t ll — — ' 



ay/aa—xx ^ \/> 



"' /w \/aa^-xx aa — xx 

J— J . 2 — iJ — dd 
= * + ~lar "'"^ + 8^r— *^^ ^*^ J J^hence 

1— J 3 — 2^ — dd c—id—dd—di 

zizx+'T — K' + : x< + 2-^ — x-r 

- baa 4oa+ ii2«*^ 

+ fcfc. for the Arch FM. 



But for the Quadrant FD, z = J^v ^'^"— ^^ ^ _ 
\^a,a — X* 
X ' dxx ddx^ 3i'«* ,, , 

the Fluent of —===-= Arch of the circumfcrib- 
\/aa — ** 

© 
ing Quadrant of the Circle divided by a = -^ j 

whence the Quadrant FD or zn^-x i ^ — + 

, ^S'^* -6^*+ S^^+^'- ^y Form -.7^. 

E:i. 7. • 
7*0 j!«rf r*&f Length of the Jrch fif the HyperMa* 
Let a= half the Tranfverfe, c=^Ftialf the conju- 
I i gate. 
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FIG. gate, JB=x, BMzzj: Then; =^cc + ■ 
78- 




( t:^ 1=3 i—i ^ 

i^l —X' -^x- -T'' = *X : I - 

I — d ^ — 2i — dd ■« — tei — id — (fj 
■W" + • 8^. -"'-^ Tt^ «' + 

„ . - i—d 3—2d~-dJ 

fcfc i therefore a = * — -r— *' + ■ — xi — 

' oaa 4.0a* 

^"^112^^ "*' ^' ^°^ ^^^ ^^^ ^^• 

Ex. 8. 
Let AM he the Cycloid, jiB—x, BMzzy, JR=a, 
BD=v, Arch^jD=/, thtny~s+v By the Nature 



, therefore _y '= j + v = — ■ ; y, whence 

_ r 



= — 7 — = * %/-"■ Therefore z=2v/tf* 

Vac XX * 

= 2 Cord ^Z). 

Ex. 9. 
^9. , LetGMbe the Leg. Curve, JB=x, BM=y, AG=.h^ 
Subcangcnt BKz^a, then <y=.yxt therefore z = 

V^«' + >' = *^ \/aJ+^ = — ' + 

;' ^aa+yy 

aay-^y 
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, "V y _ ^ -Whence (by Form the 3d and 9th) FIG. 
' v/l + aay^ 69. 

X = v'aa -Vyi — ^■ia%5'ia x Log. ^ ^i , 

andcorrefted (by Pxop. XII.) zor dM =^<ia-\ -r> 
-v/JJ + S+..3C>^585^ X Log. ^^-j^-;==. 
Ex. 10. 
Jit the Cijfoid DM, let JD=a, j4Bz:zx, BMz^y^ So. 

tf— flf _ a—x] 
then > =- - - 




(by Form the 9th, 131!^ and 12th) z = i-s oisa^s 

X Log. ^/3x+l/a + gx : — a v^ — ^^ And 

the Fluent dorredted, zor MD =ia\/~-^ — -- la 
+ ..30.585«v'3xLog.-;;^^^-p^==-. 

Ex. II. 

Let AM he the ^adralix, AB=x, BM=y, Arch 81. 
■ AK=:t^ Sine KG=v, AC=a. Then (by Ex. sih) 
,=. + ;l+Jil.+-J2L.+y..=,. by, 
the Nature of the Quadratrix. Then by Reveriion 

of Series v=y-- -— + — =^ "^ — : ^f- 

-^ 6tf« i20tf+ 5040fl* 

I i 2 then 
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F I G. th=n v/SJ^S ="— ^ + ^^ - -^^ST^'- 
''• =CCi and by fimilar Triangles (KG) riGC: ; 

(MB)y:(BC)ii — x=.d—- ^ ■^—r 

* '■' ^ ' ■ 3' 45"' 945"' 

fc?t. whcDM xzi^- + —, + , yc. and 

3" 45"' 945"' 

i , ^-7 . «i + Jl- 6fr. therefore i - 
3" 45"' 3'5"' 

2j(' , i4)rt . bo^ 

s/x'+i' ^ vx;i+-i- + -^H ^^—r- 

^ -^ -' 913s 405a+ 127575a' 

fcf.. and z =;-+-- + ^3^, + 893025<,5 

Ex. 12. 
gj Z,i/ SM i<f Archimedes's Spiral tvhofe .Equation is 

, * rfr:o'> putting ziziArch £Z>. Then Kj ir ty, but 

(by fimilar Triangles) v = -^, whence ;c = -^ : 

Therefore, z = v/*'+j' = — X\/r*-y€Cyy; and 
(by Form pth and I3lh) the Fluent (correfted) is z =. 

2rr 2f •* rr 

Ex. 13. 

LetBMhe the Log. Spiral, ^nd let f, /, J cxprefs 
82- the Ratio of the Tangent 'rw, iubtangentr^, and 

Ordinate BM. Then z = -^- and the Fluent % = 
s 

— = I'M. Therefore the Length of <he Spiral 

• MAS making an infinite Number of Revolutions is 
equal to the Tangent MT, 

Ex. 14. 
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Ex. 14. 
Ijst BM he the hyperbolic Spiral, ABz^a^ Arch AO FIG, 
zzh. Arch AD—v, AlB=.yy then abszty, and tbence 83. 

n)y ■{■yvzzOy t.aiyv^.—''vy:z.- ^i and by 

. ' hi 

fimilar.Trianglei — jt; — <m:, and tbence x zz -=- j 



. .y 



therefore % = \/«* + >' = ~ v/** + Xf = 
*^'-^ + ^_^__. And the Fluent (by 



Form the 3d and g th) is z =: \/ii>+yy — ix 
a.302585Log. i±-V:^^ii^: Whence taking 
any Ordinate B^=d, the Length of the Arch 
^M = y /bb + dd ~y/bb +_^ — z-soagS^xLog. 



P R O B. IX. 

^(^iramform Spirals into geometrical Curves^ or 
geometrical Curves into Spirals of equal Length. 

Let ADd be a geometrical Curve related to the 84. 
Axis AB i let the perpendicular Ordinatcs BD, id, 
be infinitely near together ; and iet the Points B, h 
be fuppofed to approach one another, and to coincide 
io B, whilft the particle of the Curve Dd remains 
the fame ; then the Parallelogram BDdb will be 
changed into the Triangle BDd. la like Manner let 

all ' 
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FIG. »ll the Points in JB be fuppofcd to be contrafted into 

J-, one Point 5, and then the Figure '^Dd will be tranf- 
form'dinto the Spiral ^Dd, whofe Center is B, in 
which the corrdponding Ordinates are equal, and 
the Triangles Ddr in both Figures limilar and equal; 
and the Area of the Figure JBD twice the Area of 
the Spiral B^. 

85. Again lee jiDd be a Spiral, ABD its Complement; 

BDt tdf two Arches of Circles infinitely near each 
other, whofe Center Is y^i ^^ a geometrical Curve 
(to the Ablciffa JBzzJD) equal in Length to the 
Spiral : Let Bfi, bb be drawn infinitely near each 
other, and flK parallel to AB. Then the Triangles 
D<iCand//i)iirarefimilar and equal, thererore^C=A!]&. ' 
Now let v^£ or ^Z)^, BH=k, Arch 5Z)=i;, and 
by fimilar Triangles^ : v: : Ah : i>C : : Bb : iC — v 

= — xBb. Thcrcfore^+CD— uori</— ^=K& 

V 

+ -— X 53 : Therefore (becaufe the Morocnti are as 
the Fluxions) w ~ h + -2_. 

y 

14, I. "Therefore in Curves referred to an Axis, UtAB=Xt 

BD=y> Radius BR or BT=hy Arch Rr::=:v, Dr—x, 

rd=y, TS=v. In the Curve ADt expunge x and x 
eut of the Equation of the Curve, by Help of the Equa- 
tion hx=yv; and the Fluent will give the fiature of 
the Spiral, Like-wife in the Spiral ^, expunge all 
^antities except x andy and their Fluxions out of the 
Equation I'Xzzyb, byHelpofthe Equation of the Curve \ 
and the Fluent willfhew the Nature of the geometrical 
Curve AD. 

J5. 2. In the Spiral AD^ where there is given the Rela^ 

tion of AD (y) to the Arch BD {v) : By help of the 

Equation of the Spiral^ exterminate v and v eut of the 

Equation 
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-, and the Fluent gives the Na- FIG. 



tti^e of the Curve AH. Or by the Eqmition of the Carve 
JtHt expuage u and u out of the Equation v = a + 
■ —^ , and the Fluent gives the Nature of the Spiral. 

Example i. 
Let ax'=.yy denote a Parabola ADd^ then we have 

X = - — =-^— , aod iby = av, whence the 

a b -^ 

Fluent i^—ffO\ therefore the Spiral Sip is that of 
Jkebitnedts, 

Ex. 1. 
lAt AD he a Circle, 2ax — xx—yy* Arch AD=Zt 

yy yy yv 

therefore * = -^i— = ■' = -:ij— , therefore 
<»— * i/aa-^yy * 

;, — Z , let h=a. thmv = — ^- — ^ 



85. 



i^aa — x> \/a» — yy 

therefore v=z, that is RT = AD, and BD = BD 
—TFi draw GD, then fince BG=Br, and BD=zTF, 
and <D5G=<:i^5, therefore <:':?Z)5=<5^= 
a right Angle, and the Curve BDG is a Semicircle. 

Ex. 3, 

Z// aa=xy he the Equation of an equilateral Hypef' 

kola between the A^mptotes, then *y+jfx=o, and x 

— *y aa . yv ^ „ ' haay 

= L. = — y zz 4— Therefore- ^ 

y yy ^ y' . 

= Vy and thence v =; , or putting b zzia^ 

%yy 
*'='3y» for the Natore of the Spiral ^Ji. 



Ex. 4. 
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Ex. 4. 
FIG.- Lit ED bi tbr Logarithmic Cm^t whofe Equatiott 

88. . . ... en ri' , «W ■* 

ii jrjr s=*y, then * = -^i- = — r-, and — ^ :=•!;, 

therefore v = — — : Therefore any Portion of the 

y 

AfchjiJorylsga^X- ■ ~ V BD^ E4 being 
tha corrcfpondiog Ordinates, 

Ex. 5. 
Let ay^hx denote a plain Triangky then i^=bA=^j^, 
therefore — = v, confequently v = a X Log. y't an 
Equation to the Log. Spiral. 
E±. 6. 
g. if/ ^D ^ /if Spiral of ArcbimtdSf whole Equation 

djf ■ bx 

is (^— jv t then-— = i; — , ot dyy^abyi^ and 

** , 7 ■ 

Ay 2d£ 

the Fluent =: ahx, oryy = — -r— ar, «o Equatioij 

to a Parabola, 
jc. Or thus: Z^/ jiB —y, SD = v, thcn«u=;jyf, 

whence ~^-~ = t; = « -4- -^ = b + — , and « == 
a y . . a 

^, therefore %au—yy^ an Equation to the common 

Parabola, as before. 

Et. 7. ' 

84. l^t ^ be the Log. Spiral, whofe Equation is ^ 
~ bXy therefore ay — bx a" plain Triangle. 

Ex. 8. 
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Ex. ' 8. 
La ^ il lit Ifipirhilic Sfird, then ^-V/, and F 1 G. 
—w —ally ' ^* „ 88. 

~^ =. i, whence the Fluent = Log. y, an 

y o 

Equation to the Log. Curve. 

Ex. 9. 
•Suppofi y^ = av to denote the Spiral yiDd, then 85. 

V zz ^^ —« + -^ = « + -y-f thcrpforew = 

•'^ , whence « r: -A-. »' 9««' =>'■ • femicubi- 

cal Patabola. 

Ex. 10. 

lfv:=.yj iii *t lie Equation tf the Spiral j 'i- 

,he„i=^4±k=i + ^=»+W- 
2Wa -I- rv y ^ , * 

= i + -4±^i whence « = - ^^ --.there- 
\/« + 9. aVM + r; 

fore « = Vca + cy. 

Ex. II. 
La BDdE be a Semicirele, BD=y, BEs:a, by 89. 

, „ BDxrd . . yy _ 

£milar Trianglej Dri=——— — , or « — — . 

° ED s/aa-yy 

whence :f=: — s/aa — yy\ when correfted x-=a — 
t/ai^^ = BE— ED, therefore ADL is the Qua- 
drant of a Circle, whofe Radiui i» a. • , ' 
K k Ex. u. 
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Ex. 12. 

FIG. Let ^d be a Paraioia, B the Focus, a = L^tus 
90. Rcftum, BD=y, DP a Tangenr: By the^ Nature 
of the Figure the Perpendicular BP = t %/";■• ^od by 
*. .. -^ . . ^ BPxdr , ' ay 

umilar Trtanglcs i> = nr id-=. •' — ; 

PD ^4ay—aa 

therefore * = \/itj' — laa zz Ordinate DL Hence 
the Curve will Ix the fame Parabola referr*!! to the 
Axis AB i making AS^^i and AB perpendicular 



P R O B. X. 

To find the Areas of Curves. 

91. In any Curve JD related to the Abfcifla jtf5» 
produce the Ordinate DB till BE be equal to a given 
Line, and compleaiing the Parallelogram ABEC ; 
If the Arears ACEB and ABB be conceived to be 
generated by the right Lines ££, BD, moving along 
the Abfciffa AB \ then the Fluxions of the Areas 
ACEB and ABD will be as the defcribing Lines BE^ 
BD drawn into their Velocities of moving, that is 
into the Fluxions of the Abfciflas: Now fince BEx 
AB — Area ACEB, and therefore the Fluxion of the 
Area v^£5 = £-£ x Fluxion of AB; confequcntly 
the Fluxion of the Area ^i(i)= ZJ5 x Fhjxion of 
AB. 

92. In like Manner in Curves related to a fixt Points, 
the fliixionary Triangle BDM is the Momenx of the 

DK 
4,rea, and this is = BMx , or =: the Perpen- 

* ' . dicutaff 
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dicular B-T fon the Tangent at Af) X by WM; but FIG. 
DR and DMare as their generating Fluxions. Hence 

1. la Curves related to an Axis AB, itt AB=Xt 91. 
SD = y. Area ABD zz 2, then z =yx -, iherefm by 

the Equation of the Curve, expunge one of the ^anti- 
ties y or X out of the Equation z ^^yx, and finding the 
Fluent it gives the Value of % the Area. Sometimes it 
will be neifefaryio find the Area of the' Complmtnt ABVt 
kut the Rule will ftill be the fame if you make AB the 
Abjdja. , , . ■ 

JVo/e, If the Orainates are not at right Angles io'the 
Abfcijfa, the Area before found mufi be diminifhed in the 
Ratio of Radius to the Sine of the true ^»^/ff. 

2. In Curves related to a fixt Point'B, Itt BD=yt m. 
Perpendicular BT {en the tangent) —p. Curve AD— v^ 

ifr = X. Area BAD = z : Then by the Nature ef tht- 



expunge porvaut of the Equation z = ~ — f and the 

'Fluent will give z the Area, 

And if the fluxienary Triangle BDM can be computed 
any other IVay, and the heterogeneous ^antities expung'd 
by the Equation of the Curve j the Fluent will give the 
Area as before. 

Example i. 

Te find the Area, of a Triangle. Let the Bafe CD 
:=Lhf Perpendicular ^^=p, ^B=«, rfU (parallel to 

bx 

CD) =.y : By fimilar Triangles y =: , therefore 

P 

' z =yx = , therefore the Fluent z =' '■ , 

P . 2P . 



z hf the Area z : 
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* J!-, Or fince x = 4-» therefore z=zyx— ^» 

amii 2 = - r = — ^» as. before. 

Otbenoife thus: 

5^. Let th« Perpendicular £C=:^, 5D=y» Jezzj^taad 

by fimilar Triangles D<i =; — ;; — - ^ therefore x = 

— -£E =1 Area 52></, ?iid k =: —^-r^, and 

iV.y—pi' _ iVyy—pp 

ideii c s = 'Pv/^ — pp. Now in the Point C, j* is 
a Mimmum =: p. TiKrefcire % the SchoK Prop. XII. 

firft thp Part ABC muft be found, which is i~ 



\/AB- —ppt and then the Paft BCDy wtich will b« 

L. X \^BD^~pp. And the whole yJBZ) = ~ - 
a . 2 

s/AB^ ~pp + — \/Jii)* -pp, qtUDxCB. 

Ex. 2. 

gi. Let ABD be any Parabola^ v^ert x zzy* j then x 

=z my'^'yt therefore z=yx—nirfy -, and z =: — —- 
y'^^=i^-7ry^-> and if mz^a, jc = Ti^. 

Or thus,- Let j^p*, iZ) = j', k = ^ ■ » theft « = 
■ — y" i» .therefore z=:yx = — ;f "_y, and thence 
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z= v"- = — — nr : And if «=2, 2= F I Gu 

w+i ^ m+i 

TJg", the Area ^*5. , 

Ex. J. ■ 
Le/ fa fc « Hypirboh, CA=t, JF= i, AB=x, 95. 
nb iihx 

BD^-=^=y, Then.i=jx = -^^ = H ^~ 

+ _ i^c. and the Arta -i5J9F 

or z=*»— — - 4- ■ + — -^ OTf. 

ad 3<3ij 4<j« 5(i« 

Or (t^ Form 4tb) tlw Fluent (correded) m aac 

s*302383»* X Log. — — 
a 

Ex. 4. 
Let FD be any iind of Hyperhohy CB=:X, SD=:yt ^. 

and fuppofe_y = , then 21=^ = ar-^i and the 

Area2=: — — x^~" = iry.fortheAreaCfii?. 

I — n I — B "^ 

IF the Angle ./^5D is oblique, that Area mtift be ^- 

minilb'd in thejlatk) of Radius to the Sine di ABD. 

If » = I the Space will be infinite, if s be greater 

than 1 you get the Space BDE. 

Ex. 5. 
Let AD he a Grcle,, ^ = d. AB = *," BD =y =- 96. 
v'^fljf — **, then z=yx=:x ^tat—xx^ whofe Fluent 

(by Form i6th) is z= v^X: \x— 

5« 4.7a* 

4.6.9d> 4.6.8.114* ' 3 f 

, D,gt,,-erihyGOOgle 
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^g Jfc ^D 

F I G. + 4i— + *=_ + -51- tiTf. where A,B, C, C^/r: 

" ' are the preceding Numerators. Or (by Form 10, 

aa IX — a > 

11, i3)2 = -r~#H Vaar — x* (puttings 

4 

= ^ 1 745 X twice the Degrees in the Arch whofe Sine 

is V 5 , and Radius i.) 
^ a 
If AD be 60'-, then *= t*, and Area MB = -(\aa 

-■^^T ^ -M-? ^:^+ 8.4.11 ' 

to which adding the Triangle DBE = ~7^\/3> yo« 
have I the Area of the Circle. Here J, fi, C. t?f. 
arc the prec eding Te rms. 

If j» = \/tf* + jTK be an Equation to a right-angled 
Hyperbola, we ftiall in like Manner find z = v^ 

X' X- 3-y* 3.5X' 

^*^* 5« " 4.yaa 4.6.9a' 4.6.8.1 ra* 

a + 2x . aa 

4- t?f. or 2 = — Vax + XX — -5- f, where 



. = 1.30258 Log. ■' + " + ^^"'+i^. 

Likewife the Area of an Elliplis is found after the 
fame Manner as the Circle. Or if you put c for the_ 
Conjugate, tis no mote than multiplying the former 

Area of the Circle by — . And thus — multjply*d 

into the former Area of the Hyperbola, gives the 
Area of the Hyperbola whofe Conjugate is f , 
Ex. 6. ■ 
In the ElUpJis FDE, to find the Area adjoining to 
t^e Center J. ■ Let w^£=<s, JFzzc, JB=x, BD= 



jj-, then y = ~~i^aa — xx, by the Nature of the Fi- 
^ gute; 
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■giM^i theaz—yx =—\/dj—jf*, whence (by Form rSj FIG. 

J^A -^a -SIV .5^n ^^' 

^ I 3-5 7 9 



■~^aa—xx, putting * = .01 7453 x D^reea in the 

Arch whofe Sine is — and Radius i. 
a 
After the fame Manner in the Hyperbola, when 9S1 

C , ; C J ^^ . ^^ 

J = — \/«fl+*ar, we find 2 =^ — + — ___ — 
a '3 

J^E—o -3^/-* _Si!!5_n 
4^^** 6«fl^ 8^«-" gj^ Q _ .f<»<>. 

5 7.9 ' ~"~2" . 

+ —V^oa+xx, putting <> = 2,30258 Log." 

« + y^^< + XX 

a 

Ex. 7. 
To find the Area ADB of the Ellifjis ADE, generated go. 
by the Line BD revolving round ike Focus B. 
. Let 2a = Tranfverfe AE, 2c = Conjugate, BD 
zzy, draw the Tangent Dt and BT perpendicular 

to it i then by the conic Seftions BT — : — — ^ .- 

VZtfy — yy 

whence BT = yy . ioy—yy— cc__ ^ ^^^ ^^ ^^.^^^ 

Triangles BT -. TB : : MR : ieu, that is 



y/zay —yy — cc : c : : _j( ■ 



whence 
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F I G. whence i: = ^ = — ^ * p^t 

» = <—;'»/=*»— "i and (bjf Form 27th) z rs 



■ ■ — — — 1 — ^ " i wittnce (by Fornw 

3d and loth) z= ^/p—w — ~'x >oi745 

Degrees in the Arch whofe Sine h^ — » but when 

P 
z =Q,y~a-~<^fy therefore correaing the Fiuent, and 
putting f =1 Number of Degrees in the Arch v^ofe 

Co-fioe is - , and Radius i, thai we have 

V <M — cc 

the Area BJD or z = '^^ 74533^"^, _ _i 



V^— tf+2^^^. Aod the Area of the Semi- 
cllipfis JME — ,01 745M X 90 = ica x 3.141592. 

Er. 8. 

Te find the parabolic Area BADy gntrattd by the 
Line BD revolving round the Focus B. 

Let a — Latus Kcaum, BD zzy ; by the Nature of 
the Parabola the Perpendicular 5^ = |\/^= A 
and by fimilar Triai^Ies DT:DB :: MR : MDy ot 

y/3y—i«J • y :: y • v= , ^ \ vheaccx 

s/yy—iay 

5= — = -51_ X —rrr^- J and (by Form 3d 

*' 4 vO' — i* 

and nth) the Fluent z=:-fi-iL4/'SC!riaa. 
12 

Ex. 9. 
Xtf AT>be OH hyperbola, B the Center, 5^ =: a, 
Scmi-toriittgate = ^, SC=:x, Tangent\4r=: /, Or- 
dinate 



Jh,God^le 



Sea. 11. 5/* FLUXIONS. '257 

elinatcCi)=:jfi by fimilar Triangles tfx = /iif, and by FIG. 
the liztore of iht Figure hi>xx-~blfaa=zaayy=ttxx, and 101. j 

XX :p — . The fluxionary Triangle Bl't is to 

the fluxionary Triangle BDd^ as BT* to 5D' or aa to 

<*/ . ^^"^ ... ,7 

x;t, ■ that IS — -.ziiaa: : : bb — tt ; pp i 

2 bb-tt 

ihbai , . -. ''' . *^'' 

whence z = 77 , and the Fluent z~ — + —rr 

bb — tt 2 6bb 

at' aV 

+ — r- 4- —77 (^c. Or (by Form 6:h) the Fluent 

B = 5tf^ X 2.30258 Log. r— -■. for the hyperbolic 
Scftor ' BAD. 

Or thus i Since ' = ( ^^^- 



JaaT^ 



— ; therefore / = ^""7 1"' therefore 



^bb+xf 



:r-if^^} g^— - ..and the Fluent z= 

ho — tt z^H + yy 



_ _yy_. SLh ^ 

lb 3U-^~ jU" yii 
by Form the igth. Or (by Form the 9(h) z = ^ab' 

X S.30258 X Log. ^ + /f+J'. - Scflor BJD. 

O 

Ex. ID. 

, Let RD be the Logarithmic Curves AB=x, BD—y, loa. 
JR=bt Subtangent = a, by Gmilar Triangles ay = 
yxrzz, whence 2=:ffy, and (correfted) Am ABDR 
■zz ay'^ab. 

' LI Ex. II. 
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Ex. II. 

FIG. Let /ID he the GJeid of Diecles, AE-a^ AB=x, 

103. I 
SDr=zyt by tl« Nature of the Curve y = . _^. i 

x/a — X 

therefore z=yx—xx x a—:^ ^^ and the FJuent 

(by Form the loth and nth) is 2=3 Scdors CAM 

^ia—ixy/ax — **, zhitisz=3AMB — 2X\/ax~xx. 

Ex, 12. 

104. Let ED be the Cotuoid of Nicbemedes, CA~h^ AE 
zia, AB:^x, BDzzy i the Equaticjn of thie Curve ik 
i +y ti/aa — jy zz irf, in Fluxions^ \/«w — yy~^ 

T^y.yy X aa—Xf^ *=*y4^x, thcref(Mez=;)W= 

h+y f' -k-y 

y\/a<i~Xf—yyx (~xy =) ■ -- 

^aa — yy y ^ 

. . — — yy ham 

y^aa—yy = 1 1 — 



y/aa~yy y^aa—yy 

"•^■^ " -^ ^ ^[jj^j-g correiaed 

y/ aa — yy v — 1 +«'^-* 
Fluent (by Form 10 and 11, and Form .^ih) is z =: 

. . •- „ , V ** + s/aa — yy 

\ys/aa — yy =f- 2.30258(73 xLog. ii- 

+ »oi7453 Degrees in the Arch whofe Go-iine ik 



;' 



Radius = I. 



Ex. 13. 

Let AD he the Cycloid^ AB=x, SD:=:yt AE-=.7t, 
FC=u, Arch AC=v ; by the Nature of the Circle 

=^i andv=-^: Aod 
t u 

by 

n,,,N,-,-KGoogle 
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by the Nature of the Cycloid , =: i, + «, and « = t H>- 

/tty—jy 




FloKion rf% Ara ^C, therefote ^ or ^D = 



4K. 

Ex. 14- 

iiJ ^i3 he Ibimoi"'!^' ^^-'- ^^-'' '•"" '■''' '°^' 

the Procefs m Ex. )■• P'Pb- "VHI.) ;i = ~f- + 

*2. + '^'^ + Be. Whence i =>x = -^ 
45"' . 3 '5"'.. ,„ «. 

+ ^5^ ^ 3-5«' S" "^'' 

, _!?:_ + a.. 



45"' 3 '5"' 

Ex. 15 



i.«yfD hi lit CMm>ry, JB=«, BD-y Curve ,07. 
^D=t;, the Equatioti of the Curve is OT^z^+jy. 

whence ^i = "> +:!K. ""i ""i'' = " +J'' ''^'•." * 
i^5" X i. _ »-i- = ^"x 4' - *■ . "hence ai = 
J+^Xii therefore i =}i =.av-ax, and ^ -"^i 
— Wf. . , . 

Ex. 16. 
LttJD kfiich a mchdmul Clirm, ibal lit Ordimlt 108. 
FB = ytrib AC 0/ tbi Parabola wpofe Equation is ry 
= «ut putting AB=K. BD or ^=> fC=», Arch 
AC=v. Thenr=«, andx = '!> = (v/>'+'>' -5 
^-«y v'i?^^, by Prob.VIlI. then i.=yx=3V=y'y 
»/Wj. But « = Fluent of j-*>v^Sm5. ■'■ere- " 
L 1 2 fore 
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' fort by Form i itb, z =: ir+^r 's/^j'^ — ^ . 
Ex. 17. 
109. Let AD he a Circle, tsfiid the Area JBDy extream- 
fy nesr the Vertex. Lei Radius CA = a, AB-=.v 
B p =7, th en z —yx=x\/zax—xxi but in A^ 
y/2ax — XX == \/Tax 1 therefore {by Cor. 3, Prob. II,) 
i T^yx-^-Xs/ zax J and the Area z ■=.TX>/ax z= Ijpf, - 
the Area in the very "Scatr of the Figure. 

Cor. After the fame Manner in all Curves of a 
Bnite Curvature, the Area of the Segment cxtream- 
ly near the Vewtcx is 3 the Bafe ioto the Height. 

Ex. iS. 



let the Eputum of a Curve bej= fl±^±^ 
tofindtbejirea tf em extreamij fmaU Part of tbe Figure, 
when x~e. Here » =7* = ^^±^±^"xi 



(byCDr.3.Prop.II.)thereforez=^^^^i!L ^ ^, 

• f'-^-gt" 

Where x is a very fmall Part of the Abfciflk 

CoH. Hence the Area of any compound Curve 
may be nearly found, by finding after this Manner, 
all ihe Parts of the .Area, belonging to the fcveral 
fmall Parts of the Abfcifa. and collefting them into 
one Sum. 

Ex. ig. 
Let BDm be Archimedes* Spiraf, AB = r. Arch 
^=ivy BDz=y, by the Nature of the l-igurcTO=<r. 
whence 
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<7 , . ^ .. ^ . 1 ■ ^* F I G. 
whence v = -^-, and by fimilar Triangles v =: —- 

whence * = ™ i therefore z = ^-i and thence 
rr 2rr 

the Area BED or z = -^—. 
6rr 

Ex. 20. 

Let ^C he the reciprocal Spiral^ Radius ^B=a, m- 

Arch ^=ih Arch y^P^-y, 5D=;) 1 the Nature of the 

Curve gives ah =.vy, whence iy +>v = o, and v =: 

— 5,, and by fimilar Triangles v =: , wbence x 

■=. i-, therefore % — —~ ^ — ^ = i. 

iz z 2a .2d 

= — —, and z = i and when corrected, the 

2 2 

5C — BD 
Area fiCD or z= * x 



Ex. 31. 
Let ^C be the proportional Spiral^ whofe Nature 
by yx hyy 
is ^ = ex, or * = -^, therefore z = =: -- : 

-^ ■ e 2 2c 

And z or the Area B^ = -:— -. 

Ex. 22. 
i>? BED be a Kind of Spiral, BD=zy, Arch yfD 
(whofe Center is B) = v, and let its Nature be ex- 
prefs'd by this Equation av^ =>', ory = a^v^, and 
y zz 7 «^T)"'v, whence 2;=r?7=li»^'u^'i',andthe Are* 
» = 7 aM 3: T 1*7 for the Area JBED. 

Ex. 2.3. 
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FIG. _ 

Ex. aj. 

La tbe EfUtiMtfa CMrve he «**^^»— «»=«^», puC 
« =' , and the Equation is crainfacm'd uitt> a'z 




-^j^ for the Area. 

Ex. 24- 

•37. Let the Eqnatuu ^ the'Cmrve be y*~-6a'y^+ 4x^31 * 

+tf*=ro. By Redu3iOD * = ^-^ — ~ , 



- V i and aa—w^aa- 



2/ 



2? . 43y 

~ "T^^+P^W— ; — .._ ^jf_ Therefore x= ■>/aa—vo. 
From the two Values of o, we fhall have yy~aa-=i. 
±215'. *nd;'5i±i' + \/iw +■ «H', aodj* =;±^ + 
■ . , ■■ - 1 then the Fluxion of the Area xjr == i v 
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6fc. of Ac Tabte. 

fix. 25. 
I^ /Af E^tion of the Curve he xi+y^zzaxy. zjS. 

t»ut T= -f— , and the Equation is trarafonncd to 

w ,. 

^)«+«V=a''y*. Tben«'=: ^^ , "and 3*«* 

— 4^W-.<m^^ and the Fluxion <tf the Arte ^ 

-X- 



«w«f 4j»'i;'''i; — 6v^v ^'■w — 6p't; ^L-f- 



2(l'1)» IV* 2W V* lax* 



Fluent is — _ ,„„ — „ 

^aa 3 2<M jy 

Ex. 26. 
•To.fitid the ^adrature ef the Curve dotted iy tht 
E^uatiojt ax^+hxy+iy'=b. , 

tc' , ttz - 

Put yx = «z, and z~ Then y = -jr- =: 

a*""' ±= KjT z~, becaufe * = jz> . Therefore 
the Equation is transform*d into this a * 2 ^ + iic X 
s~^ X z ' *\- 'Ctft * 'X 2 ' =0. Di- 
f^dt^tbe GtiUflnoti by v ' x^a; ' » '*nd w* 



flwll have ar ' X 2 - + ^"^ + «^ >'^ 

D,gt,,-erihyGOOgle 
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FIG. _ 

■ Ex. ^S' 

Let the Equation ef a Curve be a^x^^—ifl =:a'^, put 
y = , and the Equation is cramform'd into a'z 

, . ia'zz — a'Tz + a^z . , 

aod x = - ? — and ;»c s: 

zzxo'^ — ^^ 

"■ ' " "zl"" " ' ~ 2* 32* ' ■^''^ 

-. ■ •« "*»* W — *^ 

the Fluent =: -^ + "^ = "^^ + 
— J^- for the Area. 

Ex. 24. 
437. Let the Efuathn of the'Curve bjy*—6a^^+4x^* 

+«*=ro. By Reduftion x — =^— ' :i , 



: V ; and aa — vv^aa- 



_ .^Z! — rz^ll— ~ jf*. Therefore x= •yaa~w. 
Frotn the two Values of w, we (hall have yy—aa=i. 

then the Fluxion of the Area xy = ± f 






vv\/aa — w aav—v^v 



A/aa-mfw 

aaw 
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aa ^-vw ^^ ^^^^ pj^^ is liad from Form lo, ' 

fe?c. ©f the Tabte. 

Ex. 25. 

i*/ /-fo Egmtion of the Curve he xi+y^ezaxy. 238. 
Put »= -— -, and the Eqaadon is tramform^ to 

v6-l-«V ziaV. Thcn«'= ^ ^1 "and a*** 

' a' 

-s ^^'T^-.tf^J^^ 3j,d the Fluxion of the A«8 j« 

<»** ^jj' ptti — 6v'v 4a*w — 6v^v -.Urtfe 

2<i"y*— ii'* 2VD V* lax* 

Fluent is — =: rrr^ "\j" -*■ ■ 

^aa 3 2«a 2y 

Ex. 26. 

Te.jitd the ^adrature ef the Curve d^ed ly tit 

Equation ax^+hxy+£y^:=:b. , . 

Put yxszuZf and z = Then y — ^ = 

03^^ i= «j~i" 2", bccaufc x —sz' , Therefore 
the Equation Is transform'd into this a'^z* 4- ^a" x 



flull have « ^ X 2 ^ + *«* .+ W >t 

D,gt,,-erihyGOOgle 
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"FIG. "i!?^t— ft ^i ^ f—ii 

I ' X 2 ' =0. Now to make 2 vaniih 

out of the laft Term, put its Index '^^•"^—"—ft _ ^ 
J ' 

then s = ,;-^f; + ' i »na ^ == ^_^, — 

= w, by Subftitiition. Then the Equadon comes to 

, this as'zP' +i>u^ + cw =0, and coarcquent/y sz := 



_. la._ i_K'l • Therefore Fittzrsaai—F: 



)EH=«2— /■; Av— — «• — 13 . Butid; = 
/a a 

11- ** J «*'*._ 

M ; alfo z = — , and uz ■=. z= — x «*^* = 

S Si 

^. Therefore 



P:yx='2^-F:^^:±^,_i^^\ , the 
a a 

Area. Hence 

1. For Example, let x'— <wfy+_yi=o, ihcuFxyA 

= — :- i^ : ^ « X au^^. 

2. Let «!_*!;» +^jri=:o, thenJ'ij'x =-^_F: 

4 



4X««~^^«' 

Scholium. 
It .may not be improper, in this Piace, to inferc 
^(rom the Tranfaftions) a general Mfcthod for deter- 
mining the Quadratures of Curves, with its Invefti- 
gatiofl. . " ^ ■ " ■ ■ —- '" 

Let 
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■ Let the Equation of a Cunre be^f'+flV+^w^-f- 
^'■w'+<^ V £s?c. =0. Aodits Arcay:^*+V'*"^+ 
Cy**+Zy**+ iSc. =z Fluent of yx. Put 
thefe two Equations into Fluxictiu. ^nd make the 
cwo Values of y equal to each oth^ (expun^ng 
jr^' by the ^Equation of the Curye) and we have 

' J 7. 7 i and 

Jx + /4Er ' »^ + ^Q*^y &?c. 

multiplying the Numerators ^d Denominatocs al- ' 
ternately> there arifes, 

tn-ffy" + hqA^f xi + csAy x' *t 

+ anlBy'-^ xf+^^ + IbgB^+'-^xf-^t-i J. i^e, - 
+ gaHCyS-i ;^+»-, J 

+ maliCyi-'x''+'--^ J 

Now for determining ■ the Indices, compaTC the 
homolpgogs Tejm?. Thuspzzl — i, whence Izzf+i. 
Again r=p+l~i—$ — i, wid thence r— y>,, and, 
^=2^+1. After the fame Manner /=3^,/r=3p4-i. 
Puc<-j-»— J, and thca/=e+i^s—2C+n,hn2e-i-i, 
«=3e+», i = ^e'+it i^c. Therefore the Equation 
of the Curve willbein-this-Form»/'+a*"+^'«'+" 
+gtVj«>'+''+Jj,iP)(j«+" {j'c. — o, and its Quadrature 

= Fluent of jfff. ^" 

Mm ^zxt ■ 

Digti^erihyG'oOgle 
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Nc« fw deorminipg, the Coefficients Jy B,^ C,_ 
fcff. Put the Coefficients of the homoli^ous Powers 
of* equal to each other, thus an J = i — > x ma. 

After the fame Manner B =: 
.. X^- __ ' _^ . r.~ 

n — zpxc 






+ 2^— M— » — » Xf^ 

,+^.7+l+.7+M.f^x^BJ flX:»X2c+i+«X2p+i: 

+</c' V"*"* 6?f. = o, ./iflJ tte Fluent ef yx, (^ the 
Area ef that Curve is. 



7^ y+V*-H 



+«— ^x« 



X*+i +C.X/+I 

rXy+T 



^tf+'*i'+i 



^^— 2< — <B — w X eA f X ■ ■■ — 

+ i f-v -» — •J<_^ ( . 

+ - a—tf X «+i + 2«+« X ^+ 1 : X — *fi f ' 
+ il^ X S+i + <■+; X i/*; : X — iC J 

+ m—tfXt ] 

+ : tf—f — " — •■■><" < / 

+ ; i;^ X .+1 + 3<+" xt+f.x-mj- 



ji4f+';fV+i 



:;;^,x^+lj+.x5+T:x-.(\ '"x+.+.+»x*,+. 
;;=jx3<+4 +i-H.xjf+i;x-«2'^ . - 

,r , ' I. Here 

n,,in,-prihyG00glc 
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1. Here note, A 5. C, D i^c. reprdent the firft, 
fea}nd, third, fourth, ^c. Terms, only teaving.ouG , 
the Powers of x and y.- 

2. This Series fometimes gires the 'Quadraturft>of 
a Curve in finite Terms ; particularly' in TrinomiiUs 
(that Is ^ofe Equation confills or three Termji), 

when ^ ■ — is a pofitiVe whole Niim- 

-^flw — pn ' 

berj to ivhich add t, and you have the Number of 
Terms in the Series. 

3. But in Curves of more Terras, there arc fe- 
Tcral Conditions requifite to their cxaft Quadrability, 
which it isne^dlefs to enumerate, becaufe fuch Curves . 
feldom admitof an-exadt Quadrature. Ic is fufHcienC 
to obferye, that if JV=:. Nupberof Terms in the Equa- 
tion of the Curve, tt^ey will fometimes' admit of fuch a 

_ ,' .. Ne^^t■\■^p:^Np•i^v^'¥n ■ ■■ , x' 

Quadrature when : 1 hi- 

— em—'pB . , 

is a pofitive whole Number, but never elfc j which 
Number will then Ihew the Number 0^ Terms- in 
the Swies, that conftitutes the Area. 

4. When the Quadrature pf a Curve is required 
by this Series ; reduce the Equation of the Curve 
to the preceding Form, and. comparing the homo- 
logous Terms, the Exponents and Coefficients will 
be eafily determined ; which mull be fubilituted' in- 
to the foregoing general Series as ufual. And when 
any particular Terms are. wanting in the given Equa- 
tion, then the ' refpe£tivie Coefficients will be o, and 
thofe Terms of the Series wherein they. are found 
will vanifl). 

5. And we muft firft of all enquire whether 
it will admit of an exaft or geometrical Q^ia- 
drature, and if it will not, admit, of it in one 
Form, it may in Ifjiother. To this Purpofe we' 
muft divide the whole Equation by fome Powers of 
valid J' i fo that in the refuttitig ^uation, there 

M m 2 may 
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ihay dwv^ be one Term without » amA Another 
«uboot^t for chb Condiuon is ^folutcly neoe&ty 
to the Equation ; and thus you will hare a ncfw 
Fdrm : And Jhic we muft do as oft m poffibla. Now 
^ Number of difiereni Forms Any Eqaickm will 
4^itof isJV;V— ^.iNttungA^siNumbdrof Tctiris 
in the EquAtton. 

6. If it admi^ tif Ud\i Quadi'^ure In none of thdc 
Founs, try Do fiod the Coirpleqient of the. Area* 
by wming * for;' mAy for * in the Equation of cbe 
Curve ; and then proceeding with the new f^uuion 
ya all Refj^e^ aa before. 

-; Ex AMFI. E I. 

tei ^'+*'— ^*=;o. ttife «!i^3, ^—Zt P—U 

, f = -»a, oSiitfi S4-p» and ■ . =r 1 1 

.. —tm—fni . 

whence the Ctirve h geonwtrically quadrable, and 

■ ■ Ex. i. 

Suppofiy^~M^ +ry7)r :zo. Mere»3:#, »=s 
T« As-A. iftifcr, p3n7» #Eai: tfaea ■** - ,. fv . " ,. , u 

?i I i and the Area — Jr "y ■! ■/*'• 

Ex. 3- 

i« )• — -^^i''. + 4 y«* = o ) here the Curve 
is not quKtraUehi this FunnitheitfaR divide bfy, 
and then i + ^x* — -|S-j->»«=o, where «i=cn 
■('■ » = *. 
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»=4,>=— 2,i=2, a=-|-. ^= — -^-, and 
lr^l2^ = i» whence the Ana =?^*. 
Ex. 4- ^ 

»= — I, <»= — i», i= — 2ii, f= — a, J>=3, tf=i2, 

whence -^ = 1 i and the Area of 

— em—pH 

the Figure is = 2*y— i*'_j'*; For all the following 

Ternu of iht Scrkt w^l be nothing. 



P R O B. XI. 

^ojind my Nitft^ertf Qtrves that mayhe^^rei^ 

Let the Ahfiiffa JB=ix, Ordinate BD=y, jirea p I G, 
j4BD =z. AJfume awf Equation betvoeen x and z, tbit n , 
3vili detcraliHe tire Area ; From that E^tioM gtt_ 2, 
aadfubftitute Us Value » the Equation Z—yx, and this 
mU^rif* the N^uri of the Curve. 

Example i. 

Letx*— %» whence 2XK=:i;=>x, whence ^=2X« 
And the Figure is a Triangle. 

Ex. -2. 

L« Mt^xz^t and 6 = ^^Vitrj-^i whence {y^ 
zry, an Equatien to a Parabola. 

Likcwife if y>=:dz, then-^-—-=2:=Wf whence 

4lr':x<^ tn Equation, again, to the Parabola. 

Ex. 3. 
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Ex. 3. 

Lee — =: «% whence— —jf = z=yx j thcre- 

fore — — =zy, whence y being ne^tive, lies on 
the other Side of JS. 

Ex. .4. 

Lxt ccaa+ccxxzzzz, or z = fv/aa+iw , then 



cxx 



■ =yxi therefore y rz- 



• i/aa+xx v^aa+xx 

Ex. 5. 
If^^^^ thca«=i5f-^S7+rx =: 
yx, and therefore j = -^y/aa+xx . 

Ex. 6. 
Affume * — 3sfz + » « =: s:», then^z— gxz — 
$zx=2zz, and k = ■; — ff* ,, =^*i therefore 

TO* ^^ 

y ~ ~: 7Z inr » wit <*^ which z may be ex- 

.5 ~" 3* — 2z 
ponged by Help of the affumed Equation. 

Ex. 7. 

Let 'e+fi(^ =z, then z :^mr^x''~^xye+fx'^ 
—yx i whence;' = mnfx'^^ xe +/*~^*~' . 

mOB. 
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p R o B. xn. 

At^ Curve ABD being given -y to Jind any Number FIG. 
£^ Curves ACE wboje Areas Jhall have any 
a0gned Relation to the Area of the given Curve. 

• Let ADF be any Curve referred to an Axis, or 1 14- 

ADF any mechanical Curve, whofc Complement is 'I5«. 

jlBD; or JDH any Spiral defcribcdby the Arch "6. 

SDt whofe Center is J. jK^E the Curve required* i>7' . 
whofe Relation to the firft is given. 

Put AU = *, 5D = J', Area ABT> = z. 
AC=Vy CE = u> Area^C£ = w. 

AJfume atrf two EqitatioHSj one of which mof contain 
the Relation of the Areas z, w \ the other (be Relation 
ef the Abfciffa or Ordinate of the given Curve AD 
(x or y) to the Abfcijfa or Ordinate (v or u) of the 
ether Curve AE. By Help of ihefe two Equations, and 
this third yx^z, expunge all ^antities as far as feffible^ 
txcept V and u, eat of the Equation uv ~ w, and you 
•will get an Eguatien for the Nature of the Curve ACE : ■ ' 
And the fecond affumed Equation will determine the 
^antities of the Ahfcijfas orOrdinates of the two Curves 
to have the required Relation. 

Ex. I. Let AD be a Circle, whofe Equation is u^. 
ex—xx=.yy. Affame ax=vv, and 2!=w, then * = ny, 

2VV .... 2V'V _^— 

—^iVintnccuv = w^z=yx=. i/ax — xx = 



-— — v/vu J therefore a = 

a aa »» 

Equation of the Curve whofe Area is eqqal co that 
of the Circle, when ax =^vv. / 

Ex. 2. 



hyGoogle 



«7« ■ ^ DoCTHlNfi 

FIG, Ex. 2. Let ax — xx—yy asbcfore, and«*+a::=v, 

, '^*' and z=.vf. Then uv—w =:z = yx =; — ~~ ■» = 
117. ■' a -^ 

y: WhenceBz:-'' —, or u = -~- , an 

a -^ a * a+y * 

Equation to a inechatijcal Curve. 

Ex. 3. Agiio Jet ax — xxz=xr, cx+zzzw, and ax 
= w. Then uv — w = ex + z = ex +yx =: 
,— __ ^ / v^— ~ . Whwce « =: . x 

Ex. 4. Let ax — xx=iyy as before, and aflume z — 
-—=«?, and-ar=v. ThenawzHf =z ^-Z^ 

V^o'y — w ; hence « = — \/'*'^ — "^ • 

Ex. 5. Again let ax~-xx =;y, and z* =«, x=:vV 
Then OT'z =ttr=2aa;= 2!ayi=4zyTO=::4gt»^aaf-r^'W 
=z 4'zvi\/ay-' — v* = 4»f'v\/rf— 1/' .• Hence » := 
4zwv'n— t«w, an Eqwirion to a mechwical Curve. 

98. Ex. 6. Let cc+XK=.yyna Eqa«ion to an Hyp^-. 

i»7. bola ( and affume zrrw, *'*=py. Thenai — w^^ 
z— jJi:= — -rrrrXy/ce-i^svzz^ -\/cv+vv^ iUace 



Ex. 7. Let ec+xx=yyzs befoce, judjj^ — 2=w, 
■ =■«(. Then fw = w = jcjr -j- ^ _; 2 .^ ;w =: 



Hcnc? » :;: - 



— — — - ■ — 1^- , ricn«»^ " ■ , ' -- ' . 

VccJfXx l^cV + W 2v/ct^Hm 

- ' • Ex.8, 

n,gn,-.rihyGOO^Ie 
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Ex. «. tMy = — 7^'[— t- arEqitelSon ta *c F f G. 
v'm,— ;(» ■ .«9J. 



6y''a* XX ^ ' 



HcnM «— -j/troijii, w Equation to ttieCirCla 

Ex.*. Lb ;!■=&' X I +fx'T: affiiroe 2=w, i/.;: ,,^. 
i— "7- 



«+/»■! ■ thai will » = 






, fs^x :-'Y "' ;i -whence jws 



TO=;2=_)'x = — ,+, xiJ — 1| : tliere. 

J. •■ + ' , 

A" 



Ex. lo;X« SBoryi Arch ^i? of the Parabo- Jl8, 
J».^jS, )iiJ«)feEai»«i0BJs«;=«,:j)Utting^JJ5^^, ti;. 

iS«=:^,'TiligonTR=ii then .' :p:-^ . Now af- 
N n eon- 
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FIG. coofcqoently «, =:-y-,;'a raechaQtoI Curve 

115. Ex. ir. Let ^D be a Cycloid, Diameter of the 
117. generating Circle =:a, FXl=s,-ABamtyzzv,'z=zVt 

then by the Property of the Cycloid jijc^jy-, whence 

OT = w = 2 njjfjf =.y — -f*! *nd theretore «=;j; 
confequently yfE is a Circle tfic fame with jiG. 

Ex. 12. Let ^I> be a Figure of Arches, where 
Arch vfG ^AB — K. Afllune ;;f=v, z=:w. . And 

by the Property of the Circle S: ~ — ■ T=j:.r..",r; ■ . 
■ 2v''y —p 

,„ • -•„■'.- ^flfV. . ■ tfW 

Then «'U=:w=2;=)'jf=: — --'■ ^ ■ — -1 ... _s . 

Zy'tf)' — yy 2ii/'av—w 

Hence a = ^ "r- ' — -■ ' ■ 

i^av — w 

116. Ex. 13. Let-v^D bc-the Spiral of ArcbinudeSy 

117. whofe Equation is ly=xxi and aflume. «=«, and 

. , ■ ■ XX . ■ w '. 
"Z-ziw, v\tt\uv=to-=.z=.yx—yvzi—r-v=.^-'V i 

whence hiLzzz-Vy and AE is a Parabola, cpnvez to- 
wards AC. ■■" ' 



p R OB. xm.' ' 

To -find, the Surface^ of. a Solid. 

. As -the Fluxion ofanj' SpScc is eqQal'to the 
^cfgribing Line draivn into ihe FUmon of the Asas ; 

lb the FIuxloli 6T the Surface oF a' Soli'd (generated 
Ay a LJocus'Obhang.abour an Axis) is equal. to the 

Periphery of that Circjc drawn into the Fluxion of 
i thrtifle gen<racing that Surface: Therefore 

£^t 
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Ltt'the Abfcifa JP=x, Ordinate PM=j, Curve F I G* 
jiM{ot BM) =:Zy c=s. i/^i6x2^ the Circumferenct 119. ■ 
cf the Cirde wbofe Radius is i 1 then to find the Surf ace 120. 
s generated hy the Curve AM revolving about the jixis 121. 
AP i Ajr the Equatien^of the Curve expunge vne of the 
indetermned §^antilia and its Fluxion out of the Equa- 
tion s = cyZf or cy,^/x'- +y ; and find the Fluent'. 

Example i. 
Let ABD he a rightCone^ AB=a, BC^i, then, ij, 
bz , . ' - cbzii , cbz*- 
y,zz^ — , therefore s = cyz = , and s = 

= -^. And the Surface of the whole,Cdne^5Z) 
a ■ 

-^xABxBC. 

Ex. 2. 

Let AM be a ffberical Surface ^ Radius = j, by the 1 19. 

Property of the Circle ait =-yz \ therefore s ^ cyz 

~ cak, whence s zz cox. 

■Ex. 3. M 

Let AM be a parabolic Surfacey i^=xxt then j/ = i^q. 
2XX ■ , ' cx*x , 

— ~, whence j= 0" v* *+/* = ■ .^- • \/aa+nxx 1 

, , -r,. ' , n „ • caax^Ztx^ ■, — p 

and the Fluent (corrected) is j = — -— - — ■'s/aa\^!i^ 



— -g—X 2.302585 Log. =-^ — ^-^y loim4 

by Forms the 9th, nth, and I3ch. ' •' - 

Ex. 4.' • ■■'■ ■ 

Lei ax" r:_y"+' be an Equation to ignite Parabelai, 



By the Procefs in Ex. 4. Prob. YIII. kzzy^i +'b " i 
N n 2 whence 
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FIG. vlMBO j =<J^l+l^i" ocf" iv' * + J~^. 

"9- f • ■ , ' 

ThweferrtlwFhitnt ef y m 5ijiy«r+ iy'i' «iil be 
Idd b; Form tkl ijlh, «Hiai • is the inli of mv 
iHgKive odd Num licr! Am} the FIucm of 

a"* ^v/^+.r"-*!!! be hadjirobyj^ormthe 
15th, when w is my pofuiM whoteNombcr. And 

likewife the Fluent of gyy/i + *>^ win be had by 
Form lb 1 ith when m it tht htIF of as odd Num. 

b«, «t« indlng the Floail of jy" ~^ y/ + (>^ ^ 
by Form the 9th and 13th. In other Cafes, FornJ 
the i5ih or i6th will give the Fluent by infiniu 
Scries. ' 

C... If-=t. th». = ^x^+i?*^-5^. 

Ex. 5. 

"'• ^n "". '"^' ^f'" *** "I"* Center is J, let 
■^' ^■-'-y ^^= K AP=x, PM=y; thenV= - 

>/ » - — x»-. amlj> =r- >— ^-^ Md z = 

,-. ,- M -— I Av 

f« «"ag«M « = <«. Therefore y = g^ = — 
v/«*+.i*r». Le^^^= .017453 X Der=«» in the Arch 
vrhofe Sine is .j^ , when a is greater than *. Or 

*ao^. Andwe^n»ttTC(byFor«uoA«iidistb, 
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ckaa F I Gt 

oc bf Form tltt 9th and. tyh) J ^ "'^2.,+. ' 

■^-^y/a*+H-aff.x*, fortheSurfa9.S.^r«9olvin^ 

round vf P. 

El. 6. 

.rf-P» lee the Sani-coniugate = ^, Se mi-tranfvcrs 

ylB=a, JP—*, PM=yi thcn> = V"^— **> 

V = — ;=^. and v^x'+f = -zrrVMxx—a', 

..«/*«— «" '^ , ■ , 

potting iW=w«+W. Therefore / = t)s/x'+y-= 

— r^^i&^—0* (Whence (by Form the 9th and i3tH)- 

chx rn f^^ ^^"^ a r 

.s = -j^ ■/<**» ™ «• — —J2" X ».30»5* ">?• 

a> + •/Uiai—a<- : And «ke Ftaent c(im*Bj, 

thx , — , — ™.- chb chaa - 

' = -^ </dd«,-^ -- — + -^-K2.3M58 

, da+htt 

Log. — ™ c=rn^^. 

Ex. 7, 
TofiidtliiSiirfafede/crihedlQtbet^erifilarevfhut^ la+i 
rmtadthtConjugaUjC H«kV=i -T's/lfi-^yjt and jra 



-==. , and v'** + y* ;= y^ ..,, 



« + bJ» 



The Circumference defcrfbed fay Af is r*. whence j = 
OK = "piy <* + jjjrj . AiM (IfyFprm 3 and 

■3) 

D,gt,,-eribyCk:)0^le 
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Fife-' -i .• ' txf /f "U ; ?.302585ftf^^ . 
^iy-s-r^^bh ^-^yy +■_ -^ X 

lai.' U tie right aii^ Hyperhold' C Af, \zt /tP-=x^ 



i/a^-\-xs and therefore s = 




Wfieoce (bjriForm 3 ind ,9) j = 



But in C, let x=:tf, ud j=:o, ijureforc tfaeFluent 
caa . , fA3 
~V^2 2XX^ 

a.30258 Log. - , i" for the Surface- de- 

<M X I + \/l - 

fcribed by CAf about the Aflymptote JP. 

... , Ex. 9. 

i2e ■ t4t the Ellipjis 'Mm revolve round the line AP per- 
pen<UiidaftotbeA>as:GA.UxCj1=^^RM=^^=%, 
then i~czxPM-^ £zxPM=2cdz. Whencej = 
2cdz. And the whole Surfwe defcribed,by RD^— 
fdX StOil^ptri^hary- RI)^ 



126 ■ 2^« .^ 'i^^ SwUfs ef tbi Unrula of a Cylittder cut 

' hi ^ Inane 'F^Ltt F be the Vertex, jm the 

' Seftion 
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Se&ioa made by a Circle perpendicplar to the Axis j F I G. 
FD, NI Perpendiculari on the Plane of the Circle ijg. 
^DZ\ DC, /i" Perpendiculars on\:4Z. . ■• I ' 

. PutCD=</. Di^=*, Radius of the CyKndct =r, 
DX=Zy CP:^¥, -then f;—..J+iy=CoCnc. «rf a==y, 
or PIz=y+d — r J and by the Nature of the Circle 

rxzzyz, and by fimilar Triangles Nl.zz -j-Xj+^-r; 

■<i— r : ■Whence j — '•^^- + yj^xJC^j, .'antl 

the whok Surface, ZF^ziz = «><.<DZ— -^ 
X Arch ZB/*.^ Cord Zyf. " ' ' 

• Lef tit CJfeid NM revahe ^rpund the J£imptott ' ,27 
Af-y let ^fco,' :*P=*', PHny, then h »^ a .' 

- - ^ ^'^ --iaiV whence ;iV -y-^^ 

'^,'=?* = :x^^ ;= ^^-v"^+? = 

From whence CbyJ^rps. the. g'th 'arid i3th)j = 
■ 'j-l1^ ■ " "edit ■-'■•■ " ■ - - - "^ 

and the Fhient being duly correScd, izzica^ay+^yy 
Ex. 12. 

D,gt,,-erihyGOO^Ie 



, y ^. , ■ ,.;,,. , . . ., 

' -■ . r ) . , ■.,! L..i'. i : E^: »«•■■ /•;.. 

FIG, la DMlnbttwg.Qtnr^n^iii OiSurJiatt 

I2l. J^rmi if >-aM<a^ nyUi licjmmptta JS. fut 

Ssfeouigem M)=i, jffl=*,- jtfcK, JSfciy. - jiy 

. tht Nature of the' Curve ;e = ^~ : WheAce i =: 

?\ / '' '^ » y'i?-y /-««-hB'4 'and by Farm 9 and 
'3 ) ' = {J'v^'"+a' + {^MX'J. 301(8 Log. ^4. 

Fluent correftcd by" Prop. Xtl. is /= IJ' v^Sr+^ ^ 
iiy/aa + i>i> 4 yw X i.gm^iXins. ^'^*'^^jg ■ 

El. 13. - 

129, Let the CyetoiJ JMmehie ^oni RG i La AP^x 
PM=j, Cune AM—z. By the Procefs Ex. S. 

. ~- — i~ a i ^j 1 t 

%'% jj .- — ; — 

"" —i civr^ c,/m.x 2«— }«. And wbn 
sr=r»,-thtTfho1e'S(lffai» a«fciibe*b)r.iffl!(C=-|fa,. ■ 

ItP, by the 'ttatuK df the CuWe z2=2«»+»», or 

B-H^V^JTTS, ^^hellce'-Jf b i" jf_ 'i likewife 
• i - ". -^iv^+*« ■ 

the Flwiit-jS9»— / (by Rule 8. Prop. X.) This 
put i«to Fluziou isi = c^sf^-rzy — /', or/,='r2y= 
■i- ■■ waas 
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eassi — ^— ^— FIG 

— T asd (by Form the 3d) / = ca^/aa +zz ; 

s/aa+zz 

whence frzcyz — ca-i/aa+zz = (yz — cdO'^tax. 
And when corrected s -^ cyz — cox. . 



P R'O B. XIV. 

To find the Content of folid Bodies^ 

In any Solid AMm^ generated by the Space APM 
revolving round thc^^xjs^Pi fuppofc the Plane .^^ 
to move along the Axis APt andby that Motion to 
.dcfctibe oc generate that Solid ; anfl fappofc a given 
|lc£tangle B to move with the fame Motioii along the 
fame Axis APj and by chat Motion to generate a 
.ParallclppipedoDi cbc Fluxions of. thefc Solids will 
be as the defcribing Planes Mn and B drawn into the 
VelociUes of their Motions or the Fluxions of the 
Abfcifla AP. Now fince ^x^/'i^Parallclopipcdon, 
and 5^X Fluxion of AP =its Fluxion, confequently 
the FlmQon of cbc SoHd Ai^ — defcjiibing Plaae 
Mm X into the Fluxion pf AP. 

LikewiJ£ if the Solid v^il^ be fuppofed ta be gene- 
rated by a cylindric Surface MHbm continually ex- 
panding ttfclf and moving along the Ordinate PM^ 
ftill retaiiung AP for its Axis 1 it may be the fame 
way proved, that the Fluxion of the Solid AMHimA 
or fijV£&»H generated thereby is =: cylindric Surface 
MHbm multiplied by the Fluxiqn of the Ordinate 
PM. Therefore, 

rejitUtbfSoiitiityofa Bedy, lef the Abfciga AP=x 
Ordinate PM:=:y, MH=u, c — ^.uiS^c. s zz/alid 
Content, Then by the Equation of the Curve expunge 
one ef the indeterfnimed ^anttties {and its Fluxion) 
out (fthe Equation i ^cyyx for the Solid AJf^, or out 
O o ef 
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F I G. of the Equation s zz zcie^y for the cylindrical Solid 
AMHhm or HMEmb ; and then find the Fluent. 

Example I. 

123- Let ABI> be a Com, Height AC=.a^CB or CD 

=l>, then hxzzayi therefore s zz eyyis '=. 

, ch^x* cyyx , , , , „ 

and s = = , and the whoJe Cone = 

3«« 3 

cabb . „ . ,, . , 
— — = Bafe X T Height. 

Ex. 2. 
132. Let BF be a Prifmoid, wbefe Bafts are right angled 
T'arallehgrams, though not Jimilar. 

Let its perpendicular Height v^X = i, APzi.x^ 
AD—d^ BE-t,AG=n,BC=m, by fimilar Triangles 

h:x::j-d: -j- x=^,md h:x z : m—n : -^^ x 

t—d 

= iKi then A/=</ + -r— *, and /ff = « + 



w— « 

1 tnen s =.a -1 :v v « j 

h 



■ nxx + s — dx " 
th "* ^ zb 



, r , f » , J d 

therefore / = d»v + 7 — dx'- + • — 7-7 nx*- + 



^, — ~ X' for the Solid HIKF. And when *-* 

then [he whole Solid BF ~ dm + sn + im + aj» ; 

X — = : i + ldx m + d + is X n : x ih. 


Ex. 3. 

, 30. Let AMm be the Segment of a Sphere, its Diameter 

= «, then yy zzax — xxj therefore i = c^x = caxx 

—cx^x. 
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cax* fJC' ^ ^ ^• 

— fx'jf. Therefore J = — , foriheSeg- 

2 3 

ment AMPm. And when x =: <j, the whole Sphere 

= — -- = T the circumfcribing Cylinder. 


. Ex. 4. 
Let AMm be the Segment of a Sphere of an exceeding 
fmallHagbty here jf)»=fl* nearly, iherefore(byCor. 3. 

Prop. II.) s —<yyx=.eaxx i therefore j= — ^z:, — , 

. nearly. 

Hence in any So^d of a finite Curvature, the Con- 
tent of a Segment of a very fniall Height, will be 
found to be half the Bafe drawn into the Height. 

Ex. 5. 
Let the Solid be a Paraboloid, where ax—;^; then 130. 

J = cyyx = caxx ; therefore s = = -ii — = 

i Bafe X Height. 

And in general if x^y, then x=»y»''—'j'j and then 

i = r^x =. cmy'+'jf; and therefore s =: -jr"+* 

= ¥'*. Therefore in the conic Parabola, 

where w»=l, that is when the Curve is convex to- 
wards APt then the Solidity = -^L- — } Bafe x 

5 
Height. 

Ex; 6. 
Let AmD be a Parabolic Spindle, generated by tie j-^j^ 
Parabola AMD (whofe Axis is DT) revolving round 
the Ordinate AT. 

Let Ar=b, I>r=d, DH=Vi MHzz.Uy then MP 

OT y^z-d—Vt andav^Bifbythc Natureof the Curve: 

O o 2 Whence 



hyGoogle 



a84 ITie Doctrise 

F I G." „ — 2«« . t ■ 

Whence j- = — v — ; wherefore j^zrtfjyzs 



Zlf^^^i^lxi— !:i Thereforethetlu- 
a a a 

—Acdtt^ 4«(* , . , , 

«nt/=:— — - 4- — : — : but in ^ where j is o, 

«=3 i therefore the Fluent correfted iss ~ — 

4cdk^ 401' ^ch^ %cdb^ 4cu^ 

"^ 3^ 5«« 5«a ■" IS"* '"* 1 5*' '^ 

5<i — Sv, for the Solid AMHhm\ atid when v aad 

«=o, the whole Sola M)i = -^ = -^^ = 
-i", the Bafe x Height. 

Ex. 7. 
130. Let AMmhe an HyperboleidyTtzjxivcvit^at Conju- 
gate =1 b. Then^y = ™ X ojf +**; and j—cfyx 

cbbx fW*« 

= „a X «* + ^''f- And the Fluent j = + 

1^ = («P"ng.og W) —^ X ,y = t^ 
X Bafe X Height. 

Hence if *=o, then the Solid = i Bafe x Hci^t, 
and if ;c be infinite, then the Solid = i Bafe x Height : 
Therefore the Hyperboloid is always between i and t 
the circumfcribtng Cylinder, and is nearly - A 
thereof. "■ 

Ex. 8. 
133' '■^' '** Hyp&belaCM revehe round the Conjugate 
APy A being the Center, j^-b^ Semiconjugate = a. 

By the Nature of the Figure yy r=. bb ^ — xx -, 
whence 
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cbbx'^x Flu, 

whence i = cyjx = Mi + ,„ - . ""^ ^='W« + 

*«.s V«« + 40J». *' Sc4id de&rlbed by ^CjliP, 
Z'" _ 

Ex. 9. 
Lttibi HjftrisUDMrimihirmidtlxj^iatM "34- 
/fP, let rfS = *,£!) = ■'. «> = '"■ TtenJ = gr,« 

= -i^ whence s = -^, let the Solid begin at 
XX ' * 

£ ; and then the Fluent correaed is s = -j — 

— {gn X d—y- 

Note if CAB is not a right Angle, j muft be di- 
minilhed in the Ratio of the Radius TO the Sine of 
that Ani»le. When> = o, the infinitely long Solid 
DAffi ="'«' = "'•'* = Bafe X ^A 

Orlbus: hcc JP=x, PMzy, aa=xy, theni(=»= 

^, whence i = 2(»^ = Jtnoy i thetefore j = 2CMjr 
= if)y». fM the inBnitcly long S<)lid ^HAC^- 

Ex. 10. 
' Let DM the Log. Curve revolve round /he JJ^mpme '* 
JP, let Subtangent TP = tf, then yx=:i^i and j = 

Qji = cajy 1 therefore s = -^^ - Bafe X i TPM 

the infinitely long Solid MP AD. 

Ex. II. 

Lrt AMie a Spheroid, A the Center, AE = a,AC '^5- 

= i, then yy^hb XX ; whence s= eyyx ^ chhx 

chbx^x , r ,, ebb ^ ,. 
: therefore s = cbbx r— -* = ^^*^* 

+ Teyyx. And when * = tf, then j :t; t cM<» = t 
Bafe X Height. 

Ei. 
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FIG. Ex. 12. 

'3^* l4t the Segment ADMNef a Grcle revohe about the 
Sin e AN; CD=zr^ CJ=by AP or C ^x^ PM=y~ 
y/rr — xx — h\ then j = cfjx = f* X rr-\-bb — xx — . 
^htif/rr — xx\ aod the Fluent j=:c*xrr+M — hxx 
~ibc-x. Area CDAC^ the Solid defcribed by .^A£P. 

Ex. 13. 

137, In the Cijfoid AMrevolving round AR=.ay we have 
'xx ^ , . CXiX 

I y — — 1 whence s — nyx = = ~cx'^x 

y/ax — jrx " a—* 

— caxi <— coax + — — — : Therefore (by Form 4 6?c^ 

J ='^ — '- — fflfl*'^2.30258ca'xLog. 

a — * : And when duly corrcfted j = — if*' — \cax*^ 
-^tffl*+2.30258ca'IJ^. a: — 2.30258^' L.o^.a — 

a 
* = 2.302585cai X Log. '■^;::^ _ -J «» — i ca*' — 

taax. 

Ex. 14. 

138 Let the Cijfoid revohe round the Mymptete AP^ then 

X n ~i — = u : Whence s = ifwjy = 2c»yy =r 

20''3'X^~~?'= Therefore (by Forms io» 11 and 13) 

J = fax Segment -4CI) + jf Xa_)' — _^'% for the infi- 
nitely long Solid ADM^ And the whole /iSJW^ 
;= M X Semicircle vCS. , 

Ex. 15. 

I j9. Let the Cboncbetd DM revolve about the AlfymptoteAP% 
ADzza, AC=i't thentf+jiv^aa— ;v)'=:ifj', and»=jci' 
therefore. 
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thtnfoTcs :=.2ca)iy = kcx^ =z2cjfX^+y\/''a—xf= FIG. 
2^^\/aa^^^+2c^\/aa—yy. Dcfcrjbe the Quadrant 
^DKi then (by Forms 10 and 13 ^c) stzie^x 

Area JKLR — icxaa-yy^ . An^, duly corre£)«d, 

s = 2chxATtiJKLR + ica^ — tcxaa—x/, for 
the manicely Jong Solid JRM^. 

Ex. 16. 

Let the Conchoid DM revolve reund the Axis DR, j oq, 
here the Circk dcfcribcd by RMzizcxx^ and the 
Fluxion of DR or a—y is —y -, therefore the Fluxion 

. of the Solid /= — cx:y = — tyx — it^ xaa-iff— 

_ 1 aahhcy ladbc . , , * 

(jXb^j ^"^— , ^ jr—aafy; Whence 

c 1 ehkaa , 

s ~ — xi'+y H 2aaic x 2-302585 x 

Log. y : — aacy. And by due. Corredlion (when j'=fl) 

I —__ g ttabbc I 

sz=.TCXb-^y — i4cx*+« H — aihc-^a^c 

— -wry + 2,30258 X2ca«ixLog.-r-. ' 

Ex. 17. 
Let the Cycloid AMG revolve about the Axis RG, j^a 
letARzza, AP—x^ RPz=u, pM=y, ATchAB=v, ^' 
PSzzz, then x=a~-y, and x=-~y, and by the Na- 
ture of the Figure « = v + 2, and a = ^ + 2 =: 
ay— a . . ,y • / y 

^ay—yy a-y a~y 

;hcn i = 2ai);y ; and afliime i—cvyy-\-tt this put 

, into Fluxions we Ihall find i =: -- ryy« = ~,— i 

whence 
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^ ' **• whncc by Forms the lotfa and i icb) (= ~~- f — 
-3s: ;^^^ 'X<V«y— jjf (putting f = 

— ): Therefore J = f«j(y + I MX 

Seftor CBR __li2i±^2±£S.^^=^, fo, 

the Solid defcribcd by P^kiR. And when yzza, 
ihop f = I ^ X Sf^nuciide v^SA, the Solid defctibed 
by ch? whole Spaca AMGR. revolyiog ab9ot RC. 
&r. 18. 
130. I^ the Catenary AM. revolve abota the yixis AP \ 
hene /fP=*, PM=zy, AM=z, and zz = 2ax + **, 
whence (fee Ex. 8. Prob. III.) 2^ = ax. Now i=: 
fyyiit ]irtdft&uu^'=^)^-^'> chw i» FLuyiatu ^v«5 

tzz. — 2cx;fy zz (becaufe j- zz ) — ^ 2(t^ X = 

(faeciofc xx^zz — ax)—2cayxz-^ -^ = — 2ct^ 

X 3^ = 2c^ — acoyi: ; tbco aflfijme t = cajiy -f 
2cayz + u, this Equation in Fluxions will produce 
i=2casy=2caax, n^ence ii=2ca^- ThetxEore the 
Solid s=cxxf+caxf — 2cayz+2caax. 
Ex. .19. 

*39- ^' '^' 4^f"J!'a 4P~x, Ordinate PM=^,_t~3- '41 ^t 

to find the Salidiiy of a Body defcrihed by the Reveluiion 

of aty Curve defined ly ibis Equaticn ;^:=A+Bx+Cx*^. 

The Fluxion of the Solid ^a' =A+Bx+Cx' : x 

^x^ and the Fluent is A + — - + -— : X?* for 

the Solidity J out of this expunge either-— ot 

-— — by the Equation of the Curve, and you will 

have 
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* ^ pn FIG. 

have th« Solid = ^ + ^ — t Ck* : X ~- = 1 30. 



^fx_ 



jy-^-iA-^-kBxxy,^-—^ which contains two gene- 
ral Theorems for all Solids of this Kind. There- 
fore from the Equation of the Curve get the Values 
of At B, C, and fubftitute them in that ExprelHon 
of the Solid where you have the fcweft of the Quan- 
tities At £, C, as in the following Cafes. 

I. Lety-zzax denote a Cone, then xf^aaxx, and you 
have A=o, S=o, Ccaa. Whence the SoUd zzyy 

^ 3 

a. Ih tie Fniftrttm tf a Coru^ b= Radius of the 
Top, 8nd_y — i=:iw, myy=Ai+2aix+aaxxi here 
A^bi, B—iah, C=aa., ind the Solid = j^+iZFf^ 

X ^ = (expunging ax)yy + h-^^^ X ^• 

^. For the Segment of a Sphere whofe Radius is 
r.yy=2rx—xx. Here A—o, B—ir^ €:=. — 1, and 

the Solid = yy+jxx x — = yy-^rx x —• . 

4. For the Frufirum of the Sphere^yy^rr — xx ; here 
ji=-rr, 5 = 0, C=: — t^ and then the Fruftum = 
r px 

;-> + IT x -^. 

5. In the Sphereidj a— Tranfvcrfe, d— Conjugate, 

dMc ddxti , dd 

andjy = -r-. here v/ = o, 5 =: -— . 



• —dd „ ,. , ddX Pt r -L 

Segment. 

6, For the middle Frupvm of the Spheroid, »/= 

Tranfverfe, 2?:^ Conjugate, then^— «— -t."~ **, 

P p where 
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^ ' **• where J = cc, B = o, C= ^'-, the Solid = 



130. 



fx 

XI + 2CCX — • 

7. Jli a Paraboloidyy=i<aii here ^=0, 5=a, C=o, 
the Solid =;3ix-j— . 

8. Tor thi Frufirum of a Paraboleid, b = Radiut 
of theleHir Bafe, j!)r=W+o«i here ^=:W, B=.a, 

C—O, then the Solid = a' + *^ X -^. 

9. A ri/ Hyperhgtaidt 2a= Tranfrerfe, 2t/=z Con- 

nidx od 
jugate, andjy = — 1"'^*** here ^=0, 5= 



. C = ^. SoUd=jr;+=-x4^. the 



Segment. 



P R O B. XV. 

^e Nature ef the refieStng Curve AMn, and the Aarf- 
' neus Point L being given ; Tefind the Focus F, or the 
Cencourfe ef the juarefi r^eaed R^s MF, nF. 

Take the Particle of the CvrvtMh infiDicdjr 
final), and let C be the Center and CM the Radius c^ 

Curvature of the Arch Mn : and on MX^ nL, Ml^ 
nF let fall the Perpendiculars C£, Ce, CG, Cg j alfo 
on the Centers L, F, dcfcribe the fmall Arches Mr, 
no i then the little Triangles Msn, Mnr are equal and 
limilar, and Mezznr, By the Nature -of Refledion 
the Angle LMC=zCMF, and LtiCz^CnF, whence 
CE^CG, and Ce=Cg. Now if CE=Ce (that is, if 
.L £dls in £ or «) then will CG=zCg i chat is, the Point 
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F will fall in G or^' when M and » coincide : Byt if-F I G. 
Ce be lefs than C£, that is» if I, falls below E, then 140. 
will <^ be lefs than CG^ and the Interfeftion F will 
then fall above G towards M; and the contrary. 
The Triangles LE^ LMr; and Fos. F5G are 
fimilar, and £^= C£ — Ce = CG — C^ =r 5G j and 
Mr zzno, and FG =z MG — MF = ME — MF i 
therafore LM: LE : : (Mr : E^: : ho : SG : : 
FM : FG::) FM: ME~MF, Whence MF — 

LMxME 

iLM—ME ■ 

Otberwife this : Draw the Tangent MP, and the 
Perpendicular i/*, and let LM=y, LP=h, ME—v, 

and by Prob. V. AKT z: ^, whence by fimilar Tri- 



^L. 



I. witrefore if^ CMhtthe Radius cf Curvature^ 
CE perpendicular to LM, and LP perpendicular to the 
Tangent PM^ and we make the Dijiance of the radiat- 
ing Feint LM=yj ME—Vy LP=.u: Then compute 



And when AM is convex towards L write - 

2. Or find u from the Fiature of the Curvet hy Help of 

which expunge it out of the Eauatten MF= — :- " -~r-. • 
'^ * •' ^ 2yu — iiy 

Cor. The Curve FfH palling through ail the 

Points F, or touching all the reflefted Rays MF,mf 

is called the Catacauftic or Cauftic by ReBexion. In 

which any Portion HfFof the Curve is —LM+MF 

— l^ — AH. For drawing mL infinitely near mL, 

tnd Moy mr perpendicular torn iT, MLt then fince 

Me=Mr, theniaic lm+mf=LM+A^, or LM+ 

. P p 2 . Mf. 
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F I G. \ff~-Lm—mf—oi and adding /i?, LM+MF 

. —lM-r-mf:=.fFi but thefc Momenta arc «s the 

Fluxions, and therefore the Fluents thereof will be 

equal, that is the Curve HF=LM-^MF— LA—AH. 

Ex AMPL E 1. 

142. Let AMhe a right Live, then v is iaBnite, whence 

• MP = -S- =:^ = -> ' 

- 2y — V — V •' 

Or thus : uisa Handing Quantity and «=:o, there- 

f ore JMF = — ?2iL^ =-^=— »: Whence 

2yu — ty ~~'y 

Pci^ndicular PFzzP.Ly and F is the Focus of the 
redcAed Rays. 

Ex. 2. 

143, Let MD he a Circle^ C the ' Center ; tBcn MF =z 

■ ^^ . And when ^ is, infinite, MFzzivz^iME. 

And if MD be very fmall, , Jl/F = ^£c:Z.CD ' 
And if Z^zrCA then'AiF=!f =iJM£=iZM 

Ex. 3. 
^AA, Let MD be a Parabola^ and let the Rays be paral- ' 
lei to the Axis DB^ then y is infinite, whence MF= 

— ^^^ = {u. But by. Prob. V, v = '•^' 
2y — V ' ' r 

(putting r = Latus Reaum) alfo ^ =z — ^ — , 

therefore ^=zv, and ^=ivzzMFt and therefore 
F is the F«cus of the Fdrabola. 

Ex. 4. 
145. Let DM be a Parabola, and let all the Rays be 
perpendicular to the Axis D^. Let DP:^x, PM=z, 
M^jzs, and rx=zz: Then by Prob. V. ME or v 



by G cog I c 



Sea.II. ./FLUXIONS. ^m^ 

_ if« _ j^d is=zz+irr by the Nature of the Fi- 
gure : Whence MF= ^jfj- -^■^=-^+'^- 



,_- — H ,z. 



Ex. 5. 
jU» DAf fe »i< Itf . Stirul, the Center L the lumi- 146. 
mmi Point. By Prob. V. •0=3'. whence MF= -^^ 



~'' Ex. 6. 



Sumf' DMU it mElUpJii, L the Focm, the ,47. 
Tranfverfe =2r, Conjugate = 2f ! then by the Pto- 
oerty of the Curve ?!. or « = —;===-. andi 

': 2L, whtnce Mi' = r^— ^ = ' . 

- i^l*_ V-'O' - 

tyyxarv— y _ j^_^j conftqoently (Once the 

Angle LAT? = Hl^) the Point Fis the other Focus. 
And in lilte Manner it will be found that Raya 
iffijing from one Focus of an Hyperbola, and reflec- 
ted by the Curve will diverge from the other \ ocus. 

PROB. XVI. 

m Nilurecf thi rifraSiiii Curvi AMi, md lit la- 148. 

mmm Point L ianst""' ' "^"^ ''" P"''^< "C. 

th Peint ■wbtrl tbl marejl rifraSii Ra)! Mt, nf 

caaur ; and whm titj mil the Axis cf tbi Fipire. 

Suppofe the Arch M> to be infinitely fmall, and 
Jet C be the Center and CM the Radius of Curvature 
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F I G. in Mt tnd let fall the Perpendiculars CS^ Ce on the 
Rays of Incidence tM, Zjij and the Perpendiculars 
CG, Cg on the refrafted Rays MF, nP; and lee the 
Sne of Incidence CE to the Sine tiS Refiraaion CG 
be as ffi to n. On the Centers L, F, defcribe the 
fmall Arches Mr^ Ms. Now fincc Ct exceeds C£, 
therefore Cg exceeds CC, they being in a given Ra- 
tio i whence A£F, »F interfeft beyond G. 

The Figures GCME and raii^ are ftmilar i there- 
fore ili£ : JWG :: Jl«- : A&= -^^^^iiodLM 

tL^izM-z^zz -^:^~^: And by the Pro- 
perty of Refraction, m : n: : (Ce : Cg : : CE : CG: 

and by the fimilat Triangles FeM, Fgs ; Me — Sg 
■ Mo : : MG : MF = 



my.MGy.LM—ny.L^M& ' 
149. Produce MF till it interfect the Axis of the Curve 
inO, andleti^z:*^, J0 =/, LM=y , MO=s^ 

jtH=x, MHzzz, then j-^y/z' + ii~+x* , andj = 



148. 



•n/tSiArf—x . And it is_j' : — j : : r» : «« : : w : »^ 

, ' ' - , . nzz +»<ix +»xx 
and Iff— — ?sj or »y= — aw, that is — 

«/;? — mxx — mzz _, , 
= ■ . Therefore, 

I. To/ati /Ae Focus f, /«/ CM" ^<f the Radius of 
Curvature^ CE perpendicular to LM, and CG to MG^ 
MEzzVt MG~u. LM=y, m and n the, Sines of Jnci-, 
dmce and RefraSlioa. Then find v and u by Preb. V. 

and take MF ■=. ^^^ ■ If AM is cm- 

muy — nw — n'vj 
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eave towards L, -write — v for v, and — u for u : And FIG. 
*/ the Rays converge when the/ fall on the Curve AM^ 
write —y for y. 

2 . Te find the Point O where the refraBed Rm meets 
the Axis of the Curve^ let LA — d^AO zzf AH-±x, ' 
MH=Zf then by the Nature of the Curve expunge 

X or z out of the Equation — ~ ■ - — — 

mfx 

when the C is concave towards L, write — *, for 
+ *•, Wf. 

Cor. The Curve NfF pafling through all the 150. 
Points F, or which touches all the refrafted Rays KJV, 
MFt is called the Diacauftic or Cauftic by Refradioo. 

And any Portion of it. NF—FM +^ML~ NK- 

-— XL. For fuppofing Ah infinitely fmall, and draw- 
ing Mo, Mrt Perpendiculars on /s, n L \ then by 
the Nature of Refraftion w : « : : r» : fl« = — rw, 

therefore en ^ — r«=Oi that is HF — w/— 



"XLn — LM-zzo^ and adding ij^j we havc^ = 



MF — nf X Zj* -" i-M\ but thefc Moments ate 

as the Fluxions; whence the Fluents will be equal, or 
FN-FM-^XN—^Y.IX—LM' 
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Example i. 
FIG, ^ ^^ ^ ." P^'"" Surface^ then v, « are inflotce, 

»5'. wbence ^^^ = -^^^' No* 1« 

(WOf — mm — nvy — trov 

r = the infinite Radius of Curvature, the Perpendicu- 
lar Ljf =: /, then by the SunWu Triangles ZjiM^ 

MCE, V —^ i alfo mm x rr—'tm =: w» xjt— vv, 

y 
by the right aiigted Triangles MEC, MGC: VHtence 

UM^*^~'^rr + JULwi. therefore MF ~ 
mm m* 

nj n 



Mvv mrrw ' m mnp^ 

^^> AndncartheftMntj*,^=: — -A 

Ex. 1. 

J 2^ Let parallel RojfS fall m the convex Si^ e/theSptre 

J Mi then;' is infinite, and MF =: ""^ 

muy—ffw — my 

— ■ """ , and near the Vertex Jttt=v=i ACi 
mu-^nv ' 

Ei. 3. 
ijj, ■^" P'T'lltl Rajs fall m III ancdtx Side tflbc Spbtn 
AMi then y is infinite, and v, a arc negatiw^ 

whence M^s- S^^! ISSL^ ,„j 

at the Vertex A, v=u=yX;, then ^ff = . *",.. - 
» — m " 



Ex. 
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Ex. 4. 
Suppofe the Ray sprocteding from Lt to fall on the convex FIG. 

Side of the Sphere JM; then MF = / """^ *^*' 



And in or near the Vertex, JWF=: 



mtTf—fivv—nvy 
mtcf 

tn—ny.y'-Jit 



a—n xy—»r 

Jnd to find where the refraSed Ray meets the Axir 
ef the Sphere, .z»:zzrx—xxt and zz—rx-^xx, by 
which expunge z and z out of the Equation 
Kzz+n dx-i-nxx _ mffc—mxx—mzz , . 



J sz+d+if* J zz+f-~x^ 



nr-\-»d _ mf — mr 

x^irx+ldx+dd \/2rx—2jx+ff 

Reduftlon of which/ is found. And in the Vertex 

mf — mr w + f'd 

A where * is o, y~ — — ^ ? *"' J ~ 

mdr 
m — nycd—vr 

Ex. 5. 
If Rays fall on the concave Surface ^ the Sphere AM-, 
mum , , , ,r 

then JWF = -^-^ ' — ' I '. And near the Vcr- 

tcx, Mf~ ~ — ,. c ': — — -•— i— ~' . 

To find where M^ cuts the Axis^ here zz^irit 
— *lfj.put the Eflu^sion into Fluxions, and write 
— X for «■, '■ — X for x, — trfor r in the Equation 
■mz+y dx-^nxti _ mfx^rnxx—mzz ^^^ ^^ 

\/zz+d+x^ J zz+f—x' 

Q^q have 
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FIG. nr—nd _ — »w — mf 

nr — ni .^tMr—mf ■ ' 
in the Vertex — j — = -j , or/= 

mrd 



a — m X (^ — tr 
'55* Cor. //e»« wt may find if the Sphere in this Cafe 
has a geometrical Focus, or fuch a one where all Ray» 
are refrafted accurately 10 one Point. When this 
happens, AO tnuft be a determined Quantity for all 
Parts of the Curve, the fame as at the Vertex ; and 
therefore the Powers of x muit vanifti out of the 
eeneral Equation cxpreffing jIO ; ctmfcquently the 
Coefficients of each Power, being equated, muft de- 
ftroy one another. Thus the Equation for j^ be- 
ing n* X r— / X /y+z/jf+ar* = «* x -^ +/ X 



dd~~2dx-i-2rx, then putting »'*xr — 'f X2f+2rxx 

= w* X r+/ X a'' — 2d x a", after reducing the Equa- 
tion, there will be found n'd^ny — m'r — m]f-zzn^r — 

mrd . 

^r-m X „^„4^„r- i from whence wiH be 

found d = r, therefore /r: r,which 

- being negative, (hows that the Focus O lies on the 
fame fide as the radiating Point L. Therefore when 
the Dillance of the radiating Point is fuch that dzz 

— - — r, then For O will be a geometrical FoCUs 

for all Rays falling on all Pointsof the Sphere \ and 
<^ will be to/ : : as i» to «, and the Rays after Re- 
fratftion will diverge from 0. - 

And on the contrary Rays converging to O, and 
Tailing on the Sphere, will all be accurately refracted 
to their Focus X. 

' ■ Ex. 
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Ex. 6. 

Let parallel R^s fall upon the Spheroid AM^ let ^ " 
Tranfvtrfe* = K Parameter =;<i, then zz=.ax~^ 5 * ^ 

4-**, and zz=lax — j-xx ; and fince d is infinite, 

therefore the Equation for AO becomes » = 

jnf^mx-!!^ +-^y whence/ will be found; 

and in the Vertex where *=o, mf—kma —nf^ or 
kma 

Cor. And to find if the Spheroid has a geometrical 156. 
FocuSt we have from the above Equation, n'-X-ff- 
- 2/x +x* — 



^ 

«'. »' X a— 2/ = 2w/— ma X -^ — «, alfo 
—nna 



-7— = —,-_»» . From the former'Elquation 

o If __^^__^^_— — _ 

V- — M'- — -x/. or 2m' — 2»' T— X 



%ma 



_ — —J — —tt^ay hence we find a = 
m—n * 

*? ~". ^. And from tfae fecond Equation, we get 

likewife a — — ^7 — h j therefore we may conclude 
that the Sp heroid has a geometrical FoCus, when a— 
•■ - , -' — J ind then fzz ^ — 



m—n 
CLq2 
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+ "5;r' tut -^ _ n-a 

focus from .ht Vertc/ ~/i j"?" °' *= remote 

^ R o B. XVII 

'"^ '/ Graviy of 'am 7 ■ 

Solid/ ^^"'S'rfacr 

^f^-^X,, for rt.ft^,'^'; ">«■». a.&x-i or.' 
^^' '^'-«n S ,d;".^^'"i!£ 'lithe 

B'Sr rtC'-*^"' o,^^C T/^^--.; ; 

y '". co„„ary w,; I'b„„V ^' <• to ,ur„ rte ! 

■ " Q-x^, Of 
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, f , ig-SC X e • '"^ *= Force of all t te Particles^, h,i,V I p. 
' &c. ^,\\h,:'^PSCxg + St-SCxb^ Si-SC xi. '"• 

W£ msa 2^^.^ Byj 2, c is the Center of Gravit y, the Forces 
I'd''!'' on each Side will be equal; that is, SC-Stxt + 
:f Fmi ^^-i X d, &c. = S^-5C X ^ + Sb-SC x h, itc, 
zad SCXe + SCxd+SCxg + SCxh.Scc. = 
I tlffe ^ffXs + 'Srfx-^ + S^Xf +S*X^&c.whenceie=: 
t/itSf ^gX.?-h^'^X<f+g^X^ + gflXfl+/fX^ + ^^ X^, &C. . 
i + ii + i + a +^ + b, &c. = ACV". 
Now if any one of the variable Diftances as 5^ be 

called * ; the Body MN, S -, then will Six^^zx's; 
and the Sum of all the Sa X* + Sbxl' + S4xd, Sec. 

— Sum of all the x's, or the Fluent of xs ; and the 

Sum of all the a+b+d, &c. = Sum of all the i, or 

■ the Fluent of i ; that is the Body AfA^j therefore 

Fluent of *i Fluent of xs 

SC — ■ ' = ■ „ . — ,,„ . Therefore, 

Fluent of i , Body MN 

To find the Center of Gravity; let s = Line, Surface 

or Solid: Multiply the Fluxion of the Line, Surface or 

Selidi'i ) l>y the Dijiance {of the Center of Gran^ity of 

the generating Point, Line er Plane) from the jixis of 

Stiff enjion ; and find the Fluent z \ then y = Diftance 
cf the Center of Cra'vityfrem the Point of Sufpenjioa. 

Example I. 

Let SB be a right Line or Cylinder^ S the Point of 1^8. 
Sufpenfion ; SB=Xi then z=xx, and z=ixx; 

therefore — = ix, for the Diftance of the Center 

of Gravity SC, 

Ex. 
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.The Doctrine 

It 1 . but = Diftancc of the Focus from 

.^ zm ' %m ■ 

the Center i therefore / = Diftancc of the remoter 
Focus from the Vertex. And therefore in this Cafe 
all parallel Rays falling on alt PtMots of the Spheroid, 
will be accurately jefracted to the further Focus of 
the Figure. 

And on the contrary, Rays tffuing from the fur- 
ther Focus of this Spheroid and refracted at the Sur- 
face, will all emerge parallel to the Axis'. 



PROS. XVII. 

FIG '^0 find the Center cf Gravity of 'any line^ Surface or 
Solid. 

The Center of Gravity of a Body is that Point 
upon which, if it. were fufpended, it would reft in 
any given Pofiuon. 
I c;. . Lc[ MN be any Figure or Solid Body, regular or 
■ ■ irregular i Ciis Center ot Gr^v^ry ; and fuppofe it to 
be iiifpended it) C upon the horizontal Line 5C, and 
the Point of Sufpcnfion to be in 5. Let alltheinfinitcly 
fmall Particles of the Body be reduced to the Line 5C, 
fituated rcfpcctively in Planes perpendicular to SC j 
as at «, ti, by Sec. Now by Mechanics, the Force of 
any Parcicle e to turn the Body about C, is as its 
"Weight and Diftancc from C, that is, asCfX'* or aB 
SC—Sext, for the fame Rcafon the Force of all the 
particles between 5 and C will be SC-^e x e + 
SC-SD xd+ SC^b X h &c. in like Manner the 
Force of a Panicle beyotjd C, as ^, to turn the 
Body the contrary Way about C, is Cgxgt Of 
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i>£—SC X g i and the Force of all tlie Particles ^,-fc,i, F 1 G- 
, &c. will be Sf^Xg + S4-5CX i-H-'^^TC x », '^^* 
&c. But as C is the Center of Gravit y, the Forces 
on each Side will be equal ; that Is, SU—iie x e + 
SC^d^d,Sic. = SgSC X g + Sb-SC x i, &c 
andiCxe + 5Cx.i+5Cxf + SC\b,Scc. = 
Sext + Sdxd + Sgxg+Sbxh, &c. whence iC= 
^^Xg + 'S'^XtJ+S^X^ + Saxg + g^X^ + .SAx^&c. 
^ + ^ + * + a +^ + A, &c. = MN. 
Now if any one of the variable Diftances as Si be 

called * ; the Body Af N, S ; then will Sl>xB=.xti 
and the Sum of all the i^ix^ + ^^X^ + Wx</, Stc. 

:= Sum of all the xs, or the Fluent ofxs ; and the 

Sum oi zWxhca+b+d, &c. = Sum of all the j, or 
the Fluent of i j that is the Body MN -, therefore 
„_ Fluent of w Fluent of »} 

oC r: -;?:^ r-:- =: ~ „ — : — 7777- • Therefore- 
Fluent of J , Body MN 

To find the Center of Gravity i let s ::z Une^ Surface 
or Solid: Multiply the Fluxion of the Line, Surface er 
Solid {s) by the Dijtance {of the Center of Gravity of 
the generating Point, Line or Plane) from the Jxis of 

Sufpenfton j and find the Fluent z j then - - =: Bifiance 

of the Center of Gra'uityfrom the Point of Sufpenfion, 

Example I. 
Let SB be a right Line or Cylinder^ S the Point of igS. 
Sufpenfion i .SS=jfj then z^xx, and zzzixxi 

therefore — = s*, for the Diftance of the Center 
of Gravity SC. 

Ex. 
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Ex. 2. 

FIG. In the triangle £^,whofe Point of Sufpenfion is S\ 

159. let SF biflect the oppofite Side ^D, then the Center 

C is. in the Line SF\ draw AE parallel, and SG per- 

, pcndicular to SP^ put 5F=«> 55=*, 57=i7, SG=*, 

^P^b, jiEzzy. By fimilar Triangles ti= , and 

• bi hx , . bbx*x 

V = — ^, J =: ~ J then z = ;f>-u = — - — ~ j 

. ^^*' . ,r ■ ■ ^*** J 

and z = ^ ' . Alfo J = to = -, ana j = 

%aa -^ aa * 

— — : TTierefore — 1= I*, and when * r= « , — 

= ^4 = 5C, 

Ex. 3. 
ijo. -^ >^Af ^i tit jtch of a Circle, s its Center, JD 
—by SE-=zr^ SBzzXy AM=^v, BM=y. It is evident 
the Center of Gravity of any Arch AEG is in the 
Line SE that biffects it. Whence 2: = w = (by the 
Nature of the Circle) —rjn and z= — ry j and the 

Fluent corrected is z :=. hr — ry.- Whence — = 

rh — ry , , z rh „_ , 
—, and when y=o, — = — = oC, the 

Diftance of the Center of Gravity of the Arch AEG 
from S. 

Ex. 4. 
161. Far the SeSor ef a Orde MmS, whofe Center and 
, Point of Sufpenlion is S; lec Arch Mm=c, Radius 
SM=3r, Mii=a, S^=x, ^q—v. Then ^ = 

— , and by the laft Example, the Diftance of the 
Center of Gravity of the Arch ^Dy from S is = 

ax* , t ■ "^'^ J *'*' 

, therefore z — , and 2 = -- — i there- 

rj. r ^r 

fore 
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. z . d*> a*** 2<w .Pig. 

when x=r, then 5C = "j^"* 

Ex. 5. 
For the Ckcular Area P^^ Let 5D or SEzzr, 162. 
5^=^, ^4=^ 5B=i*, P^f, ^B=y. by the Na- 
ture of the Circle ;» = y/rr — xxi then z zzyxx = 

xxs/rr—xxy and z = — T X ""—**" i corrected 2 =: 



— i-. Aifo s = Area 



PMS.= ; i whence y=*x^jq;^ 

^ fr. JVnd the Diflance of the Center of Gravity 

of the whole PAD^itom S'azz ^^_^ ^^ . 

Again in Refpect of the Axis of SufpenQon SD ; 
fiDce the Center of Gravity of the defcribing Linej', 
is io the Middle of BA, therefore z^.^ xyx = - 

rrx—x*x , r»* *' « ,. « 

— — — , whence 2 = . ButCm^, 

2 23.^ ^'^ 

X -n bf 2 = 0) the Fluent correAed is 2 — 
arr*— arr^— af'+^' , _ 2 y*x—yH—x'+£^ 
' r i therefore— ='}x ; -, — ; 

O S vr+xjf — ci 

and when x = r, ^^ ^^^^^ ;= Pittance of 

the Center of Gravity of the Scmi-fegment PAD^ 
from^D. 

Ex. 6. 
la the Parabola rxzzyy, let SP =x, PMziy, then jg,, 
in Refped of the Axis of Sufpenfion ST^ z=yxx=:- 
xx^rici and s^=fx*■v^r*: And j=tJ5' = 7*v^'Tj 
therefore 
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^ ^ ^' thCTe&rc — =*» the Diftance of the Center of Gr a- 

vhy from ST. 

Again in Regard to the Axis of Sufpenfion SP, 
becaufe the Center of Gratity of the defcribing I-tne 

is in the Middle trf MP, therefore z= ij^yx = -~^, 

and thence zzz^i and j = — — : Tberefore — , 
=: iyt the Diftanqe from SP. 

Ex. ,: 

164. Fer the hyperbolic Area BCMP, hetween the jlf- 

fymptotes. Let SB = b, BC= f , SP = x, PM = y, 

fkzziy. Then in Regard to the Axis SD, z=.yxx 

=icix^ andz=f*«, bu£in£,*=^, therefore by Cor- 

reaionz=rfx;=5: And -f = - ^I'^g'^p - 

Again for the Axis of SufpenDon SP, zzzi}r^x=: 
ecbb . , — ccih — cby' 
-i, and x =: ' = — ; — j colrefted z 




i Area BCMP • 
Ex. 8. 
165. Lit AMB he <a Ellifjis, S the Center, /IS ~ a, 
iS=*, S^zg', SM=x^ J v'MT^, then for 
the elliptic Space, i=it^ = ^- y'ti^; and x 
= - p- X U=^*, correfled , = ^ - -^ 
xTl=3*: ■rhence4 -. ->'— 'xg^g l. 

Likewlfe 
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• Likewife for th« Diftanca from 55, z = ixxy rr F, I ,G,, 
aey aaj*y , ■ aajf »ay^ , 

~^^-~ — — ii"'-, and 2 zz — ^~ — -777- i whence 

z 3h^asy — aay* ' 

Ex. 9. 

£rf SMP be the typerbehc Space^ Tranfverfe zz^a^ 163. 

Conjugate = 2^» SPzzx^ PM-=y=:~-~y/2ax+xx, 

, tfa 2aa ,~ . 

nrhCDCe xx^zaa + -ifXf — ~^~^^^+Xf> ** — 

— yy — — y.. -L-^i whence z =yxx = — y^ 
bb •' by/bb-^-yy "^ Bb ^ 

bs/W^yy' ibb 2i^^*-W + 

— — X %-ioz^t Log.> + y/bb +JJ)', whence — = 

= Diftaoce from JT. 



Area SM? 

Then for the Diftance from SP, we have z =: 

yy« J^x' ■ , . r-t ^*** 

■:^^^ — := X %ax-\-xx. and the Fluent 2= 

^^3t» 2 %ahbxx^hbx^ 



+ X;T-i therefore — = 



6<MX Area 5i>M ' 



Ex. 10. 

For the Surface of a right Cone, let SD =/, c = , 
Circumference of the Bafe, Axis 5S = d^ SM = v, 
■ SFzzx. Then it is plain its Center of Gravity is in 

the Axis SB. —r- = Circumference of tjie Circle 

' . ■ /* 

M^ and by Gmilar Triangles v = -t-, and v = 

R r fx 
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.Ifo .= -jj- = -^^ : Therefore - = 5« = SC., 

Ex. II, 

1 66. For the Cone {or Pyramid) SDE, let the Bale =i, 
the reft as in the laft Example -, then the Circle M^ 

bxx , , bx^x , i/x* ,. 

= -^^- i ind 2 = -^. andz = -^^i aifo ; 

= — ir : Therefore — •:=.ix=SC the Diftaocc of 
the Center of Gravity from 5. 

Ex. 12. 

167. Zrf' SMD he a Sphere, SPz=x, PM=y, Radius 
=r, r=:3.i4t6, then y=:\/2rx—xx, and 2i=:(fxi 

, -. 2fr*' ex* 
— ZfTft-** — c*'* J therefore z = — : 

■3 4 

and J = rrir» — —— (by Ex, 3. Prob. XIV.) ; tbcre- 

2 Srx — ^xx , „.„ ,■ " - 

fore — =: ■ . ■ ■ ■ ' • - - for the Diftance of the Cen- 

tcr of Gravity trom 5. 

Ex. ig. 

j5y. For the Spheroid SMD, wbefe Center is C, let SC- 
a, CF=h, SP=x, PM=.yy f=3.i4i6, then 3y=. 
chb 



j-X zax~-~xxi and z ^lyyxx =: -—X zax'x-x*x; 



and z— X Ux^-^lx' ; and s— x ax' — ix- 

aa aa 

^/!X ^XX ■ 



Ex 
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Ex. 14. 

■to find tit Cmlgr of Gramly of ttt Solid &BDm, F I G. 
gentrattd hy a partial devolution of the Parabola SMD 168. 
aiout the Jxii SB. 

Lcl i be the Point of Surpenrion, let SB z: d, 
BD = *, SP = X, PM =y, ax - yy, Atch 

Dd^c, then Arch Mm ■=. —£— J therefore % =. 

therefore -— = 4*, the Diftance from ST, 

Again Sot its Diftance from SB, let Chord Bdzzf^ 

fy 
then Chord Mm r: ^j and by Ex. 4. the Diftance 

of the Center of Gravity of the ^cftor PMm from 

P.f..he,efore..^=i|f>and 

2 — — -7- J therefore — =: — — ■ " T ^ "» 

I gap ' s i^caax^ 15^ 

the Diftance of the Center of Gravity from SP, and in 

the Plane that pafles through the Axis and biffeds 

the Bafc. 

Ex. 15; 

Let lie Hyperbela CM revolve round the AJfymptete 169. 

SP., and defcrihe on Hyptrboloid CMB : l^n S£=K 

£C=d, SP::zx, PM-^t €zz^,\^i6.bd=zxyi and 

z =1 (yyxx = — — — , whence z zz bhddc Log. * : 

And corre<Sled z = hhddc Log. -r ; Alfo j=r^x=: 

cbbddx ^ cbbdd . ~ 

- t and X =: — , and corrected s x 

XX . X 

I. J J *~* ,_ ^ ^ ^* t * 
wWrfx -j;p ; therefore — = ^JtTT ^ *^°2" "~i"" 

R r 2 3: 
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F I G. =: Diftance of the Center of Gravity of the , Solid 
from SJ. 

Ex. i6. 
163. Let tbt Solid he an Hyperhloidy Tranf»erfc 3: aa. 
Conjugate = 2^, c = 3.1416, SP—x^ PMzzy, =z 

b , .. chhst ' ^ 

— y/zax-^-xX'i whence z=ifjjjf*=: — -— x 2^*+)f'l 



chb 



chh 



%^Jtxx\ and s = -~- X «*A:+i*' ■, therefore — = 
_'**_"+"3 _ ^oiftancerf the Center of Gravity from 
the Vertex 5. -■ 



P R OB. XVIII. 

To find the Centers of Ptrtuffion and Ofcillation. 

The CecMer of PercuOitm -is that Poim in the Axis 

of a vibrating Body, which ftriking againft an inv- 
movable OblUcte, the Body fhall incline to neither ' 
Sidej but reft as it were in E^uilibrio, on that Pome 

And the Cenie; of OfciliatioB is the ii'oint.in the , 

A^\i of a vibrating Body, in whtch if a Cmalifiody. 

or Particle be placed^ it fliaU perform, its Yibrations 

after the fanw Manner, in the fame Time-, and-vrith.' 

, the fame angular Velocity as the whole Body. 

170. To find ihe.GcBCtr of- Percuflion » through the- 

- Point of Sufpenfion 'C, and Center of Gravity, draw - 

the Axis of the Body CO; •ndi'uppofe O (obc the 

Center of Percuflion j through CO draw the Plane in 

wh^ich the Center of Gravity jnoves, and imagint tlj^, 

Body to be divided- into mpumerable TmaH Priims, 

-• all 
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all peipvndicnilv to tMsFlanCy^and ]ec them be Aip^' f \ c' 
pofcd 10 be reduced to, or ficuaced in, the Poincs wbeta 
tficy iaterfcd this Plane ; and let p be one of thefe 
fmall Prifms, ,Dr?w. p/ perpendicular to COy and 
pd perpendicular ta Cf; then pd vtrill be the Dire^ion 
of f'% Motion as it revolves about C \ and the Body 
being ftopc at O, f will urge the Point d forward, 
with a Force proportional to its Magnitude and Ve- 
locity,, that is si-pycCp; therefore ifae Force wbcre-- 
with p ads at d in aDireSion perpendicular to CO, 
wOiXxx. pycCf. And the Force by which j> endeavours 
to turn the Body about O, will be as p-x.Cfy.do, or' 
j)xG/"xCO—Ct/, that is as pyCfxCO-^pxCp*. 
Now ^ce theSum of all .thefe Forces to turn the 
Body about O muft be =0, therefore ail the pxC/x. 
CO^pxCp'zso^ orallthe/rxC/xCO=.aHthej>x 
„ , , ^« Sum of all the pxCp'- 
Cr : therefore CO = ^„„ ^f ,„ J^ J^ • 

For the Centerof OJ'cill^ion, Through the Cen- 171. 
tci-s of Motion C and of Gravity G draw the Axis CO, 
and lef O bt the Center of Ofcillatioa. Draw the 
horizoQlal Line Cr, and Or, Gg, pn perpendicular, 
tKereio, and jj/ perpendicular to CO. 

By Reafon of the equal angular Velocities of all the 
Particks of the Body ;■ the abfolute Motion of any 
Particle j (and coniequently the Force that generate! 
it) will be as Cj X ? 1 and therefore a Force aSing ae 

n that can generate- that Motion in ij,- is as -^xCq 

Xf, :T-rr |j^ -f-, by the Power of the Leaver: Let 

i^.Sumof all the Cj'Xj? in the Body, andletthii 
be as'iVhe VVeightof } the Particle />. If the Weight 
of thc^Particle^, a^ing at », jgenerajies any Motion 

in the whole Body AD, than — ^- — ^p r: .that Part 

of the Gravity of p which generates the Motion of' 
• - ' the 
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F I G. the Particle ji and the Force lAing at ;, udthe 
' ' Motion of J generated by that Force, is -^r- x 

—2-—L,p or — I — ^ i-p and the Velocity of j it 

- ^' ^ , and iu angular Velocity —^^. After 

the fame Manner any other Force — 2__1^ a^j^ 

at fli will generate the fame angular Velocity in 
any other Particle q \ and confequently the Sum of 

all the Forces Ca'X? , * 

~ * — -p or the Weighty will generate 

the fame angular Vclodty in all the Panicles jtoge- 
(her or in the whole B6dy. Now fince the Weight of 
any Panicle p will generate an angular Velocity in the 

Body AD about C, which is as = t- ,, / - ;; — ^j 

' Sumof alltheC/'x; 

therefore the angular Velocity which all the Particles 

the Sum of all the C»XP . 

p can generate is as — , „ . ^ i-. In 

° Dum ot all the Cp'^ xp 

like Manner the angular Velocity which the Gravity 
of a Particle ; placed inO would generatpinitfelfis 

Crxp C*" „ , , 

"' CO^Xp ^^ ** CO ' ^^ h«aufe of the E- 
qualityof the Vibrations and correfpondent Accelera- 
tions, this laft muft be equal to the Sum of the for* 

Sum of Cnxp^ Cr 

""'■' '^^'"" SumofCp'x^ ="CQ^= ^^^J 
the Nature of the Center of Gravity, the Sum of all 

the C» xp^Cgx Body AD = -^^xCGx^ij^D 

- ~C0' ^ ^""^ °^ *" *^*= ^fXP- Therefore -^ 
SumC/Xj> Cr 



^ ^umCrxp ~ "CO^"' '''^^"« ^^ 



Sum 
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SamofallCrx? ... - u /- . , F I G. 
SumofallC/xf. '^ ^"^ """f"" "" ^""" "' '?■■ 
Ofciltation is the fame with the Center of Pcrcuflion. 
Since Sum of Cfxp z^CGx BodjJD 1 therefore 
_ SumofC;»-x? 
'■" - CGxBody^D • 

' Alfo 8nce Cf =zCG-+Gf'— iCGxOf, th erefore the 
Sum of all CfXf = Sum of allGC'+G^"X/i-Sum 
of all aCG xG/xf. But by the Nature of the Center 
of Gravity, the Sum of all the Gfxp = o 1 therefore 
Sum Cp- xt = Sum CG' XP + Sum Gp'xp= CG^ 
X Body M) + Sum Cp' Xp. Therefore C0 = 
Sam Cp-Xf _ ._ . SumofGji-Xj) , , 
CGxBody-4D -'•''+ CGxBody^Z) • ■*°*' 

SumofallG/xy 
^°- CGxBody^D ' 

Therefore if s = Body, £)>=«, Cf=v, Gpzzz, 

then the Sumof all theG;p' xp = Sumof JfV=FIuenc 

of *'i, and Sum of Cfxp — Sum of f/=: Fluentof 

w. And Sum of G;»*Xi> = Sum 2»j — Fluentof 

. , , ^_ Fluent of **J Fluent of Jfi 
*■■" "'«"^°« <^°= Fluent of „i = CG X Body M 

„„ Fluentof z»i „„ 
= ^^+C<?xBody^D* Whence Eh.3 

RULE. 

DrjTO « paraUet Line to the ytiU cf Metlon, 4hreugb 
* «fr* Cm/er cf Gravity offhe Figure {whether it be Liiu, 
Surface er Solid) ; and find the Sum of all the ProduSh 
of every Particle of the Figure, multipfy'd by the Square 
of its Diftance from the Axis ef Motion, er elfe from 
the parallel JJne j -mhicb is done thus, 

I. Multiply the {Moment or) Fluxios ef the Figure, 
by the Spiare ef Us Bijlttnce- front the Jxis of Motient 

and 
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V 1 G. and {hy Help of the Equation ef tbt Curoe) ^ the 
Iff I, FlttentF\ ^ e!Jr muhipfy iy the Square »/ Us Dt^aace 
/rem tbt parallel Une^ and find the Fltuat G. 

But in mattjf Ca/es^ efpicially of Solids, the fluent 
eannct be had at 'one Operatioa ; and then you mujifirfi 
find the Sum of tbefe ProduSs in the generating Uae, 
er Plane, of the Figure propofed ; thus. Multiply the 
XMoment or) Fluxion of that generating tine or Planty 
iy the Square of its Dijiance from the Axis ef Motion^ 
tretfefrom the parallel Line ; and find the Fluent. ■ And 
then multiply this iy the Fluxion af the Ahfciffa of- the 
figure 1 and find the Fluent F, or eife G. 

%. Then draw a JJne thro' the- Pant efSufpenfion and 
the Center ef Grttvityi and_from the generating Pointy 
'JJne^ or Plane ofthe Figure, let faU a Perpemdicular 
Mpen it 1 and find the Difiance ef that Perpendicular 
from the Point of Sufpenfion ; then multiply the Fluxion 
of the Figure by that Dijlanee, and {from the Equiftion 
ef the Figure) find the Fluent M- And let d-=. Diftante 
fnm the Point if Su^efifion to the Center 6f Gravity, 

F F 
4HdB ^ Body or Figure given, ■'"*"» "TTW "Ttr i^d 

+ -rg- ^iU he the Difiance of the' Center ef Percufiion 
prjOfiillatieu from the Point of iufpenfion. ' 

. S C HO L I y M.. • 

If the Center of Eercuflion or Orcillation be made 
the Center of Sufpenfion, then the former Poinc or 
Center (rf Sufptnfio*, bccomci the Cenrer of Per- 
cuffirai; if the Plai^of its Motion remains the fanit. 
And in general, the Diftance of the Center of Suf- 
penfion from the Center of Pcrcuffion or Ofcitlation, 
w in the fanoe .Body,- will always remain the fame ; if 
the Diftance of its Center of Gravity fromthe Point 
.of Sufpenfion, and the Plane of its Motion (in re- 
gard to the Body) remain the fame. For then dzaA 

G 
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G remain the iam*, and -jg- — Diftanceof theCen- ' 

ttrs of Gi-aviry and Pctcuffion. And thereforft in 
this Cafe if the Body be puc into any oblique PoG- 
(ion, ic makes no DilFcrence. , Likewifc if the Dif- 
tances of the Center of Gravity from the Centers of 
Sufpenfion and Ofcillation, be known in one Cafe, 
they are known in all Cafes, the Plane of the Mo- 
tion remaining the fame. For their Re(JUnglc = -5- 1 

and therefore they arc reciprocally proporti^oal. And 
hence, as t<> the Calculation, it will be fufflcieoc 
to find the Center of Ofcillation in the limfilell 
Cafe, and then it Rikybe eafilyhad in any oincr, 
or when the Point 01 SufpenOon is at tny other 
Diftancc affigned. 

; Cor. TljeCcnterofPreffureof anyPlaneimmeffed i^i. 
in a Fluid, and fuftaining chat Fluid, is the fame with 
the Center of PercuITion of that Plane 1 the Axis of 
Motion being the InterTcAion of this Plane with the 
Surface of the Fliud. The Center of PreffuK is that 
Point againft which a Force being applied = Sum of 
all the Prelfures, Ihall ]u(l fuftain them i fo as the 
Plane (hall incline to neither Side. 

Through the Center of Gravity of the Plane draw 
.(fO perpendicular to .^5 the Interleftion of the Plane ' 
and Surface of thi Fluid, and let cd be parallel to 
^S. Then the Prcflure againft any fmall Part cd 
is as cdx-^i, and its Force to turn the Plane about 
O the Center of Prcflure is cd^Ahy.bO — cdy.Ah 
XJO — cdy.Ab'^, and the Sum of all thefemuft be 

1 . r ^r. Sum of ct^X^i^' . 

equal to 0, therefore A0= gum ot .^x^^ ''^"'- 
fore O is the &me with the Center of Ofcillation and 
Percuilion, and confequently is to.be found the fame 
Way. 

S f Example 
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Example i< 

FIG. Let CB bt a right Liru^ CB^Xy then >z=y»x 

'7^*.. and 7? = -~— I alfo a/ = *x', and M = --— 5 

F 
whence -^ = I* r= CO. 

Ex. 2. 

'7+' in 1 ParaUiiogram where the Axis of Motion is in 
the Plane of the Figure, CB—x, BD=K then t = 

Jy'x.'aiid F :^ ; alfo ii — hxt and Mr; 

3 
**' F 

— r— i whence -rr =: t* = CO. 

Ex. 3- 

1 75. Lf/ -^fiD he the Arch of a Circles the CenterC the 
Point of Sufpenfion, and the Axis of Motion perpen- 
dicular to its Plane ; let Arch ABB = J, Cord AD 
= Cy CB = r. Then Fzzrrti and by Ex. 3. 

Prob. XVII. -^ = ~ i therefore -^- = -^ =" 



Ex. 4. 
I j6. Let AD be a right Line., the Axis of Motien per- 
pendicular to the Plane pafling through ic. CB=d^ 
BAzi); then > =: d^+Xf X zy. and F = 3iidf+^- ; 

El. 5. 

177. For tht -Feripheiy of a Circk, t« CD = dy Radius 
AD—r, Circumference = c. If the Axis of Motion 
be perpendicuUr fo its Plane, then G ^ n-c, and 

■* + "25" - •* + "ST = '' + -J- 

But 
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Bu: if the Axis of Motion, be in the PJane of the FIG. 
Circle, let DE — z, /•^= j, then G-=.z^s =. 

-^ — -- t and by Form i7,the Fluent Gn ,for 

the whole Circle : Therefore d + -rg' =: i + -T7. 

Ex. 6. , 

For the Plane of the Circle, the Axis of Motion per- i -,-. 
pendicular to its Plane, DErzZy Circumference at E 

- ^ » t en - ^ . an - 4r - ~~^' 
,wH , G , cr^ , rr 

And if the Axis of Motion be in the Plane of it. 



d — 'iz^z y/rr — 2z, whence G z= — „— ; and d+ 
G , »■' J rr 

Ex. 7. 

Fvr the Peripbery of the Circle, parallel to the Ho- j »g. 
rizon,-^ let the Axf» of Motion be parallel to ED, 
Radius D5=r, BA:=lV, DL=z, CD=:d, then G= 

jirr z zg 
4zz'u = - , and (by Form 17) the whole 

i/rr — zz 

FluentG = ^-j then i + -^-=:^+-^- = 

, rr . 

d + Yd- 

Ex. 8. 

For the Plane of the Circle, whofe Point of Suf- ,78. 
penlioa is in CD perpendicular to its Plane. Let AL 
zz X, DL = z, then g — 4*2*i r: <^z*z x y^rr— zz, 
S f a and 
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■ ' and the whole Fluent C = -j- i ad ^ + -jg- =; 

Ex. 9. 
1 70, Jn an Ifocelcs XriayigU where the Axy of Motion is 
ptralld 10 the Bafe. let CD=.a, CJ=x, BE=fy then 

JK = ^, zni P = ^^. whence F = ^jalfo 

M =: , and M = ~- ^ thepefore "ry- = J« ^ 

la. 

If the Axis at C be perpendicular t/^ the Plane of 
th e Triang le, let ^^=f.. thea G^ x Fluxion <rf-f?, 
r=«K.-{--:n'X2^> ^ndv bein^ ^^'Ot t;hc Flveoi = 

2V' , . , . 2i"x ■ „ 

2jr»v + --— , Xma / ;;: zx'-yx + — —^ :p (bccaufc 

o = -) ■-: — + •'' — 7- i whence P = ~ — + 

Ex. IQ. 

180. A /** PanUvla CAF^ JC:nx, JF^iyi J^pv^ 
dxsijiy. ^ the Axis ^ C be poullel to AF^ then 
■; =;;*'«-, = x*x\/Mt and f =: l*> v/^; and jii 
=jxx zzxx^/^, and Mr: !«' v/«x*. Therefore 

If the Ax is be p erpendicular to its Plan^ thea- 
C^ X ^it= Jf*+w x^» and the Fluent =^<ev+^^ 
X being given i then f=x*vx+ -^^ =zyx*x+-^~^ 

= *'* -y^ + "" 1 "'.^ ^ whence F = ^ifi-y/^-^< 
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aax' s/^ Thtrcfoft ^g- = f » -h i«. 



Ltt Ai he Ibl Surfaci of t Sfitri, JB=J, BE=z, 
Radius AD=r, c = Circumference. Thea Circum- 

c% cz'i fz* 

fereoce of BK — —.and * = —^ = -y— X 



rz 




whence C = 


—re 


c 
tbcrcfore d + 


fzat 


,A^: 




3 




75* 



Ex. 12. 

Let 4B^ he a Paralleiepipidon^ the Axis of Mo- 182. 
tion perpendicutar cathe Plane AB^i \ttAB~ia^ 
.,fl)=: 2 ^ Bread th 5: c,-GS=*, 5Z=r j then GZ* x 
^ = xx-)rX^ 4*7. and the Fluent = ^cx^y -{• icf\ 
X being given-, whence G =: ^x^yx + -42-— — 

4ci**x -f ^fA>* i therefore G = ^cbx^ ■\- ^ch'x ^' 
icha' + icb^a ; alfo B = 4acdi> : Therefore d + 

Ex. 13. 
In a Cylindtr Ut GA—x, AD—fy Ae-=y, CH=a, 183. 
c % Ciicutnferuce, the Axifr of Motion parallel to 
AB i then for the Circle ADB, Ce'xDe x :;* = 

xie^ if- ^\^rr-^, and the whole Fluent = ——-" 
+ —• Then?=-j— + -5-,andF = -j- 
4- -g~ i which correacd gives F = ' ^ 
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FIG. r^cx —rfea 



8 

... P 2«> — Id" rrx — rra 
then will -JD* = — I + — i; 



</5 3*' — 3«M 

4Jor + 4.i« + 4ai+3rr 
6« H- 60 

Ex. 14. 
184. tet CKB be a Pyramid^ whofe Bafe is a Faralieia-. 
gram» sad Axis of Motion in Cparallel to tlK SidcZ>y/. 
Let its Altitude =a, JB=.f, AD=iC, CH=«, HL=.y, 

then X/ = -^, and £5 = •4". and CL' xKlx 





whence / =: ■ 




3" 


- = 


cfx'i 
aa 


+ 




-. Andf = 




+ 6o«»' 




Alfo id 


= 


t/x*x 
aa ' 


, and Af = 


±1. 
440 


i whence 


M 


= ■' 


+ 


// 


t2aa^ff 











1513a 150 

Ex. 15. 

185, In a ri^ht Cone, let CAzzgy Altitude =:d, Radius 
of the Bafe =/, AB=Xt BIzzz, f=3,i4i6 then 

BE or BD =^, IE= ./-& — zzTthenfor 

the Plane DEB, C7' x/£X4S?=7+Jf* + a2:X4» 

-„- 2z, and the Fluent = £+« x -^^ — ^ 

+ — ;-» f being given. Then / = f +* X 

cf/x'x 

r. ■! Gooi^le 
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effx^x cf*x*x ' F I a 

-^^ + -^^^* confequently F = : iggcx' + 

^«* + TOr* + ^3^- : X ^. Airojtf = J+^X 

■^^^, and M = : if«' + {«♦ : X — . Whence 
_F ^ gqg + 30?" + 1 ztffl + g/y 

Ex. 16. 
For the Sphere JS. Draw the Diameter ^5 paral- 181. 
lei to the Axis of MotioD at C. And let jil)=:r, 
j4E=v, ^=Zy EBzzy, £1^3.1416 : Then for the 
Circle SE, c X iE/x tfxEf* :=: icz^z ; and the 
Flueiit = icz* = icy* ; whence G = icy*'v ^zicv X 
irv—rvv* '=■ tcr^v^v — icrv^v -^ icv^v ; and Q '— 
^i-r'TJ* — lfn'*4--A«j'. Alfo the Fluxion of the "* 
Solid = gyw = cvx^rv — vvj and the Solid or the 
Segment BJE = crv* — icV = B. Then -^^ = 
2or-^-.yT. + 3V _ A„jf„,h.„h„i, Sphere. 

If « be very fmall, then DO z= -rj- = tj, 

nearly, and in moft Clocks the Bob of the Fendu; 
lum is in this Form. 

"^ ■ - Ex. 17. 

Let JD be a Paraboloid \ CJz=.ay AB~x, BI>—y, . 186. 
5/=z, (-=3.1416, rx-=yy. Then Elx'iiX^CP = 
a+x*+.Z3tX4Zv^yy — z2» and the Fluent =«+* 
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+ ^carx^ + |rr**+ ^rrr*'. Alfo 3»= 7i^ X O-^x 
= a+x X iTJfX, and Af = iwri:' + in-**. Therefore 



F _ 6g* -f 8jjir + nf + 3;!?^ 



P R O B. XIX. 



187. Ttfini the Late tf untripetiU Ftrce re^fiu t» caitfe a 
■ Bciy to mviii in agivtn Ctirvi BF. 

Let £ be th« Place of the Body moviog in the 
Otbit BF by a Force direftcd to the given Point C. 
Draw the Tangent B^i and the Radii CB, C^, in- 
finitely near each Other. ^ parillel to CB i and 
CT; 4? Perpendiculars to Br. Let the Diftance CB 
= D, perpendicular C2*= P, thqi the infinitely fmaJl 
Line ^ will be as the Force and Square of the Time 
conjunaly, that is as the Force and Square of the 



ArcaC5S > therefore the Forceis as - . ■- w> v„. 7 = -, 
that is (becaufe P: D. : ^n: ^R= ^"^^ ) as 
■ ^g^ ' ' ri, ■ Bot ^ - • = Radius of Curvature ia 
the Point Bt and the fanne Radius is alfo —y^ by 
that 19, 

(fuppofing 6 to be given) as the Fluxion ot -ypr' 

^herafore. te find the Lata of centripetal Ferce, Ut 
D =- Dijfancefiem tie Center of ForcCy F ^ perpendt- 

cttlar 
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eular on the Tangent : Compute the Value ef P « F I G. 
Terms of D, iy the Nature of the Curve j then find the 

Fluxion of -pp-y making i>=i, and then expung* 

all ^antiiies as far as poffibk^ except D, and you wilt 
have F, the Law of centripetal Force rquired. 

Example i. 
Let C the Center of Force he in the Circumference 188. 
tf the Circle CBD i Diameter CD=2r, the Triangtcs 

CBD and CBTak Gmilar, whence P = -j^, there-. 

■■ 1 AfT , r r. i6r'D I 

lore -pp — j^ ; , therefore F a j, •' « ^ ; 

that is, the Force is reciprocally as the Fifth Power 
of D. 

Ex. 2. 
Let DB he a Grcle ; and C at an itifniie Dt^ance^ i go; 
Dy —I 

JE=Xj ED^y, JD—r, then P— -y-, and — -p 

= ~j)ny~*» whofc Fluxion (becaufe H is a ftanding 

Quantity) is 'nnT'^y* therefore F a '^ry^^ M, 

J" 

Ex. 3. 
Let BFbt an Etlit/is ; C the Focus, £ the Center > ,.o_ 
dra«rS£inditsConj\lgate^£, and letthetranfverfe ' ' 
Axis = 2r, Conjugate = ac ; then by the Property 
of the EUipfi! 2rD—Db the Reftangle of jhc focal 
DiftsnCH from B, is =JE; >lfo AE or ■/irD-DD 
cD -I _ -2rD4W) 

'■•■■■■^■■^=-7mss-"'^pF-r^r5r- 

T t = 
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F I G. —ir 1 . . ^, . . 21 

= "7^ + «• "^^ f '"™° « -TWD' 

Ex. 4. 
I Q , , Let C it tie Center of the ElUpfii ; then by the Na- 
ture of the Figure jiO + C5' = rr + «, and AC = 

•rr+a— XIBi alfo^C : <■ : : r : P= " . 

vrr^cc—DD ' 

therefore — yp = — — ^ — , whofe Fluxi- 

"" " ccrr ' '"=«""■= P « -y^ff " -O- That Is, 
the Force is as the Diftance. 

Ex. 5. 
192. LllSji he an Hyferhla, C the Focus. Proceeding 
as in the Ellipfij, we Ihall find P= '^ ' 



VirD+DD ' 
—irD—DD _ ir 1 

teDD -~ai) ^> 

;jg5, therefore fa -jj^jji- or 



whofe Fluxion is 77775, therefore F ot 



And, after the fame Manner if the Force be in the 

other Focus, there will be found P=: ' 

\/DD—2rD 
and the Force F«j~ "•^. and is therefore a 
centrifugal Force, 

Ex. 6. 
"93- I^'/SieanHyferhh, Cthf Center, Tranfverfe 
=ir. Conjugate =2c,i = half the Conjugate belong, 
ing to Ce. Then by the Property of the Hyperbola 

U 
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ii-^DD=rr~~cc, and h = \/rr~cc+DDi and ^ ' *^* 
A : c ; : r : P = — ^.. .^. , . ^r-. Confequently— . 

-pp = ■ , whofe Fluxion is , 

■rr car ' ccrr ' 

2D 

therefore /"« «— D, and is therefore a cen- 

'trifugal Force. 

--- Ex, 7; 

Zrf/ ^S he a Parabola, C the Focus, r = Latus ^04. 

Rciflum s by the Property of the Figure P= J — , 

whence - — -wp — —tj-, whofc Fluxion is ^ -^ ; 

therefore Fcc-jy^;> 

Ex. 8. 

Let AB he a Parabola, C the Center of Force at 195, 
an infinite Diftancc in the Axis. JD=x, DS=y, 

Dy — I 

axzzyy, then P= - — -— ■■- , and ; =: 

■^ ^/^x+ax PP 

— 4** — ax. 4* I . r T?f • 

■7mr + ^Br + Tr = <.^':"'f' -' = '»■■ ■ 

4D 4 

or (bccaufe D is infinite) « "^nT* °'' ■^°'rri^^g'^™ 

Quantity. 

Ex. 9. 

Let C he the Vertex of the Parahola^ CA=x, AB—y, , g, 
ax—yy; by fimilar Triangles TB : AB : : TC 01 x : ^ 

or OT P= . '^ : i whence 1— = — 

T t 2 4**+Ji7 



hyGoo^le 



324 ITifDocTHiHS 

F I G. ♦.x+s. = ^-i-.. whofc Fluxion i. ^ 
xxyy ax xx ax^ 

+ -^. But I>D=xx+ax, and thence jc= '^~^, 

, , „ AX+ia ,. iBo _. 4D0 
■ therefore i^o, -j^jp- x Tj^ = -jjr-. or F 

D 
*-?-■ 

Ex. 10, 

19?. tit VJR hi m EllipJU, C tht Facus j ciul III the 
Curvt VB^btfomeJ/rom tbi ElUyis^ tbus\'takt CA 
=Ci, mi til Jnfi ^'^'^ '" tlx Angli veil, m m 
to Ht for ail tbt Points of tht Curul, To find thi Lam 
^ ctntriptal Forci of a Body moving in the Curvt VB^ 
Ijct the Tranfverfe of the Ellipfis =2r, Conjugate 
= ii. By the Property of the Ellipfis the Perpendi- 
cular Cp = . 1 „») ' •"'> tb—TJ, and L BCi 

= — ^0. And by amilar Triangki ^^ =: 

IB — -—TO — -. —J , that u - 

" M y/DD:-PP 

whence by Reduftioii 



rP= ..^.r. .r». ,,. , — . i "llOia -jsjj- 




In the fame Manner if C were the Center 

of the Ellipfis, it tnight be proved that' the Force is 
«»!> mt — mm 

Ex. 11; 
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Ey. II. 

Sappeji AB to be the Logaritbmit Spiral -, fince tha FIG, 
Angle CBT is always givcii» there is given the Ratio '9** 

of CS to Cr fuppofe as « to a. Then P=.-~ D; 
whofc Fluxion is 



therefore i^« ^, 

Ex. la. 

Let C£ he the hr/perhUe Spiral j draw CT perpcn- 

dicuJar to CB, and let CBzzy^ the given Subungent 

CT=a. By fimilar Triangles \/aa+)y -.y : :a: P 

_ *y J L. — , i_ L- 

" \/^^:yy * *" PP ~. Xf « • 

whofc Fluxion is -^ = -gp. therefore F os — j- 



P R O B. XX. 

The Nature of the Curve ABD farming an Arch being- 200. 
given i to find the Nature of the Curve RST bound- 
ing the Top of the Wall JTRD fupported by that 
Arch i k^ the Prejfure or Weight of which Walh ait 

■ the Parti of the Arch are kept in Equilibrie imthout 
failing. 

J. Let fevcral equal right Lines AB, BC, CD, C^c. 201. 
placed in a vertical Plane, be moveable round the 
Angles A, 5, C, D, ^c. whilft the Points A^ d at 
the Safe remain fixed and immoveable. Through 

B, 
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FIG.B, C, D, tfc. draw the Lines Bi, Cm, Z^, 6ff. 
perpendicular to the Horizofi i and complete the Pa- 
rallelogram Bbik, and make C/irB^t, and complete 
the Parallelogram Clmn. In like Manner make 
De=Cn or A», Er=op, Ft=rSy and complete aJi the 
Parallelograms in the Figure as at firft. 

2. Let fcveral Weights which are to one another 
as the Lines Bi, Cm, Dp, ^f. lie refpeAivelj' on the 
Points B, C, Dy (^c. Now the Force Bi, is equiva- 
lent to Bk, Bk, afting in the DireiUons BJ, ffC j 
the Force Bb is deftroyed bjr the Reriftancc of .the 
Foiat A i but Bk endeavours to move the Point: B to- 
wards C. In like Manner the Force CM is equivalent 
to Ci and C» ( the Force Dp to Do, op, ^c. Now 
the Forces Bk (afting towards C) and CI (afting to- 
wards B) being equal by Conftrudion deftroy one 
another. In like Manner the Forces Cn, Do i Dq, 
and Er \ Ev and Ft, Cfc. deftroy one another ;' and 
the Point G being fixed, it is maniFeft the Figure 
ABCD, £^c, will not be moved by the incumbent 

- Weights, Bi, Cm, Dp, &?f. but all its Parts will re- 
main in Equilibrio. 

3. TheForcefii: Force £* or C/: : SineZ.i/5 



or ( JS C : 5. /. ABi : : -^■' : - „ — : - .. . „ „ ■■- or -? — 7;^ . 

S.JBi i).tBC b.mCB 

Likewifc Force Gl : Force Cn or Do: : S.MCD or 

pDC : S.mCB : : ~g~ : -j;^ or "5,^^ » 
and fo on } whence it is plain in genera], that any 
Force CI is as ■ .. . y^p — . NDwfinceC« = 
S.ClmxCl ' S.BCxxa . r , ^ 

S.Cml . = S.mCD * '^"'^f*'" ^^* ^*''?* 
r g-gC^ 

' 4. Now let the Number of the Lines AB^ BC, 

CD, tfc. be increafed and their Lengths diminilhed 

aJ infinitum^ that the Figure rpay obtain the Form of 

a Curve, 
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a Curve, and ^e PrclTure will then ad on all P^rts of p j q 
iff and the Angle BCx will then become the Angle 
pf'Contaft, and the Sines of mC£ and vtCD become 
equal to the Sine of mCx : Therefore drawing the 
.Tangent j^n (Fig. 200) the Preflure on any Point ui 
to prcfcrve the Equilibrium will be as the Angle of 
Contact at A directly, and the Square of the Sine of 
the Angle mJn reciprocally. But the Angle of Con- ^°^' 
taft is as the Curvature, or reciprocally as the Radius 
of Curviture. Therefore the PreflTure is reciprocally 
as i^at Radius and the Square of the Sine of that An- 
gle m^fs. 

5. Let SC=x, ACziyy JB=z. Radius of Cur- 
vature in ji=R. Then if 2 be given, S. I TJNeK 

y, and — ■ - - « — . Then the Weight or Pref- 
furc on J=ATxyi and that (as has been proved) 
is as. ' — n- « » therefore AT <« 

R-xs.TAli' .sj. sj> ' 

2;' 

^or in general ./4T« -^-.-. But when x is given 

■^ = ^Zi^ i O"" '^> ^ Siven R =z -^, ; therc- 
•V .,. J-"- 

fore AT at ~ ^^ if * be given ; or AT « -^r^, if^ 
be given. 

Wherefore, to find the Curve ST, let BCzzx, 'AC=y, 
ABzzzi then iy the Nature of the Curve AB^ com- 

f"" j,, '// ^^ S''"^'*y or ~y~ if y he given, 
and take ^ proportional thereto. And x may be ex- 
funded out of the Value of AT, h titlp of the given 
Ltue BS, and thence the Nature of the Curve ST will 
he known. ' ' 

E^CAMPt B 
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Example (. 
FIG. LetBJhaCircUtKaiimijiR=r,SCiC)C,AC=:yi 



202. 






Xi~: : --i — r- = t=r-7i therefore AT <» — hiilj- ; — , 
r— * X^' '■— Jf '" — ** 

or ^1*= " j-- Add expungiog Jf, S^=: 
r— X 

(AT-~CSz=) ^" , » — r + %/^;^, for 

the Nature of the Curve 55". 

Hence the Curve 55" runs upwards sd infinitumy 
and the Perpendicular DE is an Aflymptote to ttie 
Curve. 

SCHOLIUM. 

If 5Thad been a right Line, then tlw Points 
would be preficd with too little Weight, and B with 
too much : And hence appears the Reafoirwhy circu- 
lar Arches commonly break about the Top, by bdng 
•loaded there with more Weight than their due Pro- 
portion. 

Ex. 2. 

Let the Curve DAB he an ElUpp; BR^r, DRnc, 
CBzzxtAC=y,BS=ayXgiven.Theay=:—;\/"-x—xx, 

v = — X-7==.v= — ' J : Whence 
— ~ = p, which ia as AT; therefore 
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= (expunging *) , a—r + - 

For the Nature of the Curve ST, being of the fame 
Kind wich the foregung. 

Ex. 3. 

Ltt AB he a Parahla, 5C=Jf, C^=y, $B=:a, ^°3' 

r*=xJ', y given. Then x =: — 7^» * = -jr » and 

-^ = '— , a given Quantity, therefore y^ is every 

where the fame, and ^ is the fame Parabola placed 
in a higher Poiition. 

Ex. 4. 

Let BAhi an Hyperbola, I'ranfverfe :i 2f, Con- 203, 
jugate — 2^, fiCriff, CA=y, BS=za,y given. Then 

rryy , r , — — 

2r*+** =: ■ -, whence r+xz= '--vcc-^yy, x= 



rcy- 
jf z= ■^— ^ 



1 wherefore ^ff « 



( . =) ■ . ■■ ■, and A3:-=. — ■■:-. 

Hence the Curve ST" continually approaches nearer 
and nearer ihe Hyperbola: And5;^=(fl+a'— .^=). 

r -,.. ■ , ffa 

tf—f^ — vVc+jgy— " , ■) expreflej the Na- 

cure of the Curve &t, 

Ex. 5. 
I/i 5„^ i* a Cychid, BC^x, CA=:y, BD = St 
£^=fl, * given. By the Property of the Curve;'= 
U « i+ 
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^ 1 + \/ax—xx, but i = ,, then y = 

2v/iW — ** 



ly/ax—xn ' iXy/^—xx 

' therefore -Z2L = r: Therefore /«*« 



CV 



203. f ^-^ *« '*' Calimri, BC=x, CA=y, BA=z, 

. ■ i y ; — • '"+* 

BS-=:a, X givenj Ihen2=V2r*+**,2:.— 



XX 

—rx'xr+x , —xy t+x 



therefore v =: ( v^z'— x» = ) -—==7, and y = 
Vzrx-txx 



_. whence i~ = , therefore 

jfT is as f +*, or /tT = -— X '■+i^' Hence» 

1. If a = r, then ./fT' = <» -f- * = C 5, and then 
^r is a right Line pafluig through S, 

2. If £ S is vcty (mall, draw At perpe ndicul ar to 

the Curve, and by fimilar Triangles (2;=) — ■ ■ — ■ '• 

\/2rx-\'XX ^ 

az=.BS\ therefore the Arch is of the fame Thicknefs 
every where : Confequently a heavy flexible Line put 
inco this Figure would fupport itfelf. 

3. For the Nature of the Curve ST, we have 5^ 

~(a+x~~JT=)x ~. Therefore if a 

is lefler than r the Curve Is concave- towards B, and 
if a is greater than r^ it is convex tgwards B. 

Ex, 7. 
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Af- F I G. 
.operty 
«n, y = 



", ihe fame as 





-n 57" becomes 




n r, the Curve 
n r, it is con- 




.-, G-r= (r+* 


11 


c Relation of 


^' -\ '^ 


an is .wk:— ^yxx 206 

iox* — 2JVX* — 
rom the former 


■ >^- 'y 


am the latter. 


X 


Now if a= 10, 


V"-;N 


^i here^= 




- ,233 for the 



Value 
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FIG. y . • "w , . 

s + VMt — XX, but s = , then y ' ^ 

2^ax — XX 
2ax — 2XX . /a — X , .. — ax* 

, =* V -;-• »^y- — i 

2Vax — XX " 2x^/ax — xx 

' therefore ~'^ = =3- : Therefore ^'<x 

y' 2X« — X 



a—x cy 

Ex. 6. 
203. Let ^-^ *f '*' Catenary, BC=x, CA~y, BA=z, 
BS—a, X given! then 2=v'2r»+«»,2:= -^i' - 



therefore y = ( v^i:' — ;f» = ) - , 

\^2rx-txx 

.1, - i whence , ■' .. zz — — -, therefore 

yff is as r+», or ^ = — X r+K. Hence, 

1. If «=r, then jiT = a + x = CS, and then 
SJ' is a right Line paffing through 5. 

2. If ii S is vcty itnall, draw ^r perpe ndicul ar to 

the Curve, and by limilar Triangles (zz;) ''+*^^. 



\/2rx+xx ■ 

'^- =•' 77=%=" ■ •('*'=' 7" X '^^ ■ ^'= 
>/ 2rx+xx' ' 

a=BS; therefore the Arch Is of the fame Thicknefs 

every \yhere : Confequcntly a heavy flexible Line put 

into this Figure would fupport itfelf. 

3. For the Nature of the Curve 57*, we have 5^ 

=:(a +x — Ar=z)x ~. Therefore if a" 

is lefTer than r the Curve is concave- towards 5, and 
if a is greater than r, it is convex towards B. 

Ex. 7. 

D,gt,,-erihyG0Ot^lC 
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Ex. 7. 
Jjit AB he the logarithmic Curve^ GD its Af- FIG. 
fymptote, BS:=za, BD=:rt SubtSngcnt G £ = /> 205. 
SC = *, CJ —y, JG=r^Xy then by the Property 

of the Curve _y = — , and if « be given, y = 

—tx* ~xy /jtJXH=i* '■+* 

~ I - , whence :!_ = ■ — , = ^ 

r-\-x y% r+Jf X'';c' « 

whence>^«r+«, or jfT* rr — x »'+*') the fame as 

in the laft Example. 
For the Nature of the Curve, S^zz (a + x — JT 

~ ) X — -— -, therefore if azir, then St becomes 

the Aflymptote DGy and if a be lefs then r, the Curve 
ST is concave j but if a is greater than r, it is con* 
vex cowards B, 
Or thus for the Nature of the Curve, GT= (r+x 

'-^JT^)r — a+ — X, for the Relation of 

ST to the Aflymptote GD. 

Ex. 8. 

Let AB he the GJfoid, whofe Equation \^axx — yxx 206. ■ 

=_y', in Fluxions 2axx—-2yxx—xy=.3yyi thi^ 

again in Fluxions (making if z:: o), z^** — 2)i;f* — 

2A;;ey — zxxy — x*y — 63^* + jy'j? j from the former 

Equation j = - ^yy.^" ^' ^'^ ^om the latter. 



^+xx 



V = ^ : ■ — . Nowiffl = io, 

;f ^i i fuppofc^=:z, *=i, to And AT i here;5= 

i^,y = —,5462 i whence ""/ '■ = ,293 for the' 

U u a Value 
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FIG. Value oF J^. And to find it in the Vertex where le 
and^ are o» and^ infinitely greater than »\ we flull 

have^x=:r.;'=^-^== V p>= -^ 

Mart generally thus : 
Since oxx —'yxx =: y^ in Fluxions laxx-^zyxx 
~^xy=z^*y, whence )f = — *^-^ — y, thisagamin 
Fluxions and reduced (making j^ invariable), xz^ 

4 X^ ^ ^; ^^y = C«punging «w) 

ly V ^ ' — (expunging x) ■ X,, ' = 

yyy.a-~y -l^x*— ry 

(expuiiging x) ; ^ — — ; whence—: — =: 

^'"' : Therefore ^« 



fi— ^' X ^\/a)r~yy i/yxa—y^^ 



P R O B. XXI. 

T&e Curve BA heing given., hy whefs Eivolutien ahut 
the Axis BC there is generated a cottfove Surface or 
Vault i To find the Height AT tf a Wall fianding 
en the fame, and fupporied by that Surfaa^ Je that 
all the parts may remain in Equtlibrio, 

Let PB^he an infinitely fmall Part of the Surface 
contained between the Planes PBR and ^Rt draw 
the Orfiinates X)Ct,ACi aiid take Dd, Aa infinitely 

fmaU 
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fmajl equal Parts of the Curve. Let BC=x, CAzzy^ p j q^ 
' Syi=:z : By the Rcafoning in the- laft Problem, the 
Weight infifting on the fmali Part of the Surface 

M)dti will be as —7—, when the Particle of the 

Curve is given. But this incumbent Weight is aix 
ADy.At^ But ^U «;-, therefore the Weight is as 

ATycxf and this « — — — , whence AT oe —■■■ ^ . 

Or in general jtT» ■ d^ ' • Whence 

Putting BC = *, CA =y, BA = z. Take AT<x 
— ^ if X he given, orAToe. —37^ ^y is givtti: 

And the Nature of the Curve SST will he known hy ex- 
jmng^gK. 

Example i. 
Let B A he a cuhic Pitrahola, r'x =y* j then r^A 203. 
— 3y»_y, and (if_y be given) r'x = %% whence —^ 

. = — ; therefore /^ is as — a ^vcn Quantity : 

Oniie(]tieatI]r the Curve ^is the fame Parabola with 
SA, but placed in a higher Poficioo, 

Ex. a. 

Let BA he a HquaJratic Parahola, r^tt ^y*^ and loS. 
yr given. Then r'x = 4)"^, and r^x = izjr'^** where- 
fore -^j sz -™-, whence AT fxy or ^. 

Ex. 3. 

Let BA he a Circle^ y = s/zrx—xx^ x given ; 209. 
■ . . rx—^x ' .. — rrx* 

nwn y = ■ -■ ... > y : 

\/2r» — )f* 
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_2- = — ■ _ - — ; therefore JT<k that- 

b u ACvCR} ' ^'^*'*°** '** Perpendiculars RS, 
D£ are AflympOices to tbe Curve ST, 



p R o B. xxn. 

^ofind tbe Refiftaiue of a plane Figure or Solid moving 
is a Fluids in tbe DiriSien of its Jxis. 

Let AB^Jat any plane Figure or Solid whofe Axis 
u A^ ; draw CBf parallel to the Axis A^ and g D 
and Ordinate BE Perpendiculars thereto ; BD a 
Tangent at £, awl I^ perpendicular to ic Call JE, 

X i EBy y ; AB^ z ; 5», z -, 5r, x : m, y. 
. l^etfB reprefent the Force or Reuftance of a Par- 
ticle or the Fluids ftriking againft C with a given 
Velocity, then will fD be the Force againft the Curve 
Line or Surface at £in DireAion fD; andfg will 
be the Force or Refiftance againft the'Curve in Di- 
re£lion BCj which alone is the Refiftance that hinders 
or oppofes its progrefRve Motion in Diredion of the 
Am*. But by fimilar Triangles fB-.fg : :/B^ : 



Therefore the Force of a Particle againft C and 5 are 

as/B and ~ x fB, that is as i to ~~. Now the 
z» z» 

Quantity 

D,gt,,-erihyGOOglC 
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Quantity of Fluid ftriking againft Sn in the Curve is F I G, 



volving round its Axis) asj^ : Therefore the Force 

againft the Bafe 1 Force againft the Curve : t'ytd 

yi • y ' y 

■7-, or as;' to.' ^ , , or as jy to ~ — 7—, that 

■a; x^+y if' 

y 

is as^ to •^ . : And Force agwnft the Bafe : 

1+4- 

y , 

Force againft the Solid, is as ;^ to — - J^ —^ , 

Note, by the Refiftance of a plane Figure moving 
in a Fluid is meant the Refiftance of a prifmatic Solid 
of any given Depth, and whofe Bafe is that Figure : 
And it is fuppofed to move in a Direction parallel to 
that Bafe. 

Hence to find the Refiftance j by the ^^atien of the 

Curve, extermnate «» out of the ^antity — — i— r— 
I + 4— 

for the Curve ; and find the Pkent F\ or out of the 

^antity ^ — -. — for the Solid^ and find its Fluent 

1+-^ 

G. Then will the Refiftance aggin/i the Bafe : to-tbe 
Refiftance againft the Curve : :y': F. Or the Refiftdnce 
againft the Bafe : to the Refiftance againft the Solid : ; as 
y : to 2G. 

Example i. ' 
Let there he a Triangle {er prifmatic Solid) ARS ju^ 
taking in Viredien ^A, lAt A^j=.h ^—c, ARzzd, 

AE 
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* ^£=*, EB=y i and by fimilar Triangles *— — ^, 
wheofx X* = "■^> therefore - 



=-^ = -%~- ""-"'^ F'"™ ^ = -^- 

Whence the Refiftance of the Bik to that of the Side, 
is tiy to —^-i that is as <£< to rf. 
Ex. 2. 
Let JRS he a Cone^ whofe Axis is j1^ then *r= 

" .+ 4I i+i* 

-^ = ^, whofe Flum C =. -if-, and 

'G = -Jl'-. Therefore the Refiftance oF the Bale 

to that of the Side is as ;7 to -^, or a> aUto a. 

Ex. 3. 

Ut ABR he Circle, Radiul A9_=r, JE=.x, 

EB=j. Then i = -^ = — J3^. and^l 
'^ — * v''rr— jjf ji* 

= -;;:2- i therefore L_ ^ __i 

= —fry> "liofe Fluent F =,_ ^. WheoK 
the Reliftance againft the Bafe, to the Refiftance 
againft the (^rcle, (or cylindric Surface) is as y vyj 

— "j7^> 'li« is as jrr to yr—ff : which when;i=r, 
is as 3 to 1. E X. 4: 
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Ex. 4- 
La AB^il an Hmi/phtre, then ^ .^ = F I G. 

' + -yr "°- 
- Xjyt whofc Fluent G —-^ — ; 



- ITT ■ 

therefore the ReSftance againft the Baft, to the Re- 
liftance againft the convex Surface, is as j»» to^' ,. 

w ^ — or as 2rr to irr—yy \ which when jf = r, , 

irr 
is as 2 to I. . 

Ex.' 5. 
. Lil ABRSJc aSphreid, ^the Center, ^=a, 210. 
LatusReftum = ar,AE=:x,BE=y,^=il=a—ii, 

t\xam—aa——xi> and»=— a = 



r^ a 



-^Xli 



therefore ■ 



- jyi whofe 



I + *' rra+a—rxs ' 

Fluent, by. Form the 4tb and nth, is (?=■ ^„_^j. 

^ 5n:flX2^^L0B = -=2±E>«L: Whence 

the Refiftance ,of the Bafe to the Rcfiftance of the 
convex Surface, is asjy to aCj and whed;- zz ^R, 

or ^ a , 

it will be as j— r to -^^^ X Log :y : — f. 

Ex. 6. 

La ABE ii an Hjptrbiloid ; denoting the Quan- 210. 

ihies as in the li* Example, «« = m + — .jy, •"* 
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F I G. . ^ .,,. = ^''+_^ .vy, whofc Fluent G-= 

r _ 

iX-^+iX=rX2.30258Log._ •'•' 



210. 



Therefore Rcfiftance of the Bafe : Refinance <rf the 
coovex Surface : : ^ to iG. 

Ex. 7. 
,Ltt ABE be a Paraholeid^ AE—x, SE =y, 

irx —J3t theo x^ — ~tr~ > *°<* — '~ — 




"■ r^ "I whofe Fluent G=2.3025rr Log : 

And by Corrcflion G=2.302585rrxLog: 

And the Refiftance of the Bafe. to the Refiftance of 
the Surface of the Solidj is as ^ to z.3o258rr x 

' Ex. 8. 

Suppofe AB to^he a cubic Parabola^ r^x^zy^, 

■ r 

whofc Fluent G (by Form the 5th) = '°'^'*^"' 

X DegVees in the Arch whofe Tangent is r~- ; 

and the ReGftanCe of the Bafe : Rcfiftance of the 
Surface -i ; asjpy to 2G. 

Ex. 9. 
Let ABD^be the Sclid , generated by the Cycloid 
AB D revolving round A^. D ^= «, JE = *. 
■ - • EB=.y 
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BB=y, JB^Zi by the Nature of the Curve, ^=:F I G; 
"-^^ ^a>=2--^ithen 2^ "^- 

z* - 4"" " * 

Fluent G = -^ — 4- : Whence the Refiftance of 

2 ja 

,th« Bafc, to the Refiftance of the Surface : : as^, 

I 2¥' ay 

to^ ,^» or as I to I — "^»and in thcwhole 

Sblid it is as 3 to I. 



p R o B. xxni. 

To find the Center of Gyration of at^ Bedyi 

This Center is fuch a Point O,' that a given Force 
ading at a given Diftance from the Axis of Rotation 
SR, will in rhe fame Time generate the fame angu- 
lar Velocity in that Body, as it would do if the whole 
Body was placed in O. 

Let J, B, C, &c. be any Particles of the Body, 
and let fall the Perpen'diculars Aa, Bb, Cc, &c. and 
Or, Pp^ on the Axis of Motion SR. And fuppofc 
a given Force S apply'd at P, afting at the given 
Diftance Pp from that Axis, to move the Body about 
SR. The abfolute Motion of the Particle A being as. " 
Aa%A\ the Force acting at A that generates it muft 
^Ifu be as v^oX-^i and a Force acting at P that will 

- Aa 
generate the fame Motion m A^ is as -p-rY.Aay.Ay 

or — pV~~* Likewife the Forces at P that gcne- 
X X 2 rates 
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^iS^i »t" *•*' Motions of B and C. will be as - ^^^^ - 

CcxC . 

aad ^-pz — , €^r. and the Sum of all thefc = 5. 

And the Force at P that can gcoeyate the Cwk angu- 
lar Motion of ^, placed in A, will be as -■ ''^'^ 
likewile the Force at P that can genetate the Motion 
of the whole Body, placed in 0, will be °^'^°'^? 
■ = 5, by the Hypothefia. Therefore the Sum of all 

*' —Pf- + "??"■ "^ i> ■• ' ^'- = 

5:4?=^, whence Or- =±^!^!+?p<Mh 

Pp Body 

Therefore if 2 = Body, * = Diftance of any Parti- 

,„, ,k„ K). = ^""5"" - "'"'"'"f"^ 



Whence this 

RULE. 
Multiply the Fluxion of the Figure by the Square 
of the Diftance of the generating Point, Line, or 
Surface, from the Axis of Motion, and find the 
Fluent-, which divided by the whole Body, the Square 
Root of the Quotient, is the Diftance of the Center 
of Gyration. 

Example, i. 
Let SA he a right Line moving round S. Let SB=ix^ 
SJ=ay ihtn z=Xt and Ft. *'x == --", andz=:jf, 
then J — -or xy/\ot a^k = Diftance of the 

Center of Gyration 50 j the fame is true of a Sender 
-Cyhiuicr. , . 

£x. 2. 
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Ex. 2. 

In the Periphery of a Circle revolving about the Dia- F I G. 
meter SR. ha Qd =: r, Bji =z x, SJ zz z^ czz Cit- 241- 

cumferencc, then z = — ■ ■- ■■ '„'. ■- And the whole 
Vrr—rxx 

Fluent of — - — 
y/rr — xx 

—J and for the whole Circumference it is , 

then y.^=rv^T = CO, the Diftancc of the 
Center of Gyration. 

» Ex. 3. 

For the Plane of a Circky er a Cylinder., revolving 242. 
rwuid the Axis in C. Let CAzzr^ CS:=.x, c=3.i4i6, 
then Circumference at £ = 2fx, and z = zcxx, and 
Fluent icx^x = lex'' % and for the whole Circle, 'tis 
kcr* J but the Area of the Circle = wr, whence 



Er. 4- 

For the Plane of the Circle about the Diam eter RS. 243. 
Let DCzzrt CB =«, then Flux. Figure = x s/rr—xx^ 
and the whole Fl. of x^x\/rr — xx^ when *=r, is 
.irrx Quadrant! and for the whole Circle, irrxCir- 
cle, this divided by the Circle gives hr^ and ^/irr ■ 
ptirzz Diftance CO. . , 

Ex; 5. ' ^ 

For the Surface of a Sphere about thi Diameter RS, 243. 
Let DC=r, CBzzx, RD=s, ^=3.1416. Then the 
Circumference of the Circle defcribed by D it —2£x^ 

and icxs =: Fluxion of the Figure = — 7--T- , 

\rrr — xx 

multiply 

n,,N,-r^ii,Goygle 
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' multiply by xx and we have — — - - — t but when 
^fr — • 



flr=:r, whole Fluent (^ ■■ - = r, and (by Form 

17) the whole Fluent of — = ^cr*t and for 

the whole Surface tis = icr*, and the Surface of the 
_ , , 8cr* irr , , 

Sphere = 4frr, whence - ■ ■ = ~r~» and ^4fr 

or ry/z = CO the Diftance required. 

Ex. 6. 

443, Z;/ RJS be a Globe revolving about the Diameter 
/e5iletCi>=r,C5=a',f=3.i4i6i then icxxiDByui 
jjr-K^xv^r/-— x* =z =Fluxion of theSolidj and 
the Fluent of 4cx'x\/'rr — ** =T^frrxr' (by Form 
17) =.^%cr^y when*=r. And the Globe :^ier' i 
whence ^W or r\/i =: Diftance CO. 
■ Ex. 7. 

244, J^f' j^CB be a. Cone revolving about the Axis AB. 
hei JB=a, BC=by BE=:x, c=3.i4i6; then D£= 



; ' / '•■ . And z^2cxxx — i — » and multiply- 
ing by xxy we have icax^x — r — ,whofc Fluent 

CMC*' icnx^ 

is — — ->■ — — T— zz -nscab^t when xzib. The Soli- 
z Sb . 

dity of the Cone is = icabb^ then v ^ '' ,, = 

iv^A = 50. 

Ex. 8. 

Z^/ j^D i« « Paraboloid revoking about the Axis 
AB. Put AB=a, BC=b,AF=is, FD=x, c=3.i4i6, 

and rs—xx. Then Z)£ = a — — — i and z=.icxx 



.^hyGoot^le 
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F I G. 

245. 



y_a— -^t which multiply'd by xx 13 zcax^x — - 

3r 
thei 
= tW, and x^iH = ^t/j = Diftaocc BO. 



■, whole Fluent is -r~^ —^ = Jwi^whco 

x^a : And Paraboloid = Icah^i therefore "S lit 



P R O B, XXIV. 

To fini tke lateral Strength of a Piece of Timier, 
vihefe SeSim is atrf Figure given. 

Suppofe a Beam FJ fixt with one End in a Wall, 246, 
and a Weight P .fufpended at the other End F to. 
break it, and let JBD be the Section of it'where it 
breaks. Let the abfolutc Strengtjh of i Fibre of the 
Wood be I, and put ABzza^ BD::zb, AC = x^ 
CE=y, BC=v, and BFzzi. When the Beam breaks, 
the Part? at B don't feparate at all, and the Parts at 
^feparate the firfl, and the Degree of (Iretching ac 
any Plane C will be as BC. But by Mechanics the 
Refinance any Particle C makes, will be as the De* 
grce of ftrctching, and therefore as £C. Hence 

a : I : : V : — =:the RefiftanceorTcnfionof aFibre 

at C i and by reafon of the bended Leaver JBFt whofc 

Fulcrum is in Fj i : f : : — : — thceffeftof thatTcn- 
a a 

fion upon the Weight P; or the Weight fufpended at 
F to ballancc that Refiftancc ; and therefore ~ 



wy 



Weight at F to ballance the Rcfiftance of all the Fi- 
bres 
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246 bits in the Line CE i that is ~~ = Strength of all 
the Pardcles in CE, Therefore the Sum of »U the 
-^^, in the Figure* or the Fluent of ■ - or 

■*-^— will = whole Weight P or the Strength of 

the Beam. 

RULE. 
Expm^e V or y or X by the Nature of the Fiptre, 
and find the Fluent of ^—~— or of ^ — •* and that 

mil be as the Strength of the Bean. 

Cor. If that Fluent be divided by the Se&ion (or 
f\.yxoxyi)t the Quotient will flww the Diftance 
from Bt where the total Stretch of all tlK Fibres of 
tiie,Beam bdog colleAed> it will be equally ftrong. 

Example i. 

g ^ABTi he a VaraMopen \ then y^hy and — ^ 

— \ whofe Fluent is -tt" == ( when w = a ) 

iA>j» for the Strength, = to X SeSion. 

Ex. 2. 

let /IBD he a Triangle ; then ;» = — , and v =: 

, yv^x hxx • ■■ 

a—x i whence = X aa — zax ■+ xx. 

a aa 

And the Fluent is ,— --— + —-t^^a*, 

la 3^ 4«'» 

when xzzai for the Strength, zz iax Section. 

if the Vertex be at 5, then;' = —-, and ^^~- 
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■ ^tv hv* FIG 

1= ■, and the Fluent = = \haa, when , , c 

aa 4^a 240. 

vz=a', for the Strength, or ia x Section = Strength. 

Ex. 3. 

If AEB be a Circle ', and y = \/ix'~xji = \ 



and 

or m^vs/a^-^ = Semicircle : And by Form 17 the 
whole Fluent of f^v ^/av — w^ or v^^vk/o — v ■=. 
■^aa X Semicircle, and when doubled* F : — — = 

-("iAX Circle = 5^3-/4' ,^,^ ^^^ ^^^ Strength of 

10x4 
the whole circular, Section =: ts^ X Section. 

\ Ex. 4. 

In a hollow Cylinder^ or the Periphery of the Circle 
JEB. Let the Arch =:z, then;"w = 2, and jz = 



= idX —7==, therefore Fl. of — -==■ 
V'av— w V « — ^ v'a — V 

= -^. And by Form 17, whole Fluent of C—^— 

or)4x . — oriX-7=. 19 = —- X Se- 

\/av — w vfl — V oa 

micircle, when v=.a ; and for the whole Periphery = 

ia X Circle =: . ^^*'^*^ a\ the Strength ; or *a X 

Section t= the Strength. 

The Problems delivered in this Section are exceed- 
ing general, each of them comprehending an infi- 
nite Number of particular Cafes, and are fufficient 
Y y here 
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F i G. here to Hicw the Method of inveftigating gimera] 
Frobtems ^ the Method of Fkixions. 1 fhall now 
proceed toexco^plify tbe fame DoctruiCt in the Re-. 
folution ot a few particular Problems, belonging to 
Phyficks or Natural f hilofophy j and the rather 
beraufe this Sort of Problems has aoi^etn £(» cpcn- 
nion amon^ tbe Writers 9f Fluxiooi. 



SECT. 
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'.- ■ - ' ' Fig- 



sect, in. 

Tie Selution of Phyfical Probltms, et 
fucb as occur in ■the Phunofnena of 
Nature. 



P R O B. I. 

•To find the Relation c/.tk Flmiom, if tie Tims; 
relodties, and Sfacn defcribed ly Bodies m 
Motion ; being aSed ufon by any acceleratins 
Forces. 

LET b~ Body or ^ntity of Mstttr. 
m = Motion gateraled. 
F zz Accderaiive Force, 
t — Time of moving. 
V zz. Velocity. 
s = Space defcribed. 

Let f = Moment of Time, oc an «ceedtog fmall 

Part of Time, s = Moment of Space, v = Moment 

of Velocity, li = Incfement of Motion. Theii what- 

««r be the Law of thtr accelerating Forct f , .t may 

Yyi ■* 
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F I G. be confidered as utuform for the Moment of Time 

i. Then by the common Mechanics, the Velocity 

generated in the Time / will be as the Force and the 
TioK direftlyi and Quantity of Matter recipipcaUy 5 

I Ft 
that is V OQ ~T~' Likewife the Velocity maybe 

look'd upon as uniform, for the Moment of Time 

i i therefore by the Laws of uniform Motion, the 
^Ace defcribcd will be as the Time and Velocity* 

tx t ex vf. Alfo the Motion generated is as the 

Force and Time, that is 01 a Ft. Now s, /, v,' m, 
being fuppofed infinitely fmall ; fubftiuite the Flux- 
tons inftead of the Moments, and we have m cc Fit 

Ft • ■ 

V ce ~r~* ^"^ ' ** "'» univerfalJy. And fince by 

. Mechanics m is as ^v, therefore » ot ^. Hence 
from chefe Equations we fliall haw. 



2. J a vt, and ; a — . 

% 
Ft . hv 

3. vot-^.and/oc-gr-. 

Fs , . hvv 

4. T«7 « —i—j and s Qc ~"e^- 

And in any of thefe Forms, if i or F be conftant- 
ly the fame ; then fuch conitant Quantity or Quanti- 
ties muft be left out. Likewife if the Velocity or 
the Space be decrcafing, you muft write -»^, or —s 
inftead of i,, ',. 

Cor. Hencty put b = i6,'j Feet, the. Space defctnded 
by by in ene Second ; then zb = Velocity acq^iared in »nt 
Second. Then will « = 
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FIG. 



v=. s or 2bt 
s-:z.vor iht 

s W 



wbenv—ib, and F:=.b i wbicb t 
tbi Cafeof falling Bodia. 



'2b 2b j 

For Etie Velocity generated is as the Time, there- 
fore I (Time) : 2b (Velocity) : : / : v : : / : i-, and o 

=2bh 

Likewife the Space defcribed viXth the uniform 
Velocity ib, is as the Time ; therefore, 2i (Space) : 

I (Time) : : j : t : : s : i, and szz2ht. 

Thefe Forms are general, and will be found fer- 
viceable in the Solution of many phyfical and mc- 
chaaicat Problems. 



P R O B. II. 

7oJind the Motion of a mujical Stringy •vibrating 
at very/mail Dijiances. 

I. X.et AB be the String, and let it be drawn to C, 
and there let go ; now Hnce the Force to move the 
Point C, by Mechanics, is as the Sine of the Angle 
yffr», or as that Angle itfelf when it is very fmall ; 
therefore the Point C alone will firft begin to move, 
and preTently by the Flexure of the String in 'd and e 
theie Points will alfo begin to move, and then the 
next Points to thefe, and fo forward. Now by reafon 
of the great Flexure in C, that Point wil! at firft - 
be very fwiftly mdved ; and the Curvature in d and e 
being thereby increafed, thefe Points are continually 
accelerated ; and the Curvature in C being diminilhed. 
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FIG. iti Motion will be iefs accelerated. And umrer{at\f 
214. thefe Foiots that are coo flow being tnOfc accdfrafcd. 
Mid ihok tooCwiff being If fa acce^rlte^^ it wiAl eome 
to pafl that* the Forces being at length rightly 
adjuftcd, all the Points of the String wilF acquire 
fuch Mocions, as to be carried to the Axis togccner ; 
m4 will coolinoe to go and mom togtvfici! ad tnfini- 
turn. 

2. Now that this may be regoVariy pcfformpd, the 
Strbg mult always have the Form of the Curve 
JFXB^ whole Nature is fuch, chat thf AAg!e of 
Contact, or ths Currature in any ^(Mnt i^ witt ttt as 
the Ordinate ^'£i for then the Force at F being a!s 
the Curvature that is as FE^ the Vdlodfy generated 
will 2iro be as FE the Space to be dcltrib^di and the 
conftant Accelerations and Velocities, and t^e Parts 
of the Ordinate defcribed, and thoft; (TO be defcribed. 
will be as the wholes ^ and confequently any cor- 
refpcuident Parts of the Ordinates, and therefore the 
whole Ordinates, will be defcribed in equal Times. 

3. To find the Radius of Curvature-, Let^B or 
iAZ=a, ZX—biAE—», EF=:^ JF=z, e= Radius 
of Curvature in the middle Point X. > Let z be given ; 
and' by Frub V. ScA. II. the Radius of Curvature in^ 

= -~s~ i therefore by tbe NatufB of die Curve j : i 
: : « : — - = - j^-, and ehxzzsTty^ and the Floerit is 
fix =: ~—^ but in JT, x=Zt and_y=* : TTiercfere 

the Fluent corrcflcd is ehx--ebz^ •^— ^— i, and tkx 

,. rt—hb . 2eh*-yy—b» ,— ,' ^ 

:=ieiz+ ■' • ^ ■ z = ~- — v^x'4'/*,«MlbyiRe- 

iuaio., X = ^-±a:=J^> 
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=Xbpcaufe> is vaflly greater tbaa h oy)- 



^^^^— — ■ Whence (by Form the loth) the 



Fluent Jf^v^f Arch whofe Sine is ^, ftadios rrt; 

^ wbcnjf ^^, then * = !«, and then * = V*? X 
*2-^^ = -^v^, putting r=: 3.1416. Therefore 

ka = -^^^, whence * = --^, the Radius oF Cur- 
MtQB: m^i'. Therefore the Radiw of Curvature in 

4.' To find the Motioa of any Pardcle of tka 

String as fuppofe of X the middle Point. Let p = 
fepAon Qf Che String, or the Force thft extends it* 
» = Weight of the String j JZ=x, v~ Ve'locity . 

in /, / =; Time of defcriWng'JT/t jp, v, /, the Mo- 
ments of X, p, and /. The Radius of Curvature hi 

lis = -^. By Example i<J, Pfop; XIII, The 

Fprcc ^herewith ^any Particle of the Curve at i -is 
urged i is to the Ten'Gon of the String (^) : : as that 



therefon the Pbrce aiding at X =s -^ 

the Force upon the Particle 2 is as the Diftance x : 

Now by Me^t>^)iics or the Laws of Motion, the Ve- 

MoitientafSpacBX Force 

locity xMonwntof Velocity qe wd^ht 

(fince the Weight is as the Matter); which is auhi- 

vcrfal 
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5. Laftly for the Time. Singe the Moment of tWp I G. 
Moment of Space . - ,. 214. 

Tie a ^rn — = — > univerfaily: And in a 

Velocity ' 

hling Body, 2/ (Space) : 1 Second (Time): : Jf( Space): 



: = Time of defcribing x by the falling Body. 
X Space 

2/ ■ ~ Velocity 



X Space , _ ,. 

jid likewife — r , = „ . . — i therefore from 



_ . —X 

■e general Analogy, we get / = — — , or / =: 
-, then the Flucnt/= — — '—^ 

\ na ' • »'» 

[putting^ = Arch whofe Sine is -r and Radius i). 

Iind by Cofreftion (for in X, ^ =0, Jf = ^ / = 

7~ (putting 5 z: Arch whofe Cofine is — )} 

> Vt h 

nd when * = o, the whole Time / n "' V'"^^ s *°^ 



2;./' 



/ or the Time of one entire Vibratfon zz v/- 

econds. 

Cob. I- Hence all the Vibrations great and fmail 
,re performed in equal Times •■, for they are all exprefled 

jy ^ — 7-, in which h is not concerned. 

Cor. 2. The Number of Vibrations performed in 

'i-fp ~ - • 

one Second '^^\/~^' 

Cor. 3. Hence the' Square of the Time of Vibra- 
tion of any mufical String, is as it's Length and 
"Weight directly, and it's Tenfion reciprocally- And 
Z z therefore 
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F I G.' verfai Pfoportion for thefe Quantities. (Sw Prob. I.). 
914. Now ic is known that any heavy Body falhng thro* 
i6iV or/ Feet gains a Velocity of 2/ in-i Second; 

therefore * = Velocity generated by that Body in fal- 
ling thro* » with that Velocity 2/, becaufe the VeJo- 
cities generated are as the Times^ 'or as the Spaces 

(i/andx) uniformly defcribcd with the gtveo Velocity 
3/. Therefore, in this Calf of failing fiodies>- wc 

liave the Velocity x Moqieltt of Velocity =z ifx : and 

.- Force x Moment of Space , pie , 

«^* Wcighc ^ ' --J- ='■ 

Laftly in the Cafe of the Tibrating String w ^ Ve- 
locity X Moment of Velocity. And, becaute the 

String is .homogeneous a : » : ; z : ■-— - =:Wdghtof zj 

and — X =, Moment' of Space. Therefore (by the 
Rules, Prop. XIU.) wc get this Analogy (from the 

g^aeral Proportion before {aid down) 2/x : x : ; wx 
'—. — . Whence w ^ — 1 01^ = 



aa X , "' _ Bd ' ' ' 

-^fpccxx ■ , , „, . , — ^fpccx* ■ 
-^ i whence the Fluent is w = ^ : 

But- in ^, v=:o, x-=.h\ therefore the Fluent corr 

jc(5led (by Prop. XH.) is vv ~ -^^' x hb—xx. 

And in Z^ where *. = o^ v ■=. ^f^/3SL , the Feet 
defcribcd in a. Second. . 

5. Laftly- 

D,gn,-.^hyGoot^le 
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'5. Laftly for the Time. Singe the Moment of the F i G. 
^. Moment of Space . ^ ,, . , . 214.. 
Time a y^.]^^.^ ^ — ■, univerfally: And in a ^ 

falling Body, 2/ (Space) : 1 Second (Time): : *( Space): 

— 7 = Time of defcribing » by the falling Body. 

And likewife — r = - . : — ; therefore from 
2/ ' Velocity 

the general Analogy, we get / = — — — , or/r: 

■ — ._ ^ tl,jn the Fluent/z: '—r- 

na ^ 7ta 
(putting^ = Arch whofc Sine is -r and Radius 1). 
And by Cofreftion (for in JT, / = o, * = 3 i) / = 
7— (putting B ■=. Arch whofe Cofine is — ) i 

v^ . * 

•' na 
and when )f = o, the whole Time / = '^s/~ttf i and 

2/ or the Time of one entire Vibration = v^T^* •" 

. Seconds. 

' Co?. I. Hence all the Vibrations great and fmall 
are performed in equal Times ; for they are all expreffed 

by */ — ^1 in which h is not concerned. 

CoR; 2. The Number of Vibrations performed In 
one Second 'Sv^^"*"- 

Cor. 3. Hence the'Square of the Time of Vibra- 
tion of any mufical String, is as it's Length and 
Weight directly, and it's Tenfion reciprocally. And 
Z z therefore 
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F I G. therefore in the Uant String and Teafion thfc Time is 
21+. « the Length. 

SCHOLIUM. 
To conftruA the barmonital Curve AFXi let s be 
the Arch oi t Circle* «rhofe Radius ts b^ or XZ \ 
d Che Diameter of another Circle, whbfe Circumfb^ 

rence is « or AB^ Make j4E or x = ,-, and etcQ 

EF:zyt the Sine of i i and F is id the Curve. 

For we found x — ■ y. . , and c = -, 

Vhb—yy ccb 

ThAefore AFB is a itifchanical Curve. 

I took a Tirglnal String 291^ Inches long* and 
ireightng 8 A Grains ; and faftning it to the Virginal, 
J ftretched it with 8^ Pound Weight Avoirdupoife 1 
and cauBng it to vibrate, I found it to be Unifon with 
the Note Ela in the Bafe (the Note below tbe'Clitf) : 
By this Problem it appears, that the String made 300 
Vibrations in a Second of Time. This Experiment I 
made very accurately. Hofrever, by Rcaron of the 
, RcCftance of the Air, and the larger Vibrations that 

the String makes, it is probable that the Time is a 
little prolonged ; and chat the Nutpbcrof Vihrationa 
in a Second may be fomething lets than is afllgned t^- 
this Problem. 
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P R O B. III.' 

To find the Velocity of a FrojeBile at A moving^ ^ G. 
t" my gmn Qume ^AO abom the Center (f 215. 
Forc^ S. 

Let the Diftance Syf =D, 55 the Perpendicular on 
the Tai^gent ai kzzP. Rs jius of Curvature CA~R, 
e zz Velocity of the Body at A, e =. Velocity of a 
Body in'a Circle at the fam9 Diftance SA, and aAed. 
on with the fame Force; take the inBnitely fipallArqh 
Aa, and draw urn, «», parallel to SA, CA. 
• Tiwn by fimilar Triangles, P : D : : aR : am :-: 
centripetal Force tending to C : to centripetal Force 
tendif^ tQ $ ; : vprM Sjnfl of t|ie Arch Aa : verfed 
Sine of the Arch (defcribcd in the fame Time) whofc 

P?<3iu5 is M: : X = :5"' Therefore PR : Dp 
i i cc : ee. 

Or thus, by Prob. V. Se^. II. R= -^i there- 
fore cc: ef : : Px —f~ • ^D ; that is cc : ee : : 

Pb : Dp: , 

Cor. I. In theEllipHs and Hyperbola, the Square 
of the Velocity of a Projeftile moving round the Fo- 
cus : is to the Square of the Velocity of a Body 
moving in a, Circle at the fame Diftance : : as the 
Projeftiles Diftance from the other Fotus : is to the 
Semi-tranfverfc. 

For let 2r — Tranfverfe, 2J = Conjugate ; then . 

(by Ex. 3d. and 5th, Prob. XIX. Scft. 11.) P = 

Z z a , ,\/2rDfDD * 

D,gt,,-erihyG0Ogle 
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FIG. m . . brpD ' 

,,, — — — , and p = — - r- Therefore 

hDb brD'-b ' 



s/2rD^DD 2rD+DD'i * 



: : 2r + 7> 



Cor. 2. The Velocity of a Body revolving in an 
Ellipfls round the Center, is to the Velocity of a 
Body in a Circle at the fame Diftance ; as the Con- 
tueate to that Line of Diftance, to the Diftance ic- 
Iclf. 

For ( by Ex. 4. Prob. XIX. Seft, II. ) P = 

hr . , irDk 

and F — 



^rr-^-tb — DD * rr + bb~DD\^* 

brb brB'-h 

whence f f : « : : (-7=^====^ : -- ^ ::) 

Vrr-^bb—DD rr+bb-DD^^ 
rr ■{■ hb — DD : DD. And c : e : : Conjugate of D 
: to D. 

CoR. 3. The Velocity of a Body moving in a Pa- 
rabcila about the Focus, is to the Velocity in a Circle 
at the fame Diftance : : as v^z to i . 

For let, r=: Latus Rectum, then by the Nature 

of the Parabola, P— — ^ — , and p = -— - ^ -g-. 
Whence «:«:;( \- . : -^ V :d = « = '• 



P RO B- 
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P R O B, IV. 

FIG. 

To jind the Velocity ef a dtfcending Body in atrf Place P, g 

lei fall from the given Point D towards the Earth or 
atrf attraSiit^ Body -, bting ailed upon by a Force which 
is as any Power of its Dijtance CP from the Center, 

I^t the 'Earth's Radius C^=r, CZ)=<», CPzzx, 
DP^^ — X, wliofe Fluxion is — x, t = Time of 
dcfceni^ing thro' DP, v zz Velocity acquired, by th*t 
Defcent. F the Force at P, which let be as *?. 
. By Mechanics, when the Body is given, ic is unl- 
verfally vv oc — Fx' oc — x'i ; (fee P rob. I.) aod , 

the Fluent v» ex . But in D, Vzio, iczza, ' 

»+i 

therefore the Fluent corrected is v» oc - 



But if « = — I , then w oc Log.—. 

Now we muft find the Value of tJ at !^ the Earth's 
Surface for fome determinate Values of a and *, in 
order to turn the general Proportion into an Equation. 
Thus, it is known by Experiments, that a heavy 
Body defcending through a Space s or i6A Feet will 
acquire a Velocity of 2 J or 323 Feet in a Second of 
Time. Therefore writing ts for ^, rfor *, r+j for 

a, we fliall get this Analogy, : 

^+> „,-+.' «"+'_*•+' 

4JJ : : : , :w=.4^s x , -j— 



.^hyGoo^lc 
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F • <»• =(b«eaiifcr+?+"-^+"=»+iXr'JiiMrlf,)4«X 

— I and o = 2j y/-- — , the 

«+i X A »+i Xr'/ 

Feet defcribed in a Second. 



Cor. 1 



fore the Velocity of 9 Body falling from 4p jn^nite 
Oiftancc 10 the Surface of the Earth will bo z\/i7. 
CojL. 2. \i n—Ot thenp=2 y/ jxa-^. 



Cor. j.If»2=!jtheot';;:y^— X/i«^*. Tbfre^ 

foR Body ftUiqg from the Surface of tt)C Earth to 

(he Center acquires the Velocity \/2rs. 

CoK< 4- If the Be^ had been frojeSed downwards 
from D with atiy Velocity c, then inftead of v~o, at D, 
put v=c, and the correAcd Fluent will be vo-^^fc 9; 

V+*_;,-+- «"+'_;,•+■ 

..,_: , , orw — « = 4JX — . 

Or »/ /i6* 5ffrf? awj projeSed upwards^ ce — w Qc 

■ -— ^ or « — w— ,4jx — -; — , 

•+' j»+iXr^ 

3od in either Cafe w;:«+4^ X — — ^. 

«+iXf- 
Cob. 5. If n he equal or greater than — 1 1 «« — i, 
O, I, a, ^c. a Bodf falling from an infinite Difiance, 
t(«7? acquire an infinite Velocity : For then « will ba in- 
finiie. and «•+" will be in the Numerator. But if 
n be lefs than — i -, as —2, — 3, '—^ (^c. ihc- Ve- 
locity acqjiijred at the Sur face, In falling from an in- 

fioitc HeJgbJ. will be ^/ „ . '» for then « is in the 

Denominator and inBnite, and x is = n 

P R O B. 
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P R O B. V. . 

^0 find the Time wherein a fallitig Body will de/cend F I GV 
" *fci*ff* nay Sface tawatds the Earth, Wi. heing a£kd 216. 
iipeni^ a Force which is as any Power of its Difiance 
from the EaHh's Grnter. 

The fame Things fuppofed as in the laft Probrem, . 
__, Mom. Space 

we Ihall have, the Moment of Time « ' Velocitv — * 
uiriTerfally. Since a ^cfcendbg Bo^y at the £ut)i's 
Surface" acquires the Velocity 2 s in the Time p or 
I Second, therefore by the Laws «f uniform Moti<Jn, 

zs-.pn 

is defcribed wkh Velocity 2J. Hence from the uni- 

rerial Proportion, —-y : — : : / : — -— * there- 
fore/' = — -^— = ^— (becaufe /•=!). And / = 
^^^ = (by the laft Problem) ~^ " 



..sj£^ 



whence /■=: Fluent of ^ — ' ■ '-•-■ ■-- 1 expreflcd 

«4-i XJr" 
in ScamcU, 

Cor. 
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^,L^' Cor. I. If n=-2, /=:Fluent o£-^^~ X - 



r:(by Form lo and 1 1) -^>/-f X«-^*— — v/-^ 
XtOi7453 X Degrees in the Arch whofe Sine is 
^— , and Radius i. And when duly corrcaed, 
^aax — axx ' ,or7453« ,a „ 

tl«Timc/=v / ^, + sr^v'TXEte- 

grees in the Arch whofe Cofinc is •s/'Tt and Radi- 
us i. . And the Time of defcending to the Center is 

Cor. 2. If »=o, then t = - ■ ~ . — r, and / = 
V4fX«— « 



Cor. 3. If »=i,then/ =*/ — x ■ ^ , and 

(byForm 10; / = —\/-2j-X. 017453 Degrees of the 

Arch whofe Sine is— , and Radius i. And being 

duly corrcfted, *= ,017453 \/-^ xNumberofDe- 

grees in the Arch whofe Cofine is — -, and Radius i. 
Hence the Tioieof dcfccnding to the Center will be 
- ^'''^' -*/ — : And therefore all the Times of Dtf- 
cent from any Altitudes whatfocrecwilt be equal. 

SCHOLIUM. 
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S C H O LIU M. ^2^1^' 

If / be given to find * ; find the Fluent of t = 
, . a x^x , ir —X 

— ^ry/~rx ' , or ^— X -T==±=?-, by 

infinite Series and revert the Scries. And if either / or 
V be given the other may be found by firft findings. 
And hence a Body being proje&ed upwards or dowo-- 
wards with any Velocity ; its Height may be found» 
and the Time of its Afcent, or Defi:cne. . For then t ~: 



=:jbyCor.4. Pr.4: 



v/ <rf +4J X - 



n-{-i xr" 



■ . , - p R O B. VI. ' ■ 

The Veioctiy'dlid DireStion efa ■Proje£tikv ani the Law 
.■ cf ceiarjpe^l Force ieifig given i tofindtbeyehcitiest 
Timet ^fi Aisles of Revoliitien. 

Let C be the Center of Force, and let the Body be 
projefted from V in Dircftion VA with Velocity h 
defcribing the Space b in the Time g; and let / be the 
Velocity and j the Space which the Force ac V will 
generate in chi i'ame Time g. To the Center C de- 
fcribe the Circle VXH^ draw the Radii CX, CT in- 
finitely near, cutting the Trajectory in / and X, And 
defcribc the Arch Kr. Call CK a, CI, x; Vh U 1 

VX, Zilr,'xi Kr,ii rX, zi /K. u: Andlct/ = 

Time of deC:riblng VI, and I of defcribing IK, s = 

Siae, e =: Cofine of the Angle Cf^At and let the 

A a a Force 
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FIG. Force in tny Flice / be u x", and v =; Velocity m J. 
117. Then. 

.1: By the Refoltt^on of Forces, th^ Force to acce- 
lertte the Body in Direction of the Curre is x" x 

-jg- = *• X ~z~ i t*«t ''y Mechaiucs (fee Prob. I.) 

w ct Fotce x<» mUver&liy. Whence w oc — ^ — 

X ^ oe •^v'*- Hence therefore the Motmot of Vc< 
loctty depends not at all on the Angle KIC^ but upon 

xthe Moment of perpendicular Derccnc,aod is there- 
ibre the fame at all Inclinations as if the Body de- ' 
icended perpendicularly. Now to &nd the Moment 
of Velocity in ^ i by the Laws' of uniformly acce- 
lerated Motioni the Velocity generated is as the Timet 
M as the Space uniformly defcribed vith a given Ve< 
/ocity : And finccio thcTimeof defcrU>ing z^, the 

Velocity f is generated, .therefore 2fif::x:. -^-~ 

rz. Moment of Velocity generated at F whHftx isde- 
fcribcd with Velocity p. Here tfaercfef^ (he Vahje of 

' • ^* ■' ' ■ ■ ■' "■ ' ' 

Vwis-^^.'*)4 Fprce X Moment of Space; is a"«. 

^herefote frooi thp univerf^ Proportion, -^T : a'x 
I ; vp : — *■* ixvv: .—yffx,. whfoc9,W,= "J^t 
and the Fluent v = . ~^^ ,■ . . But in r, *=a, 

«ndv=5, therefore by^eiiittwioaw=:*H--=^-- 
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- -gCt^.- But hw if '=-'■, ''^"="+ .^^l- 
n+'i"' ^ . 

i Aaain fincc the Velocity is every where iwa- 
0,i.lttr.fc« Perpendicular let Wl on the T..^«. 

^i the»lt«i:v.:^ =".<k»i'J'=li-" = 

__ — ' —ashx 

Butby Smilat Triangles »: j : ^ «:» = -T> '"'' * 

— ea^x 
- J^, therefore z = ,^.„.,._„.,.4.'- 

3..Lrtl^fiK='»-T *' '^°™" "-"" 

Area, or tht Time oc Area ;. and in K the Area = 
iiiitherrforeasf-V*- ^' = '5':: ':'!)'; '■^ 

will <= -Syj-. o" = ■ V5??S?I? 

Confequemly fubftituting for ot ifs equal, in the 
V.hLof zaid* Ae Fluents «iUgi™ 2 and;. 

Cor. .. Hence the Apfide, of the Trajeaory are 

eafily found ; for then it will be i = ;> = -^ «. <» 

"■'•»' _ hh + - ^ 
. rnk^vni thereforew^ —^ "" "^ ,+ ixj 

, "+"<«'' A a a . '«"> , 
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F I <3. two Roots of this Equation be found ; dhm th? cor- 
117. refpondent Fluontsz will giVe the Fiction of the 
Apfides. ^ 

Cor. 2. Since the Sine of the Angle C/X = -^ 

= — — i therefore if that Angle be given, the Di- 

ftance x may be fiaund i or if x be given, die Angle 
may be found. 

CoR. 3. If the Body be prqjeded at rig^t Angles 
to C7% then j = i, and, by Cor. i, we (hall have 

»xx + ^^^. ^""^^ ^a^ib^ inwhich 

s4-iX; n+ixqa' 
one Root is a ; and finding x another Root in the 
Equation, the Fluent z may thence be hadi and coa- 
fequently the Motion of the Apfides. ■ 
Cos.. 4. If in any^Partof the Orbit, vx^oj^, and V 

be greater than ^ .^ , the Body will fly off 

from the Center i but if v be lefs, it will approach 
the Center^ if equal, it will move in a Circle. 

For by the Laws of centripetal Force s/1^ will 
be the Arch defcribed in the Time ;, by a Body re^- 
volving in a Circle at the Diftaoce a i and z; : ji : : 

y/z^ : v^"^" = *e Velocity of a Body moving 

in a Circle at the Diftance a. And v/tf'+' : y/*"*"* 

: ; v^^ : J JPHllL - theVelocity of a Body 

moving in a Circle at the Diftance x. Confequently 

when "y is greater, leflfcr, or equal to ^ ^ \ 

the BoHy will fly from, or api^oach the Center, or 
move in a Circle. 

i* R B. 



hyGoo^lc 



Sea.ia {TEtUXlONS. 365 



P RO B. VII. 

To find tie Time tf " Bedfs defcendit^ thro' atrf Arcb 
of a Cycloid. 

Let ^ be the Axis, BV^ DJ", f/, Ordioates.' Let F I Gi 

ACi=iihVC^hyVFz:zx,Ff=kBB = z,De = 'z, *'** 
/ = 16^ Fecc / = Time of defcribing BDz And 
let the Body fall from B. 

The Times of defcribing any Spaces uniformly are 
as the Spaces dire&lyi and the Velocities reciprocally; 
but the Velocities are as the Square Roots of the 
Heights fallen. from ; and 25 is the Space liniformly 
defcribed in 1 Second, by the Velocity acquired by 

falling through s: Therefore —^ ; i Second : i 
—J- : / = — -=- iOtt— ^=-jbut(byEx.8, , 

v.* - I^/SX ly/SX 

Prob. VUI. Se£l. 11.) z -^.x^/j—^ \ whence t •=. 
I\/ X -r— • Whence the Fluent (by Form * 

the loth) is /= \/-— X Arch whofe Sine is •s/~t* and 

Radius i. And when * = ^, then t = -^^— — y/—. 

"Whence if a Penduhim te made to vibrate in the 
Arch (^ the Cycloid, 2 f or the Time of one entire 

Vibration will be 3. I4i6v/—, in Seconds. 

COE. 
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FIG. Cor. i. Hence all the Times are equal tn which 
218, Bodies defcending from any Points Z, B, D (hall ar- 
rive ac the loweft Point C: And all the Times of 
Vibration will be equal among chemfelves. 

Cor. a. It appears by Ex. 3. Prijb. VII. Seft. II. 
that if ZP, P^ be two Cycloids, whofe Cufpids are 
•t Pt and Vertices at Z and ^; then if a Pendulum 
PC be fafpcnded at P, fo that m ofctllBting it may 
fold about the Curves ZP, P^j then the Point C 
viU defcribe the Cycloid ZC^: And ther^ore the 
Time of its Vibration will be 3.i4l6xTimft ol a 
Body'f falling tbroggh ^. ' . 



jp R o B. vm. 

219. T*fiid the Ftrci whermi/b a CtrfrnfiU P is attnOtei 

to the Plane of a Circle E§pt accenSng to aiff Lavi 
of centripetal Forc^. 

■ IrfOt A be the Center, atod JP perpendicular to the 
Plane of the Circle, and let the Fores of each Panicle 
be ^i the »^ Power of the Dillance. 

Put >^P = a, .^ = », f = j.i4j6. And. let the 

Body m attract the Corpufcle P, ac the Diftance d^ 

• wiiJi the Force/» then the Force which any Parucle 

» , ' /* 

jT attracts the Corpufcle P towards E is -r-^ X 

<»(^v^^» wd the Force gf all the Particles in the 

Pcr?p!iei7 £^D is ^^ x aa+x?': And by Me- 

2cfaxx 
chanica the Barct m DiwtiQa PA^-'- ^ " X 
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iH^^i and the Fluxion of the Force = .!£^ '^ } ^' 

X *»+**'-" J whofe Fluent is ■—■■ x g''+''*^"^. 

But in ^, jf^o; therefore Wy Correction, the Force 
exerted on P by the Plane of the Circle ED is =: 

'^m'S^^^'-J^ " -■■'■' 

*- I, then the Force =: -*^ X 2.3025851^. 
•<jfl4-yjr. -'v-" ■^■;'',-. ■;■' ";. ''^rr:' - ■ ■■'^':.- 
' "CDR. I. Hence if » ± k, tht Force of die Circler 
eXeiftedonih(;Particfei>vill&e,^^^, c^ie fame 

9t.i( tht iiud .Qrdfiwcfe vjiolif oollectsd ittte difc 

Pentcrwi. . 

""GoR. a. TliercFprc if~^» = 1,^ a Sphere will atttaft jjq; 
aiur Pardcle 'Fwith the fame Force as if the whole 
S^ere wa« cqnsra^ed.into the Center C. Fqr talcing 
ttke Circles £2), ft/ paratteli,.aoil€.Ogt<]ii]:ant from the 
Center ; the Sum of the Forces witt'be as the Sum of 
tfwtvo.Circfafitaeh.mult^tlteclidto JtsDiflance, of 
as either Circle into half the Sum of ^hc I>tllaFi«es, 
that is intO:2PC;-Qr both Circles inuhipliecl into PC\ 
and it is the l^nie ota)l eqqidiftaat.Cireles-that com-^ . 
j«)f<i,theOlQbe._. -•. ' : . . , 

C6R.3.1ft»3r— 2,theForce=.^Xi-«-r,:^==; jio. • 

C0R.4. If stfelefs than T-]f;i!jen the Force of t^ft 
«taok ItAtAta'VUsit 1^1 be ^ 
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P R O B. IX. 

F I G. TV /s^ the Force wbtremitb an ii^tmte StSJ, flai/t m 

asi. «K Side Lit aUraSsa CorfufeU fiaced atC: Sup^ 

Jn^ngtbe Lamaf AttraSion to hewuwrjalfyasfme 

Poner of the Dffiimce greater than i. 

\ ■ ■ . ■ - - ■' .- 

Dnw the infinite Line (XSK^ perpendiculir to the 

FluK LGIt >nd through the Poiots /, K, mSmtely 

ocareicb other, draw two Piines, parallel to LI i 

tndlet CG=a, CIzzx^ IKzz'x, and the Force aa 
x'i and by Cor. 4. Prob. VIII. the Force wherewith 
Ae Solid, comaiiKd between the Planes at I, Kt 

attraai the CoipuTcle. will be ^'^ '^ ' and 

ItsFluxioa — * ^*'^'* . whofe Fluent is -^ 

IB^X — »— 1 — *** 

X ■■, „ . . '■— And wiien duly eomcted ^ Force 

ii+iXH+3 - ■ ■ • 

will be '^- X -■+'-*■+' . 

n+ixn+sxmi' 
Cor. I. If M be lers than — 3, and the Solid infinite 

towards Ki the Force will be ^<^^"^J 

■ w-f-T X'»+3 X (»^ 
Cor. 3. Hence therefore the Force at diff«vnt 
Diftances from the infinite Solid (when n is lefs than 
—3) will be as i»*+* or CC+K 

Cor.. 3. Hence alfo (if » be left than — 3), the 
Force of a very great Body upon a very fmall Parti- 
cle, 
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clcjat any extremely fniall Diftances, wiU be as the F I 'G. 
»+7* Pywwof the Diftance, nearly. a2lj 

Cor. 4. And if the Corpufcle be pkCed within the 
S6tid at' ff, fo as GH = GC, the Force will be the 
very fame as if it were placed at C, fo far without it. 
For, uking IH =..GHy the Solids HG and i//deftroy 
one another's Efie<5U. 



PRO B. X. 

To $ni the Tone wberevdtb a Sphere atsraSls a Cor- 
> fuffU Pt^.natfd either witbeut or within the Spber.t\ 
fi^po0pg the Forces tf all the Particles to he recifro- 
' e^ as the Squares of their DifiOnces, 

• -Cafe i. Let P be without the Sphere. Draw the z^ii 
AxU PAB^ and the Ordinates £D, ed infinitely near, 
Midlgt S be the Center, putP5=:'a, PDs:*, Dd 

-==. *, AS ==r, JEC —y^ 4* =4fl— /r. Then P£ 



~ y/zax—bi. But by Cor. 3. Prob. VIII. theJforee 
of the infinitely thin Solid contfuned 'between the 



Planes of the Circles D£, de is = — x 1 — pci 

therefore the Fluxion of the Force ia — ^— x 



X n -J whofe Fluent u — • X: 

^zdx — l;h m 

^ Z — ^/zax—b^y bat an A where the Force 

\tx)t x^a~ri therefore by prpper Qorrefllon, the 
B b b Force 
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^ ' ''• Force of the Segment EAF U = -^ — xinto: 

«^+'-+ — is — x-^ — p:;-x^^= 

and when y=j+r, the Force of the whole Sphere is 

%tfdd ir^ 

f — m ^ 3aa ' 

aaa. Ca/e 2. Let P be wit hin the Sphere . LetP£^*, 

PD=*, then P£ = v^rr— M+aa* = \/i^+««» ; 

therefore (by Cor. 3. Pr. VIIL) the F luxioa of the 

Force at D is _i— x *— ^====-i whofe 

m >/iifi+2ax 

. ncfdd hb — ax jrr-. — *- . 
Fluent 18 ~~ — X:x-i — " V^ib+iax: but 

in P, * = o i therefore the Force of the Zone or 

]fh—~ax , ii 

Seftion ^DFR = * + — r~V*i-h2«f — — . 

. fiefdd 
lawhichwritingd+rforXf there comesout — jj— x 

r— for the Attraffion of the Segment ^R. 

And by a like Procefs the Attra^ion of the Segment 

«^2j _ — J — j^ _: . ^jjQfg Difference 

r** « 31M 

2cfdd 
is — ■-— X 1 *i the abfolutc Force of the Corpufcle 

P towards the Center > which is the fame as the Force 
of a Sphere> whofe Radius is SP, aiding on the Cor- 
pufcle P at its Surface. 

C6r. 1. Hence the Force oC the Sphere upon the 
Particle Pptaced without the Sphere is the very fame 
as if the whole Sphere was collected into the Center, 
and exerted the Suipof alt the Forces from that Cen- 
ter, for ■ ■ =: Sphere divided by the Square of 
. , the 
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■ ^.^ , " r ^' A^i'f . FIG. 

the Diftancej and -JJ ■ f ■■ ■ ^^^ ■■ -^i^^ tl-t j,j_ 

very fame t'orcc of the Sphere before found. And 
hence it is alfo evident, that the Forces of Spheres 
are accurately in the reciprocal Ratio of the Squares 
of the Diftanccs from their Centers. 

Cor. 2. The Force wherewith any Corpufcle P. 

' within a Sphere, is attracted to the Center, is accu- 

' rately as its Diftance from the Center ; and is the 

farpe in different homogeneous Spheres^ as long as thac 

Diftance is the fame. 

CoR. 3. Hence allb, the Forces of Gravity at the 
Surfaces of any homogeoeous Spheres, are as the 

zcfdd 
Radii of chc Spheres; For the Force is as x 

2r> r> 
• . that is as , and when a z:,r» it will be u 



P R O B. XI. 

tefind the Force wherewith a Spheroid etira^s a Cor- 224. 
ptfcle Py lying l^on its Sarfate in the Jxis PB. 

Let P5 =: 2r, Diameter GH = 2a, JP = x, then 

j{E = — v^2nf — xXy and PE zi s/xx+ — x 2rx—xx 

= -^ s/zra*x+rrxx — aaxx = — v^2f«M*+i^**, 

putting hbzzrr — aa. By Cor. 3. Prob. Vlll. the 

^, . . . ^ »' rcfddk TA 

, Fluxion of the Force at .4 is i: -— ^ — x i — -^ 
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,14. __i—x:jr ■ : Let » = ^ ^ / ^ ' 



xLog.— ^=^ ;= »urbe greater thaa«: 

viraa 

orp :;^ '°',^^^^ X Degrees in the Arch, whofe 
w ■ 

Sine is — V — , if r is lefs than d; and the FJueot 



= Force wherewith the SegmMt PEF Ataa&i the 
Particle at i*. 
C©R. I. Hence the Force wherewith the whole 
zeddf 
Sfktrs^ attraSt tU Pm-tick P is zz ■ ^ '- x *«» 

r'd' 2r« , 2.302585 

ar + — — p — : where f:=i- ' t^^A^ x 

pi hb \/rr — aa 

2 Leg : -rv : w p :_ 

" a \/aa — rr 

the Number of Degrees in the Arch whoje Sine is 

•^ , Radius = I, according as r is gf^eater 

erh§er than s. 
Goft. ^.If h ke wry JhaU,, the Farce 0/ tke Seg- 
„ „ „ 2cdd . . 2rx X . 
mm,£PP=^—^fxw>i: ^ ^^ + 

•"—-</ — t wr»' near. And the F^ce «f the 

lOdl ^ 2?* ^ - ■' 

, , r, , - 1 . ^4^^ : A"' 

whole dphereta ts = ^■ ^ '■■■' x mto ar ' 4- ■ 

■* m 3a 

2rr 
~— p- bb ; as will appear by infinite Scries, or Form 

theiSth.' 

Con. 
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. C»K. 3. Let^ffa^hew EUijifB, M<hc%iaitii F I G. 

,j^ . ^ rrpT , . ; theo UK ntra^iog. (lorge 

ac /i upon the oblong Spheroid, generated by revolv- 

-mg round ^5, IS 2^+ ' JO-PO ^^^^^TT^' 
Jlad (i>y the taA Prob.) the Force at 4 upon a %>hetc 
whofe Diameter Is AB, U i.<^C Tiere/ere the Force 
li the Sphtraid, to that of the Sfben, is as ^X9-^i 
XgPCs /« .^ — PO. And fince the obUlo Sphe- 
roid generated bjr revolving about P^ h a mein 
pK^orCtonal between the obiong Spheroid and this- 
Sphcre j therefore the Force upon the EquinoSiial at Ay 
n^n this oblate &pberaid (which reprefenti the E^rth) 
is nesrly a man htween the Forces of thtfe other two 
B9^. And this majr help to determine the F^use 
9f the Earth; 



PROB. XII. 

^o^adthe Motion of a Ray of JJgbt p^ng into a 
refraSing Medium. 

Let theft be two Mediums Xeparated by the re- 
fiTifting Space RJiD terminated by the Parallel 
Planes RAy Ddi^ and let the Ray, moving in the 
Direftion GH, pafs from H to /, and in its Piffage 
^ sited upon, m Lines perpeadicular Tto the Planes, 
■by any Force which is equal at equal Diftances from 
, either Ptancs and ac airDi^DCos as any Powers or 
SucQS of Powers of the Diftance therefrom. And 
■ - Ice 
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F I G. let *= Velocity in ff, v = Velocity in i>, «» = »; 

»*5' pi — ZiPF = z/t=i Time of defcribing PF. And 
let the Foroc be aa ^ + B*- + C*" -j- 2)*' &ff . = 9 . 

tfien will the Force in IKrectionPF be —^ Andfintt 

the Velocity a "'u^* ^^ Moment of VcJocityoc 

Force x Time, therefore w cc ^y otvv cx ^ ; 
aflltme^ a given Quantity^ and let vif=p^, and 
let F be the Fluent of ^Jf , then v^ — z^F, uid by 
Coirection w—th^ipFt and vv—bb-\-2pP. Hence 
the Ray will always have the fame Velocity in the 
fame Medium DIK^ whatever be the ilngle of Inci- 
dence. 

Let the Modon of the Ray Gff be divided intotwo 
GAt AHt one parallel the other perpendicular to the 
flane RA. Then lincc the parallel Motion ^£f is 
not at all changed by the Actions of the Forces per^ 
pendicular to tbefe Planes : Therefore if /D be made 
^lAH, and DR perpendicular to Dl, then /X will 
be defcribed in the fame Time as GH. Therefore 
drawing IE parrallel to GHt the Velocity in /f to the 
Velocity in /, is as GH or EI to IK, that is as the 
Sine of the Angle of Refraction to the Sine of the 
Angle of Incidence. And therefore the Velocity of 
Light in Vacuo, to its Velocity in Air of a mean 
Denfity at the Surface of the Earth ; is as ,999^ to i^ 
For by Ejcpcriment the Sines of Refraction and Inci- 
dence are in that Ratio. 

CoR. I. The Sine of the Angle of Incidence at one 
■ , Planet is to the Sine of the Angle of Emergence from the 
ether Plane, in a given Ratio. For the Velocity v at 
the fecond Plane will always be equal to the ^ven 
■ Quantity s/H-^zpF^ and the Sine of Incidence to 
the Sine of Emergeoccj as this ^ven Quantity to b. 

Cor. 
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Cott. 2. Jftht Ray veauo fall m.I in Direatm KI, F I G; 

VBttb tbi Viiocity it has at .1, it would return in the 
fame Curve IPH^ and fo go to G, and obtain its frfi. 
ffelaci^. For the fame Forces that did before accele- 
rate its Paflagc, will now equally retard it in return- 
ing. Therefore, 

Cor. 3. If the Rt^ have a greater Velocity in the firft lt^» 
Medium^ than in thefecond, and the Angle of Incidence 
GHA he continually ditninijhed^ the Ray will at laft be^ 
refieitedi end the Angle of RefleStoh gba will be equal to 
tie Angle of Incidence GHA, 

, For.let the Angle GHA be fuch, that the RatiooF 
kt Coiine to the Radius -may b&equal or greater tham 
dte Ratioof the Sineof IncideaceofthefirltMediumi - 
CO the Sioe^of-^mcrgencein theiecond; and the Ray 
at R will be moving in a Direction parallel to the 
Planes ; but being afterwards acted on by the fame 
Forces as before, it will be turned back defcribing 
the Line Rbg fimilar and equal to RHG, and the 
Angle gha=GHA. 

- Cor. 4. Hence if there be two ftmilar Mediums wbofs 
Denfities are p and q ; and the Velocities after Refra&ion 
into each of them z andy : Then will 22— ^i : yy — bb 
::p:j. 

For lince the Fo^es of Attraction are made towards 
BodieSt thefe Forces will be proportional to the Caulcs 
that produce them, and therefore will be as the Den- 
fitics of thefe Bodies, fuppoAng the internal Form and 
Conftitution of the Bodies to be in other Refpects the 
fame. The Forces therefore exerted at any equal 
Diftancea by thefe two Mediums will be as '^^ and 
• q^\ whence will be had 22 — M=:2^F, and yy—hb 
zziqF i whence zz — bh : yy — bb : :p : q^, that is as 
the DenQties of the Bodies, nearly. 

Cor; 5. IfLsghtpafstkre'feveralrefraiJii^Mediunu, 
the Sum of all the Refra^iens will be equal to the Jingle 
Refra^ien it would have fuffered^ by p<^g immediate^ 
Mt of tbefrft Mtditm into the laft. 

For 
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FIG. I^itrupponngcheTefevenlMediuinttD^aparAttd 
226. tw parallel PUncs, the Refra6tii»i, VeAocky, 6r Mo- 
tton . getiented in apprdicbing «ny Oni-^f thefe M«- 
dHims, will be (kftrajrAd ligsin lA 'M 'reccdifl^ >(on 
tbe-other Side>frotn,th(^ lame Meditirs. Atid «hor<9- 
fore the Motion of the Ray can only-beilS^cd with 
die force of thn Medium k at laft iftoVcs bi< - 

S C tt O L I UM. 
225, Though it is not knowil to w^ .{udcife Diftuice 
tflte Tcfradive Powe^of itflyMcdittA)iWQtMSa.Lyec^e 
are ifure it is ooDUnoed in on citceotiii^ loiill Cam* 
' pafs. JLati therefore tbe Curre MP/, sad coBiequm til^ 
the IPoiatt ifif, J aay ix taioen mf^itdfcx ooJ; asbne 
Boint. 

There are .k» or do Exunpta aoiM^ aU dis 
Fhfcnomuia tlf NetUFe thftc a^ord To clsar ^ .Praef 
of the prodigious Forces of the fin^ PaPUcl^B <f( 
Mitcer, tts the Mbtton «nd 'Refradia»«f Light does. 
For notwitbftanding the anMKiiig Velocity ^ chc 
Rays, and the-extreti^y .fa^atl ^ace and Tiiiije.tfaM 
any refrading Surface has to act inj and yetrtoftfo- 
^uee-TucKalnifiblc ftelractionM wefeeicdoostiDuft 
evifice^hw the Fonres eiKrted oa tbefe fBuU^BodiaB 
* mMft be fufpfiTiagiy groac, wd idQ .iwlljr fixajied 4U 
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P R O B. XIII. . 

The Felecity ^ a Gbhtt mo^oing in a right Lintt and 
iU Denfity^ and ib^ ^mfity of the refifi^ Mediuvt 
in which it moves being given \ to Jind the Time, 
Veimitjt <tf*d Space dtfmbU. 

Here ve fuppofe the Medium to be uoiform, and 
that the ProjediJe U afted on by no Force but the 
Rcfiftapce of the Medium, and that to be as the Square 
of the Velocity. 

Let ^= Weight of the Globe, d — the Diameter, 
J = it's Denfity, p = Dcnfity of the Medium, s = . 
a Space of 16^ Feet, h = Space the Globe at 6rft 
can defcribe ia i Second, or the firft Velocity 1 x r= 
any Space defcribed, / z= Time of defcribing it, and 
f:= Velocity at the End of that Time. Here I mea- 
fure the Velocity by the Space defcribed in a Second^ 
and the Time ia Seconds. 

I. It 6 proved by Experiments that the Rcfiftance . 
of the Globe is to the Force by which, its Motion may 
be generated in the Time of defcribihg t its Diame- 
ter, as the DenOty of the Fluid to the Oenfity of the 
Globe ticarly. The Velocity generated in a given 
Bodyis as the Force and Time conjunctly, therefore ■ 
the Force ir as the Velocity divided by the Tinjes or 
by Spaces uniformly defcribed in thefe Times, thcre- 

fore -r* : ;r: : -rr : ' i , j =r Force that wUI ge- 
Derate the Globes Motion in the Time it defcribea 
Ui therefore -^^ f^ = Reliftancc of the Globe 
C c c withp , 
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37^ ^^ Doctrine 

FIG Sf" 

with Velocity h, and likewife ~, g^~ ^ = Refiftanec 

with the Velocity v. Now i Second : 2j (Velodty of 

a falling Body) : : / : 2J/ = Velocity generated in 

the Time / by Gravity. Now flnce the Moment of' 
.Velocity ii, in all Cafes as the Force and Moment of 

Time » therefore isi -.wi-.-.—i'. ^^ ^x /; 

therefore© = — g^. or r-»v = -5^ j whence 

the Fluent 1;-' = - gV -. But when , / = o, v=.h, 

therefore the Fluent corrected is — — -7- = -^. 
V * cog' 

which reduced is, %dqv + 3^2'/':;' = Zd^, 

z. 1 Second : 2i (Space uniformly defcribed with 

Velocity 2s) : : t : 21/ = Moment of Space defcribed 
with Velocity zs. And fmce Moment pf Velocity oc 

'-TT-j — r^ — X Moment pf Space ; , and the Moment of 

Velocity in falling Bodies was found before =z 2sl. 

„. , ' ffX2st I ipvvU^ * 

Therefore zst x ■ ^ ' : : -^ : ^^^^ x — i 

whence -V = ^. and ^ = ^, There- 
fore the Fluent is - ^ — = — 2.3025 X Log- v. And 
by Correction-!^ = 2.502585 Log: — v 

CoR.i.H««*=:— ^X2.302585Los:i + ^: 

tih't appears iy expunging v. 

Coa. 2. 
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Co»...//r=i|r-'*""'= r+T' '^' 



2.3025^*3* ' 
CoE ? If ti' RififiiBict «"" »*«««!!' PiW «/ 

*^^ , ■ if^'^^ = ««/«/«»« ./ <i« OUb, M 
4--_„— _ ...a" ■: But 

BCt Flutnt, -^;;;^ j^jj— 

4 _ J2*i 
when »=■> Log = .^ — 8i<j ■ 

. TA I^lrlJhe Rcfiftance olf B moving with Velocity 
,, be = Weight of the Body w. Then i :«■. . 
J;; ": ^- = tlS Refiffaoce it meets, with Velocity v. 

Then (fee Ptob. I.) -^ 0= ^i «*^ ■■°"« ^"''^ "^ ■ 

falling Bodies, ^=2i, .ndi = i. f = '^ =Lrf°t 
in the C.fe of Refiftance F^wV. i=B. Therefore 

■ . toj , • «^'J TheKfore — tw =: 

2bs : :: — "f^ • — R^' i"e*eiu« 

™ * 2WI 

C C C 2 ^ ' 
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i*Slj „ — v^-'i = -^^na<m>emiaHa 




2— » B 




Alfo — V a-y-, and in the Cafe of blUng Bodies 








B , I— » 
- js '■ 



/ind bence when v~Of or. all the Motion- is d^reyed, 
y^~' ihw 
and n lefs than 2, then is -— = — ^-'■^j «»■ '/ « *« 

left than 1, = f ^ thence the whole Space 

mid Time s and t will be known. But in all ether Cafes 
s and t will b'e infinite^ and n being lefs than a, the whole 
Spate Ja A*~"» f^r aty the fame Fake 0/ n. 

SCHOLIUM. 
It ii heit laid down as a Principle that the Refiftance 
of a Globe moving in a refifting Medium, is to the 
Force b^ which its Motion may be generated in the, 
" Time ot defcribing I its DtacActer 1 as the Denfity 
oftheMediumto the Denfity of the Globe : Yetlhavc 
found by fome Experiments that in fwifi -Motions 
the Re&llance has been greater fometitnes by a third 
or fourth Part, "^hcfc Experiments Itried in a River, 
with aGbbc et equal Denfity with the Water, by 
faftning a Thread to the Globe and to an Index in- 
clofed in a Tube with a fpiral Spring : For by the 
I^vilions of the Index, -as it was drawn out more or 
.Ids, I could mcafure the ReUftance. 

, n ,.-i..Gaogle. 
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The Reafon of this greater Refiftioce feenu to be, F I G^ 
Aat the Giobe being near the Surface of the Water, - 
and the Motion of the Water being very fwift, the 
' Water fad not Liberty to diverge upwards from -die 
Globe, and upon this Account made the Re^Unce 
greater tban ir the G\t:ix hadtteen ^deeply itnmerJMi 
for then the Water could have diverged free)jr from 
the Giobe in all Directions, and on all Sides.- 



P R O B. XIV. 

j^ a Body in a uniferm Medium, beiitg umformfy affed 
imbytbe Force of Gravity, offends er defcends in a 
• right Linti ^0 jiadtbe Times, Vehcitiet, mdS^et 
defcrihed. 

St^fe as before W = Weight of the Glche, 

d = its Diameter, 

q^its Denfity. 

p ^ Denfity of the MtMum. 

jr= i6rT P«it the Space tbrot^b whieh a 
heavy Bod</ defcends fy 'gravity in a Se- 
cond. 

* = Space deferOtdfrom the heginnihg of thi 

Motion. 
t -zz Time of defcrihing ». 

* zzVilecity at the End of the Time t. 

b =: Velocity the Body is proje£led upwards or 
downwards with. Here I meafure tbf 
Vehcity by the Space uniformly defcribed 
in a Second, 
The comparative Weight of the Globe in the Me- 
dium will be ^^W. And to (hall find, as ia the 

laft 
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^ ^ ^* laft Problem -^~-»' = Refiftance of the Globe 
mwiog with Velodcy Vi and confequently ^^^ 0^ 

± ■ ^CT -yu the Force adiog oa the Globe accord- 
ing as it afcends or defcends i call this Force j. Now 
sj/ = Moment of Velocity generated by Gravity in 

the Time / : And the Moment of Velocity being as 
the Force and Moment of Time univerfatly i there- 
fore isi tfFi:: +v :yt : : +1" :yti whence / = 
- ^^ _ - +8dqv 

Agaia, let a falling Body defcribe any fmall Space 

z at the End of i Second t then it will be,' zs (Space 
uniformly defcribed with Velocity 2j) : i Second : : 

z : —- =; Timeofdefcribingz withVelocityjj. And 
fince the Moment of Space oc Velocity x Moment 

of Time univerfally : therefore z : 2j x ~r~ : ; « : v' 

' :ix:vi. Whence * =v/= t tt . , 

q—pXiodj±^W 

Cafe I . When the Body afcends, /= ^ , 

q-pXi6(is+3pw 

and (by Form 5.) the Fluent /= J^^^^m^ 
Vg— p X48'^ 

X Degrees in the Arch whofe Tangent is y/ 3/*^ 

q-py.i6ds 
But when / = o* v —6 i and the Fluent correded is 

/ = 

n,yN,-r^h, Google 
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, _ .^ ^J(.o'7453 . xDtgreeiu.thcDlffiro.aot'' ' '^^ 

*''jT-? X lisp ^_ 

the Arches whofe Tangents arc >/ ^ ^ and 

' {— ?X i6,ij 

/ Z P^ J therefore when v=o, the whole' 

f i'mc of Afcent /= "'<X'°'^'>S?, ^ Degrees in the 

- . r !— /■ X 3'^j> 

Arch whofe Tangent is — t / . _^ ■ 

* i—py.^ -- 



Ukewife « = ^ __ y^ ,_-, and (hy Form 
j— ^ X 101W+ 3i'i™ 

the 4*) the Fluent «= ^—^ — - Log: «> X 

' 4^3x2-30258 
i6<ii+3?«':AndwheoduIycorreaed«:=— "-— 

X Log: -i— ^ — — ; ^• 

' . Siij* 

. aiAe2.'WhentheGlobedcrccnds<=:-=^— — > 

J y_fXi6J(— 3^ 

. and (by Form the 6th) ; = -4^M?llllr X Log: 

'/■^y.,6d, + '/jp^ V;-/i.i6^+v/3?W . 

n/STTS -- v/S^ ^f:p.i6ds-^/ffk 
and this laft Term vanilhes when Sis o, or the Body 
'defcends from Reft. 

Alfo»- ■ '^^' ■■• "l""" "" 

Alfo«--^^.,^_3^^ . Fluent 
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and when correftcd, * = — * "^ X Log: 

Globe defcends from Reft. 
Cor. 1. Tilt gridttji VeUcit;/ the GUSe can 

acquire hy an injhate Btfint h ^ / ° ^ X ^^ds : 
. For when x or / is infinUe thcDttnominatw f-^f )c 

Con. 1. £A<;=fy/J 



i—fxm 



3t ■ 
«■= JVmJa- cf lit Log. •■*»'»'* . 

«» / = 2.30258C X £«■ -^- »r «^= -|^ 

■ TV ( 

whiit rtductJiiv€! v=: ^ g, «*« /fe GA*« 

defcaUs. 



^Xi«/ - 



Co». 3. .=..3<»j85X-^Xi.f.-^^-;;:^ 



= 2.301585 x-^x£.y. 

(2hbt iefcmdi,^ 

Cor. 4. In Ske Mnnnirltc rdidly tmJSpaanUtf 
ie/mndfrm tbi Tim luhcnlht GUt afandi. 

SCHOLIUM. 
: . ff "= had fuppofed the Reflltance to be as any 
Power of the Velocity v, then we fliouid find (as 
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. -iini'W FIG 

in Cor. 3. of the laft Prob.) - J^ - ,_^ =; ReM' 

aiue of the Globe with Velocity v : and confequently 

-!-— 2 ■ and i = w; = . 



+8-^?^^ . And 'the Fluents wiU 

give /and *. 

iSRj/e, the Denfity q muft always exceed p, other- 
•wife the Globe will not gravitate j contrary to the 
Suppofition. . " 



P R O B. • XV. 

fo find the Veiscity andReJtJtance of a Globe ofdllatit^ 
ittji Cycloid^ injinJifiingMdium. 

Let Ba be the Arch deftribed in one entire Ofdl- 
lation, C the loweft Point, and CZ half the who!^ 
Cycloidal Arch equal to the Length of the Pendulum: 
Let the Globe defccnd from S, and put CZzza^ CB 
=i, BD=Xy the reft as in the laft Problem. 

Then we fliall find ^ ' fV — comparafive 

Weight of the Globe in the Medium, and ^^. ff^ 

=: Refrftencftof the Globe moving with the Velocity 
V, in the Point Z) 1 as in the former Problems. NdW 
it is known that CZ is to CD^ as the Weight of the. 

Globe - ^""^ fF'a to its accelerating Gravity *t 2?, 

q — p 
which therefore is -^ — ^~ fVx- 

* D d d 
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PIG. the wliole Force b^ whicb the Pendulum is urged ia 

• «j - aq ibJsq ^ 

And therefore We tbiU find (the fame as in ProK ]tlV.) 

■i=-^tf;«Ak- (w =) -^.w. p« /=• 



And the Fluents will give / and jr. 

I. Since X = ^J fJ^fx-^ ' riJ v' finding the Floent 
(by the Help of Form the 4th and Rule 8. Prop. X.) 

we have x = 'jf^^ Log: hf—fx^gvv + -^ j 
but when *=o, «=:o \ therefore the Fluent correded 

*/+-^-A-iw. 

Lot a=:Njmber belooging to the Logarith m J^a ^ 

«nd then » = "^ ' i wbick 

2hg + l — lgx y-w . 

Kducea gives TO =:-i^» + -^t^ '--X^. 

1. Let i = -fS-»' the RefiffaiKC in D, then 

" - "w»^*' "no » = -^- 1 eiponge ■!> and 
i out of the Valae irf *, and Ite fl»tl hwe i = 

Tiryl:^. ""ItheFltientArz:-^^ Log:i*-. 
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ix .2SZ +^^: and.wben duly corredcd x= ^ig, ' 

A3WilxI.og: . '"*'¥ ■■ . L« 

; '^ '^^ — t' 

u = Number of the Logarithm ""Voi^js" ' '**^'* 
will » = -^ . which reduced givei 

B 1 , « 1 " 

z=— -—*+—— x-.Xmm—. 

Cob. I. IiilhilMtfifiiilCy ri=.mmltr Mini- 

.CoK-t- B ut lhtVel<ictl}»n dRtJ!ftinKtiirimsralift, • 
mhrn z cr hi—hx—igxV x=a, ^nd ihcna x ■= 

*^^«i(«,j*».x =^V^-=3- Xi!«i-2^+': 

' b r—i , I 

For Then z =4— » X — = -y X*+— -«: 

X — i which reduced gives »=,2iff,+ i, .and Log. « 

^i 

orihe numbe r ^'^' g -^lxg: of «*.f+i. 

P d d J SCHO- 
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* SCHOLIUM. 

If the ofcUlating Body is not a Globe, then tha 
Proportion of its Refiftance to that of an equal Globe 
wfiofe Uiameter is d, muft either be calculated from 
Prot), XXII. Seft. II. or found by Experiments » let 

chat be as 1 to m : And then we muft take — iofVead 

P P 

of g, or -•— TT- inftead of ^in the foregoing Cal- 
culations. 



f R O B. XVI. 

Jo find the Btnfity of the Jtmofphere at ary Height i 
fuppejing the Force of Gravity to be as any Power ef 
the Difiancefrom the Earths Center^ and the De^^ 
of the ^r as the CompreJ^on. 

Let T ■=. Radius of the Earth. 

* rr Any Diftance from the Center. 

d — Denfiiy of the Atmofphere at the Earth'* 

Surface, 
z = Atmofphere's Denftty at che Diftance *. 
n =: Exponent of the Law of Gravity. 
Since the Denfity is as the PrelTure therefore the Mo* 
ment of the DenGty.Oc Moment of Prefiure, that 
IS oc Moment of Matter x Force of Gravity : But 
Moment of Macccr ot Denfity x Moment of Space. 
Therefor? the Moment of Denfity oc Denfity and 
Moment of Space and Force of Gravity \ iljat is 

2 oc ZK"» univerfally. 

Now it is collefted from Experiments, that the 
"Weight of I Foot high of Air at ^he Earth's Surface 



h. Google 
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is to the Wright or Preffure of the Atmofphere, as F 1 (x, 
I to 2^j25 —ft at a mean Denfity j therefore, let 

« birany fmall Height, and it is J : i : : « ; -t- = 

Moment of Deiifiljut the Eanh's Surface. Whence 

/ ' ■ lb! - I 

from the foregoing general Proportion, — : *"jf 

. , . , r ' — «"2* J z - 

vv-^^z : z:fx: therefore z =: — _, ' ', and ^*= 

"*'* : And (by Form the ift and jd) the Eluetit 

-«•+■ 

is 2.3t(25 Log : z : = ■ -. And duly cor- 

. ,-.''... - »+iX/r' 

" ■ ■ ■ : :. ,■+■_,"+■ 

rcfted, 2.302585 xXog; 4- : = _-^ — ! 
a «+iXi^ 

r"+'— »"+■ 
therefore z-^xNamber of the Log: — j-j^.+Ti^,- ' 

r'+'— I'-tF.-r. . 

=ixNu(iiber belonging to the Log. — ^ ^ 

68444Xw + i><r' 
Cob. I. ff e fe <i»j /m£l Height ahmi the EirA'i 

Sur^aCEt then z~dxNumber of the Log. ^^^rr"-' 
■ Cor. 2. If R=:it then zzzdy.Numier of the Ll>ga- 



?""• 68+44X27- ,; . 

-Cor. 3. Ifn—o, z=.d -j^ Number of the Logaritim 



6B444 
. . Co^. 4. Jf »=— 2, z=<< X Nlmier ithngmg to <4« 

Logarilbm ■ ''J^/"' ■ '<• "" "*«* '' rundxjm 

fuppetci to he taken in Fat. ■ „ „ „ ' 

<■"•' P R O B. 
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P R O B. XV«. 



ff«jM the Dtn/Sfy af theMmtfpbtrt at jbtt Iff^i 
fufpofiig the Force of Gravitf to be as awf Fewer of 
.tbeD^^oMcet .W the Cen^^n w-.aig F^er^t^ 
Vntfitj. 

•■■ Xet r :=: Radius bf the Earth. 

^ =: Dcnfity tt the Earth's Surface. 

* z:«nySmance, 

z = Denlity4ttcheBiiUiicex,frointbeCenter. 
' ^ = a length of a97z^.F'eet. 
' ' » = lodcx of the Fwcc. 

•m = Index of the Denfity. 

V =:,comprefling Force W the IHftance *. 
'' .Now by. the Hypochclis v tx z"* aad Force ocx" ; 

and iM«*~-z « Moment of .Preflure, that is as the 
Mpment of Spice aad Denfity and Force of Gravity : 

thatis a**^'z ocJf"ayf, or aT^zjx J^*, univerfidJy. 

To find the Moment of Oenhcy at the Earth's Sur- 
face, we have v gt «z"~'z j therefore (by Prop. II.) 
» : V ': : z" : m2'"~'2; : : z : mz, therrfo«-i= -^; 
but at the£arth*s Surface, zz^d^ and (taking any very 
fmall Space s) it will be, p:v : is: v : : s xy, 

aAd — = ~ ; wbcflceja :;: -^ = Fluxion^oF 
D?nfity at the EjHth*s Spr^ice : Therefore from the 
univerfal Proportion ■, <r~* x -^r :fs:: «"">.: 

n,,,N,-.^HyG00gle 
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— «4 : : nr^i : — »"x: Whence 2*-'z = ' I <* 



mpr" 

2— > _<r-v+' 



And the Fluent correfifld 



i.-£2=£rL =-=jri_ xPTC^m 

/»— I »+ 1 X mpr^ 

Andby'Rcduatoha*-' =i^' + _^^2<r_^,«-, 

« — iX*""*"'_j«f-i 



»+iX«^ 



p R o B. xvin. 

To^jind the Tiiamttm of the Earths 

Suppofe the Earth to be in the Form of the Spbe* 
roid, APB^s AB the Equioodial, P^ the Axlsj 
and Ice its mean Radius Cii:=rfvfC=i+v=tf. And 
PC=i — v=0, let QS be the Conjugate to AC* and 
RT perpendicular to CS^ then by Conies Cf = 

i/di34-fc^=i+vu=c, and i27*=-— - ^i^-awi 

nj*. Here I rejeft the Powers of v abovj; iw as being 
very inconGderable. 

Id the mean Place R a hea^y Body falls about 
,i6,c>9i7 Feet in 1 Second^ and the vcrfcd Sine of 
the Arch defcrtbed by JS in i Second by the Karth's ' 
RcTolution is ,04, (if RCzz 21000000 Feet); alfo 
as I : v^» : : ,04 : ,0283 = t» the centrifugal Force 
inii, aa 16,0917 reprefents the Force of Gravity ; 
therefore 
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FIG. therefore i6 ,i2=^. will be the cravitacbg Porce U 

227. R if the Earth ftands ftill : And this is nearly the 

Iftine with, chat of a Spheroid whoCe Axis is 2RTv 

and Radius of the (Bafe or) greateft Circle y/ac-^ which 

(by Carol. 2. Prob. XI.) is ip ^^ 3^ 



X<w— /^ = T + -^ V— '■A.'v*, omitring the ^vcn 
Quantities in that Corollary. Alfothe Force of the 
Earth at A is nearly the fatns as a Spheroid whofe 
Axis n Ai and Radius of the Bafe s/^y that is (by 

the fame Cor.) la -=r + ■ — ■ ~ ^ 

+^v+!iw. Likewife the Fo rce of the Earth at P 

4ee 2egxaa — €e 
»«— -p : ~, =? + lv + 4w. 

For the centrifugal Force at the Equinodial, it 
is as v't : I H-^* : : .04 : ,05657 x i+v = i + iv(bj 
Subftitution) = centrifugal Force at A: AlfoT+V^ 

,,, , , 2VV 

— ib'OT : 4 : : T + tVx' + — ^ : i~iv+io,o3Vv 
X i for the gravitating Force at A, if the Earth flood 
ftill : fr om this take f-^b v the centrifugal Force, and 

we get I — iv+io,o3wx*^-.*—*w foe the Force of 
Gravity at A when the Earth is in Motion. 

LecCD=Ar, CEzrj. Since the Gravity and alfo the 
centrifugalForce (which is as the Dccrcafe of Gravity) 
in A aiid Z), are as a or i +1; to *, therefore the gra- 
vitatrng Force of the Earth in Z>> when the Earth is 
in Motion will be i — 1174-11.231;' x ^—-hx. 

Laflly, I -f-i^ f — W w:d:: t+tv + A-vo ; 

i+l-u+iS-^/wXi^theForceofGravityatP. And 

lince the Forces in P and E are as e or i v to y, 

therefore the Force at E is 1 +11/4-16,471™ x*^- 

Now 
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Now fuppofe the Weights of the Columns* and;'? I G, 
to be equal; therefore their Moments or Fluxions 227. 
multipHed into the gravitating Forces at D and E, 
will be equal ; that is i — ^v + ii.23WX<^x -—l/xx 
= i+^iV+i^.^-yvvxtfyy* and taking the Fluents, 
and dividing by ^, and putting i +v and i — v for 

*arid_3', there comes out i — TV+ii-as-B* — t- jc 



i+v zz i+iv+ it.^ywxi—v J that is I— j+ 

Or inj +,06391; = ,000141, whence w :r:,Oo2i3, 
and C^ — CP =: ,00426 : And therefore if the meaa 
Radius of the Earth be 21000000, then C/f — CP 
= 89460 Feet or 17 Engllfh Mites nearly: Thereon 
>C=2 1044730, and PC=:2095527o Feet. 

SCHOLIUM. 

This Computation fuppofe's the Earth every where 
of equal Denfity : But fince chat is not certainly 
known, nor with what Force a Spheroid accurately 
attriidts a Body when fituated ou.t of the Axis % nor 
whether the Earth itfelf is exadtly a Spheroid : Thefe 
Things may render this Solution a little incorre<5t. If 
the Earth be more rare towards the Equino<5tial than 
towards the Poles ; its Height at the Equinodial will 
be increafed in that Prapqrtion. 



£ e c P R O B. 
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P R O B. XIX. 

44.7 ' jfe^ f^ P^^f '' defcribes in a rejifiing Mt&um. 

Lcc /^ be the Dircftion of the Projeailc, ABF 
the Curve defcribed ; draw AD parallel, and QED 
perpendicular to the Horizon, and <<i inBnitely near 
C£. Alfo draw j8» parallel to Cc, and Bn parallel 

Call ^t »\ CB, yi ABy z i and let » and be 
the Sine and Cofine of DAC t k r: Velocity at At or 
the Space defcribcd in Time 1 ; bzz Space defanded 
thro* in the Time 1, by the Gravity 1, acquiring the 
Velocity ih^ ifl Vacuo i c = Velocity when the Re- 
fiftance u equal to thfc Weight in the Fluid, (fee Cor. 
I, Prob. 14.) J ^ = Velocity at C in the Line AC j 

» =: the Velodty at B in the Curve = -^» by Re- 

folutioQ <^ Motion. 

Since the Refinance is as the Square of the Velo- 
city, therefore cc (Vel.) : i (RcfO : :vv : = 

reftion SO, and z : i : : - — ■ or 
■ cc 

Refinance in Dircftion 5«, by the 



RefilUnce in Direction SO, and z 



tcx* ccx 

Refolution of Forces. 

The Body is drawn from the Tangent at B by its 
Gravity alone i and iy is the Space it defccnds thro', 
in the Time of dcicribing «■ with Velocity ^j and 
twice that Space, orjf, would be defcribed uniformly 
in the fame Time j and the Velocities being as the 
Spaces uniformly defcribcd ; we have, x : V :■■ y : 

Vy 
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Vy - FIG, 

— ^ = Velocity generated by Gravity in that Time. 24.7 

Now fince Gravity does not affeft the Motion along 
AC, the Retardation therein is wholly owing to the 
Refiftancej therefore — r being the Velocity dcftroyed 

by the Refiftancc alone ; and —^ the Velocity gene- 
rated by the Gravity alone ; and the Velocities gene- 
rated or deftroyed being as the Forces, it will be, 1 

(Gravity) : -^- (Vcl.)" : : -^|- (Ref.) : -^ (Vel.) ; 

PutyzzsXf fuppofing X given, then jf = sxy there- 

fore -^=-— J. But 2' = *' -J-^' — zmiy=ix* 

— y i / r^— 

4-j*;f' — 2WW, whence —j^ ■=..— •>/ Y—zms-\-si\ . 



and (by Form 27.) the Fluent is -Syy — — " ■- — L 



xLog: J — w-l-^i— 2flM+w; -{- — — -\/i— aflM+wj 
and corre^, -yp- Jh — ~^ ^ X ^g '• 

S — W + V'l 2»W+JJ 



_ -1 — — v/i — 2WJ+JJ + 

--— i for in Ai J=o. 

Again, Velocity X Flux. Velocity a Force x Flux. 
Space, (fecProb. I.) jand if 2i reprefents the Velocity 
generated by Gravity, in defcribing any Space S % then 
5 will rcprefcnt the Fluxion of the Velocity -, there- 
fore, 2ixs (Vel. X Fl. Vel.) : I xi (Grav. x Space) 

Wz ——ccF 

: : — Vy ; --- . — x *, whence Z = - r^v y-? andthe. 

correiS Fluent, z =: —^ x Log: y 

E e e 2 Now 

D,gt,,-erihyG60t^le 
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— V 2hz , — r 


ccxx 



the kttcr be diyided by the former, we have pp- = 

' ij^ • , or 2ix" = ;^', in Fluxions, a^rj! + yjy 

— y . y ibz 

z:o. or ■ - ' - " ■ ^ -^=- — 



ly 



, or ccy = 4iyi;, an. 



Equation betwecn;r and z. Or ccy - 4^\/^*-f jr*--2)!wy, 
an Equation between x andji. 

Now fince j = -^ = TWrn' *"^ ''"** '''^ ■^"8'* 
ac M it given i therefore if we aflume any Angle for 
St then L will be given, and confequently j, and 
from thence F ; and trom f, 2 is kno-jt-n. 

Let £ = ii X Log: .i:^±^^^i=i^±^. 4. 

«^'^=TW- Airo.= -^f-xLog4= 

ecL , ,i^ ccZ. 

-^xLog:^^ = -^xLog: i-,ilE; and a: 

— hbccE _ *^J v/i — zms+ss 

" ^xi+i'i£ ~ 2hxT+^FE~* " * = 
^ ^^J .... . 

X "" — — — ', — ■ '- Alio y =r jx r= 

hhss , ;^ 



— A / I — 2I«J+JJ 
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Hence if you takcJ— r+«, and i =a, and if rbc F I G. 
taken fucceflively = any given Quantities in Arith- 247, 
metic Progreffion, and the Value of £ be found in a 
■Series, and fo proceed by Rul« 5» Prob. X. you will 
get all the Parts of * and y. 

, _ nnL 

Cor. I. Ik the Vertex F, s =*», and E — - — 

xLcs: J~^:+'^- Tberefere put T :=. Log .' 
Catan.ofbalf the lJCD — 10, as found in the tables \ 

. . ^ nnLT+m , „ b 
and then E or e ■=. ; and V =. — . , 

^ . "^ T / . ,, ■- 

: —r-xLeg:s^i+iie: 



For by Ttigonometry, if T r: Cotan. 4C, the Co- 
fine of its double, (that is the Sine of ji) will be 

Vr+i ="' '■<:^»'«dr= y|~ = Cotan. iC. 

Cor. 2. If ibe ProjeSUe Be a Cannon Ball, and if i 

be the Diameter, and'^ the Benjity of another fmatl light 

Bali, which proje£ied at the fame Elevation-, ilaitb tht 

yelocitj R = b J ^^^, (fee Pteh. XIV.) This 

Ball will defcribe a Curve in tbe Jirjimilar to the other 
Curve defcrsbedhy tbe Cannon Ball ; andwhofe Height or 
Bafe -mil be to that of tbe ether refpefiively j as d^ to Sx. 
To prove this, let // be the Element of the Curve, 
ks the Tangent at /, rt perpendicular to the Horizon* 
Since this Figiife is fitnilar to the correfpondenr Ele- 
ment of the other Curve, therefore the Lines /r, ri, rt, 
are in given Ratio's to one another. Now the Line 
rt {y) is generated by the Gravity, and sr (z) de- 
ftroyed by the Refiftance, both in the Time {t ) where- 
in Ir (z) is defcribed with Velocity v. Therefore sr oe 
Refiftance vvdd vv ... Gravity 

' Muter « -sr« If- ^"^=" "Tains" 
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FIG. t—p W <i—p . . ^. . 

« ■ w . q--p . , 

Ratio to rl, -j- oc -'— — ■ oriro « q—fxi, there- 
fore TO :>r: : ql^xd-.^—t-A S::bh:W, (f be- 
ing the Velocity in the olhet Curve) ■, therefore fi=6 

t~fxd 

Again. Time (in 4- or r/) a • gp a ^' Cavity 
b'yC9 l/rx? — — - 

oe\/Tx^i whence /r» cc /r X "J?, or /r cc (ij. But 
if the Eiementa of two Curves be fimilar, tbe whole 
Curves will be fo, whence Ir oc whole Safe of the 
Curve t therefore the Bafe is as i^ ; whence, i Bale 
: 2 Bafe : : dq : Sx. 

Coa. 3. If the two BaHs preje3ed with tbe Velocities 
i and 0, were to move uitbout any Refinance in tbe Me- 
dium i they would dejcribe twofimilar Parabolas^ wbofe 
Bafes or Heigbts are re/peSively as theft of the ether two 
Curves defcribed in tbe refifting Medium \ and $ may be 

X— ^ 

taken = b \/ — t—J, as q is vajily greater thanp; or 

even b^'j-t if k very much exceeds p. JndiftbeGra- 

tiiy of the Balls was net at all Mminifbed in tbe Fluid ^ 
the Velocities would be exactly as \^dq arid \/ix.. 

That they would defcribe Parabolas in a non-re- 
fifting Medium, is plain from the Theory of Projec- 
tiles ; which wilt be limilar, becaufc projei^fd at tbe 
fame Angle of Elevation. But the horizontal Dif- 
tance of fuch a Projeftion, is as the Velocity Square 
diredtyi and the Gravity reciprocally, which in the 

'two Bails win be as bh x _V - to (8(8 x ~ ^tZ b °^^^^ 
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"—^i^ — X —,• that is as dq to ij«, which was ,.t 

— J X — -p ^ *4-7' 



q—pxd 
proved to be the Ratio of the Bafes of the other two 

Curves. Alfo it was proved before, that —r- cc - — — , 

but - ^~^ reprefents the relative Gravity in the Flirid j 

which it it was = i, then would vv QC dq. 

Cor. 4. And hence wi have a Method of determining 
the Curve defcribedhya Cannon Ball in the Air, from the 
Phanemena. For if a Cannon Ball whofe Diameter 
is d and fpecific Gravity y, is projcft^d with Velocity 
b. Make a fmall Globe of Cork, or rather of Paper, 
Bladder, l^c. made hollow, and whofe Diameter is S, 
and rpecifick Gravity x, and colour it red or black ; 
if this be projeftcd in the Air, with the Velocity ^ or 

h^-^ ^ - f -h and at the fame Elevation ; it will exhi- 
bit to View, the very Curve dcfcribed by tht Can- 
non Ball, in Miniature. And if a Leaden Ball be 
projefted along with it, you will have all the Pheno- 
mena of the Cannon Ball in the Air. And obferving 
where the two Globes fall, if the Diftances of the 
horizontal Projcftions be meafured, you will have 
the Space that the Cannon Ball falls ftiort, by Reafon 
of the Refiftancc of the Medium. But the Leaden 
Ball ought rather to be projected with the Velocity 

^ — ^ — or ^\/'~T' becaufc the Metal Ball loofes 
no fenfible Weight in the Air, and it ought to be 
projefted as far .with the Gravity i, as the Cork Ball 

is with the Gravity -;^ __ — , without Refiftance; But 
4f a very (lender Body can be made, like an Arrow, 
fomething heavier before, and of the fame fpecifick 
Gravity in the whole, as the Cork Ball j then this 

and 
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FIG. aticl the Cork Ball may be projefled together, with 
t47. the fame Velocity i and this flendcr Body will be very 
little refidcd by the Air, as well as the Ixaden one, 
and will ftjow how far the Ball would be projefled 
without ReTiftance. And the fame all holds good 
if the Balls be proje&cd perpendicularly upwards 
with the fame Velocity ; then it will appear how 
far the Cork Ball conies Ihort of the other. And 
inftcad of dq and ht, you may take the Wcigha di- 
vided by dd and U: for d^v -^, w bang tbc 
Weight in Vacuo. 

.SCHOLIUM. 
This Problem fuppofes the Air every where of 
equal Dcnfity -, but in a Ball Ihot from one of our 
, greateft Guns, to the Diftanceof .four or five Miles, 
the Height at the greateft horizontal Diftance, will 
be about a Mile, and there the Denfity of the Air is 
about a fixth Pare lefs than that at the Surface ; fo 
that the Ball is lefs redded there, and confequently 
flies further. Likewife the Denfity of the Air is cHf- 
ferent at dt^ent Times, and confequently the Re- 
fiftance will be fomething different upon that Account. 
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P R O B. XX. 

^ ff^ater cr any Fluid afcendi and defcends alternate^ FIG. 
wilb a reciprocal Motion in the Jjgs KL^ MN of it 2^8. ' 
cflindrical Canal or Pipe \ to find the Time of one U- 
bration or Reciprocation of the Water. 

Let AO be the Level or horizontal Line in which 
the Surface of the Water ftands when at rcftj and 
let the Water defcend from F in the Leg KL, and 
afcend from C in the other Leg } and fuppofe it to be 
in E and G at the fame Time. Draw £5, HH per- 
pendicular to the horizontal Lines BA^ GH, and put 
AForCD=ih AEorGD=x, Sine of the Angles £, 
N=pt ? i f = Velocity in E, t zz Time of c ' 
thro' FEi 1 = Length of the Canal A L ND^ w : 
^(SfA/, j=i6^i^«/;TheForcewith which the Mo- 
tion of the Water is accelerated and retarded alter- 
nately, is the perpendicular Height of the Water at 
£ above G. Then, becaufe ER=px, and DHzzqx^ 

the PreOure of the two Columns EA, DG is -■- ."- wx, 

Fx 

the accelerating Force. By Prob. I, -vv « — T-^,and 

in falling Bodies, when v=:2j, v=:^, whence 2; x^: 
m ■ p+q —x 

-^ : : w I — -^ — wx X '~^» whence w 7=. 

—p+ q . J v» p+g /■ . 

■; — J — *-X»J*x, and -— =— — rr~ X w**, but iQ 

F. v—Qt and xr:^, therefore the Fluent corrected 

isTO = -^j^ X 2J X ii—xx. Aifo(Prob. I.)r«-~ 

F f f and 
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' and in falling Bodies ' 
i : — , therefore / =: 



148. '""din falling Bodies ' = -57 . whence -^ ■ — : 



v/-^Y^X2» ^/bb—tx - 



r+r'- 



And by Form lo. 



: X Arch, whofc Radius is i, and Sine 

-r, and when «=^, that Arch = ' ■ ■ — % whence 
p ' 2 ■ 

/ "1.14.16 

tzz y/~e=^ : X -^—l — , the Tiioe of defcend- 

f+fX2J . ^ 

ing from F to vf , and it = 3.i4.i6v^— r , 

p+JXM 
the Time of one Libration of the Water. ■ ■ 

Cor. I. Cemfaring this Value of t iLilb that in Prob. 
VII. and Cor. 2, // apptars., thai the Time of one tt- 
Nation ifr Undulation of the- fl^atlTy is equal to' ibe lime 

tf Ofcilhtion of a Pauklam^ wbofe Length is ' , ■ ; 

which Length'Js- ^{l, vphen L and N.are right Angles. 
' Coiu 2. AU the Times of Ubratton are equal, whether 
the Height afcended and dejcended be greater er lefs. 

Cor.. 3/ tt ni&tiers hot what Hgure the Pipe is fff 
helow the Level of C, provided the Paris above C be 
ftreigbt %phereih ihe Surface of IheWater moves. 

Cor. 4. The W^erinene^ Libraticn wiUdefcendte /, 
fb that AI±.AF.' For ^hnv:z.Oi bb — «*=o, and 
' *=H-^ or — *- 

' " S C H OLJ U M. 
If the Leg JUA^ be wider than KL^ and its Sec- 
tion to that' hi KL as c to r, we IhalJ "get w = 

P + 
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X ■ FIG. 

' ^ ■ X — ■isxx. And if f be inSnite, (or 

which is the Tame) the EnH Af immers'd id ftagnanC 
Water, then w = ■ ■■ i\^ ~' 

There is a great Analogy between the Libration 
of the Water in the Canal KllMN^ and the Waves 
of the Sea, fc?c. Therefore if a Pendulum be made 
whofe Length is the Breadth of a Wave from Top 
to Topi then in the Time that it performs one Ofcil- 
lation, the Waves will advance forward a Space equal 
to their Breadth. " ■ 

For (by Cor. 1.) in the Time that the Pcnduluni 
(li) vibrates once, the Water in the Canal will make 
one Libration i and (the Length of the Canal being 
fuppofcd = I the Breadth of a Wave,) in the fame 
Time, the Water in the Hollow, or loweft Place 
between two Waves, will become the higheft, that 
is, the Wave will niovc forward half its Breadth. 
And in two Vibrations (Or one Vibration of the- Pen- 
dulum 2/) will advance a Space equal to the whole 
Breadth. 
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P R O B. XXI. 

F I G. Z// * Bsr of Steel i^erfeSlj elafiU) hefupported at hoA 
. 349. Ends i and olUvaing that 10 Hundred H^etgbt Avoir- 
dupoife bangitfg in the Middle^ willjiift break the /aid 
Bar \ it is required to find the IVeigbt of a Globe^ 
failing ferpendieular 185 Feet on the A^ddle <{f the 
Bar, to have the fame Effeii. 

Xjin 2}5£ be the Bar of Steel, fupported at the 
Ends D, E. Now before' this Prob. can be folvaJ, 
ibmcthing more muft be afllimed than is here ex- 
prcfled. Suppofe tKen, that the Space BA is known, 
thro* which the Bar ii bent before ic breaks ; and lee 
the Bar, from the Pofuion DBE, be put into the 
Fofltion IXtfE, or very near it, and then the to C. 
Weight laid foftly upon ji, which jiift breaks it. Now 
the Weight falling upon it in the Direction FB^ is to 
bcDd the Bar juft thro* the Space BJ, to A, where ic 
breaks. ' 

X^t ( zi the ff^eight ( 1 o C. ) capable to break it when 
fttfpended at A. ' 
TO zzfyeight fought ^ which « to break it by falling. 
tf = i6r'tFeet. 

d = FB the Height that w falls =185 Feet. 
b z; BA, the Space the Bar is bent through -wbem 
it breaks. 
then 2v/^^ Velocity of to at the Point B, (the Velo- 
city being meajured by the Feet defcribed in a 
Second ) 

BC = *, Ccrz X. 
Now by the Principles of Mechanics, when the 
ba; is bent into the Poficion Z)C£, it exerts a Force 

which 
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which is as the Kftance BC. Therefore 5^ (i) : FIG; 

Force « ^ CO : '•■SC{*):-^= Force at C. There- *'*^- 

Fore the Foroe that v> is i&td 00 at C is -^ — or. 

Fxs 
Alfo by Mechanics, w cc , — ^, fee Prob. I. In 

th^ Cafe of falling Bodies, if za is the Vclocltf 
l^ined in a Second, x is the Velocity gained in .mov- 
ing over X at the End of i Second. And the Weights 
ot Bodies being as the Quantities of Matter, there- 
fore (from the general ProportionJ lax (Yel.xFl.Vel.) 

■ w* WeightxFl. Space • -v- — ^ 

= -^( BSdT }:-—m,:—,^—xx. 

hence — w =: — r-j — X 2axy and the Fluent u 

w icx'—hwx , , _ , , 

— — — = 7~- — — X ift but at 5, V = Zi/ad^ 

andxrro, therefore the Fluent correfbed is 4^^ — lytj 

ex'' — zhwx . . - J . 

^ 'TtL ^ ^"^ » in -^> ^ — o» and « = p, 

_ ' cbb — zwbb , c — atp, 

- therefore Aoa.zz ~ — —7 x 2<, or,2d = -&, 

bw ■ iu ' 

be 
and 2dw = ^c — zbwt whence to :^ — "A-Altf* *"^ '^ 

i. , ^ ■ 

= -^-nearly. 

CcR. 1. //«{/■ ibt Weight that vjill break the Bar at 
A^ mil break it when kid upon B. For when d :=o, 
be 

CoR. 2. TbeWeight, that kf falling a given Height 
will break atpf Bar, is very nearf/ as the Space {b) thro* 
which the Bar will bend before it breaks. Hence thi 
Rea/on why irittle Bodies break fooner by PercuJ^en, thorn 
ttbers 0/ e^ual Strength. CoR# 
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FIG.: Co*. 3. Hnut the ff^eigkl vt is ceteris pari&us, «- 
8^ tip'Kolfy as d the Htigbt fallen from^ very near. 

SCHOLIUM. 

Here no Notice is taken of the Weight of the 

Bar itielf. If inftead of defceading, the Weight 

«p was fu{^lcd to be projeded horizont4lly, wttn a 

f:crttun Velocity againft the Bar T(BEt then the Forae 

at' C would be -^, and — w = —r- x -^ X 2<x, 

jiid 4aii— w = -^— X2fl. An(iwhen't'=:OtAr=^y 

'' . . » f* . ^^ 

and thence ^ = — x 2tf. and «f = ^» exaflly, 

where Gnviiy has no Concern. 



P R O B. XXII. 

250. ^ Mtf Number of Ivery Balls cf an Inch Diameter it 
fufpended in aright Liney and the firfi A let fall from 
, MTf Height upon the next', to find the Vdmty »f the 
• Motion propagated thro* them. 

Here we fuppofe that the Balls are perfedly elaf- 
tic. and placed fo as juft to touch each other, or very 
near it. But before this Problem can be folved^Tuch. 
an £xperiment as this muft be made ; black the firft 
Ball over with Ink, and let k ^ali upon the fecood 
in an Arch of a Circle from the Height defign'da or 
with the given Velocity ; this will make a black 
S^xit on the others take its Diameter, and from 
thence find the Altitude of the Segment, or the 
verfed Sine of half that Spot. Now the Force by 
which this Motion is commtiiucated from one Ball 
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to another, is the Elafticity of the fmall Segment F I (j, 
«hidi is flatcftn''*^* dented in by the Stroke, ftnd-a£h 250, * 
agaitift the other Ball by Way of a Spring, in like 
JbiCaoneriis is ikTmbed in Ex. 6. Frob. XIII. Sefi. I. 
and this Force is as the Height of the Segment, drove 
In by. die; Stroke. Now in two Balls meeting eacji 
other, there are two Segments Itruck in, both which 
cxeft their joint Force in Separating the Balls ag^n« 
^r. meeting. 

■ . ;l«t «-= Meiiia 0/ a BalL 

p =1 the height which can make an equal CeOH 
„ - - pre^nia the Gish, aUke. S^-eke £d, .-..-, 
'•'■ ■' a = BQ which repre/ents the verfed Sine of tit 
~ Segmmr.firjuk in^ C being the Vertex, , , 

d ■=£ 'Diameter of 4 Globe' or Dallas A. 
■'.. c zz Velocity it is frojeSed with atjirfi. 

* = C!©. • 

^ =; Vfitodty in D. - "-"i 

/ = Time of defcrihi»gCD,er theTimeinvoincb 

( ■ ; ' the Virtex € is preffedint to Z), 3^ thrStitciu. 

N9W it is the fame Thing, whether we fuj^jpfe one 
■€tebe, .moving with Velocily r, -againft anptlicf ft 
reft, or two Globes moving contrary Ways againft 
»Re another, eadi «rith the V!elactty ^ } or whetiher 
we {"uppofe one Globe moving againft an immoveable 
■ObflaClc, with Vel. \c. 

Bj Mechanics, when the Body is given, vv fie 
Totccx*, (fee Prob. I.)i but in a ifalling Body zs 
.isthe Velocity,-, and x its FUutJon. And in the Col- 

-}ifionof the Balls,. the Force at, Bis ~Pi therefore 

'2SX •..vix : 

the Fluent -*-^ ; 

corrected 
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^ ^^' combed iff — TO = -^-- And at laft when C 

uhiB, « = o, and X = d, whence ^f = "^X*^ 

or« = -—^XMi therefore, fincc 8j and w are 

given, and -^ is a given Ratio, cc tx aa, or —is a 

g^Tcn Ratio. Alfo by Reduftion^ =: -g^jiwluch 
2SXX ccw ccxx 

putfor^givesjff— w= -^^X -g^ = -^, 
which reduced is tw =: — -— x aa-~xx. 

Again t k — — , and in falling Bodies t zz ~ (lee 
Prob. I.) thcrefort-^ (Time) : -^C^) -.-.h^. 



^y/aa — xx 

t = X Arch, whofe Sine if —-, and rarf r: i. 

r a 

But when x = d, that Arch = 90° ; and / = x 

-^^— — - i after this Time, the Globes are reladvely 

at reft \ and after an equal Time the Globes are fepa- 

rated again. Therefore 2/ or —--x 3-1416 =Tinie 

of the Contaft of the two firft Globes ; during this 
Time the Motion is propagated the Length of i Dia- 

20 ■ H dc 

meteri whence (2^) x 3.1416 :(/: ; 1 : 



211x3. X416 
the Velocity of the Motion in a Second. 
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- It is herefuppo&d that the Aftion-of the firlt BallF I G. 
or Globe J upon the Second, is over before it affedts 250. 
the third Ball. But if at the fame Time the fccond 
alfo afts apon the third, and the third upon the fourth. 
Cs'f. then the Mocion will be propagated further, but 
then the Time will be longer, which comes to the 
fame Thing. But the Time of Contad of any two 
Balls is fo very fmall, that the Aftion of the firft 
upon the fccond is over, or very near over, before it 
reaches the third. If the firft Ball afted fcnfibly upon , 
fevcral at once, it would be reBeded, which is con- 
trary to Experience. 

Cor. 1. Hence the Velocity of the Motion is the fami^ 
whatever be the Velocity of tbejirfi Globe impinging upon 
tbefecend. 

For d is given, and ~ is a given Ratio. 

■ CoR. 2. Hence alfo, ceteris paribus^ the Velocity of 
the Pulfes'is as tbe Diameters of the Globes. 
Cor. 3 Jn Globes of different Mttter^ tbe Value of 

» mufi be found, and then the conftant Ratio — iwttne0_ 

tbe Velocity of tbe Pulfes is had. 
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To find the Velocity of Sound. 
Sound is caufed by the vibrating Motion of a kzt- 25H 
mtilous Body, which excites a Morion in the Farts of 
the Air that lie next, and thefe excite the like Mo- 
tions in the Parts that lie next to them, and {6 on. 
For the Parts of the fonorous Body alternately going 
and returning, do in going drive before them thofe 
Parts of the Medium that lie neareflr, and by that 
Impulfe, comprefs and condenfe them, and in rcturn- 
G g g ing 
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FIG. ing, fuffer tbem ^^n to recede and expand them- 
251. felvei. Therefore the Parts of the Medium are con- 
denfed and expanded by Turns at each Vibration i 
and move to and tro, in like Maaner as the Parts of 
the vibrating Body do i and confequently the Parti- 
cles of the Medium have the fame Motion fucceflive- 
]y communicated to them, . and the fame Laws <^ 
Motion, that the tremulous Body has. ' Nbw it is a 
known Properly of the Motion of a vibrating. Body,- 
that the Force it exerts in vibrating, ii as the Diftince 
from the middle Point of the Vibration, fee Prob; II. 
and in any eUftic Body, the Force is as the Diftsnce 
ic is ftretch'd to. Therefore each Particle ■ of the 
Air is aifted on with a Force which ■> alio as its Dif> 
tance trom the middle Point ot its Vibration, tfaii 
being premifed. 

Let fome certun Space BC be the Diftance of twa 
fucceeding Pulfes, Ee the Space thro* which a Parti- 
cle vibratesi O its middle Poini. EG a very imall 
' linear Fait of the Medium, fucceOively transfer'd 
into the Places ly, eg, and back again. Then, 

Put Br.=l>, EO or Of =a, £G-=p, / =; Tm&6[ 
defcribing £«, T=Time of dcfcribing Gy, v=Vc- 
locity of £ at I, ff = Force a£ti*ng at £ when it be^ 
gins firft to move, Oi=.x, the Dillance of i from its 
'Center ; and y = Diftance of y from its Ccncer at 
the fame Time i ^= height of a uniform Ainiiofphere, 
f=:3.i4i6, j=:i6riFeet. - 

• By the Law of Vibration «:«::*: — =Forcc 

at I, and by Med»anics (fee Prob. I.) vv oc J^, and 
in a falling Body v = 2 j, and F =p, therefoit iix : 

px : ivv :— r-x — ^x, andtra =: — .and'u*^: 

* a ' ap 

— iTtsxx , ^ , 2J» __— i ■ 

— — , and correfted vv = — - x a*—**, and 

. 2SH •' J - 

(patting J =:v/ --) v^= 2\/tffl— **. 



«P 
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F i c 

251, 



^gain / ac *-, and in falling Bodjes, 2si = x. 



therefore t : — — ::t: — /. = /, and ( by 

iyaa — XX , 

^ . — Arch ,,„,.. 

Fpcm io) / zz — , whole Radius is a, and Sine 

* ( and by Correftion (w1ien.Af=a, that Arch = a 

Quadrant, t^en) t == ■ ■ - ■■ ' , whofe Cofine is *, let 

r = that Arch, then / r: ,and for the fame Hea-. 

fon T — — - -^r-, whofe Cofine is t. Therefore /— r 

- (Mg. Arches , r r- r J r ' 

— whofe Cofines ar^* and V, Let a 

r= diff. -Arches, and x = dilF. Cofines ; and by the 

Nature of the Circle, » :;;: 



^aar-~xx 



Sf is/aa—xx 

As the Particles £, G are rucceflivelyagit9ted with 
like MptionSi the Pulfe in palling from B to C, ar- 
rives at E before it comes to G; and the Spaces j>, 
*, paffcd over by the Pulfg, are as the Times, that 

is (?s has been (hewn), as — , and ■ —\ 



2lX\A ty —p — X. Now fince th? elaftic Force of the 

Air is as Oie Denficy, and the Denflty reciprocally as 

the Space taken up*, if d =^ihe mean Denfity, then 

G g g a I 



ii,Goot^le 



412 2i&f Doctrine 

FIG. . .. 

vOm — XX =:d -\ — -^>/aa~-xx, the DctiGcy at ty. 

But the mean eUftic Force : is to^ (the Weight of 

the Liaeots p) : i /i :pi therefore the mean elaflic 

_ PjI . , , j , 2cd . . 

Forces-- -ziA Anaa-./i; •./! + —r~\/aa—xx: 

A + — T — •s/aa—xx = theelaftic Force in the Place 

J . -, . "i-cA — XX . . 

vf i and iti FJuxion is — ,— x — - ., the 

V^(M — XX 

Fluxion of the Force at * correfponding to x ; and 

%cA —XX . 2iAxz . *• _ 

-T— X . or - — T — IS the Decreafe of the 

^ y/oA—xx «* 

Force correfponding to *, at the fame Moment of 

_. , . icAxz 4£cAxp 

Time ; that is, ^^ ■ or — j^ rs the Excefs of 

the Force at • above that at y : and this is the Force 
by which ly is accelerated, and therefore that Force 

ii ux-y and when *=«, that Force is "^"j^ - - ~ n. 

Therefore /= -^ = ^^^ = i^_iL_ 
aq a^ 2sn a^2SX4CcA 
iz , -. 
= — — y — - • And when * = a, then z = . 

and/ = -== =: — ~=,^ and 4/ = — ^ 

^Ma\/zAs Ay/iAs \/2As 

the Time of vibrating from E to e, and back again, 
or the Time of the Pulfc running thro' BC. There- 
fore, 
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y/iAs-, the Velocity of the Puifes in aSecond. 

At a mean Gravity of the Air, when the Quick- 
filvcr ftands at gp Inches, the fpccific Gravity of Air 
to Quickfilver is aUivit as i to ii^^o, therefore the 
Height of a uniform Acm ofphe ra m uft then be ^97 ^5 
Feet = A, Therefore s/xAs = 1/326x29725. = 
978 Feet, the Velocity fer Secopd. 

But the Velocity of found is really greater;- for 
here is no Allowance made for the Diameters of the 
Particles of Air and Vapoijr, which are unknown. 
Fw.as ihefe folid Particles themfelves are incompref- 
fible, the Velocity 'is -propagated, inftantaneoufly 
thro' them; and therefore the Space found.. before 
fhould be augmented by a Quantity which \i to that 
Space, as the Diameters of the . Particjes to, their 
pittances : And fo we Bnd by Experience, that Sound 
moves at the Rate of about 1 146 Feet In s.SccQnd* 
at a'mean. Denfity of the Air. -;-_' ■ 

Cor. I. lUnce the Velocity of Spund v ahut^s the 
.fame in the fame Medium, ivbetber it lie more or left in* 
tenfe ; for the Velocity is ^lAs^ in "which a is net con' 
cern'd. 

Cor. 2. Hence alfo the Difiances of the Puifes art 
knowvt hy dividing 114.0 by the Ntmber of double Vi- 
brations made in a Second. Thus by SchoL Preb. IT. 
in a String that- makes 300 Vibrations in a Second^ Vj^ 
.= yi Feet, the Breadth of one Pulfe. 

Cor. 3. The Velocity of Sound {ceteris paribus), it 
the fame on the Top of a Mountain^ as in a deep Valley. 

For if the incuirbent Weight of the Atmofphere - 
be increafed or decreafed in any Ratio; its Denfity 
(and the Height of the Mercury) will be increafed' 
or decreafed in the fame Ratio, and the Height A^ 
of a uniform Atmofphere of that Denfity, will con- 
Cinue the fame. And therefore. 

Cor. 
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FIG. Cor. 4. Tke Temper of the Ar nmami^ tbejame^ 
xtoheat andcBliit^y4Jecity9fS«wi£mU^tbtfa^^ 
bow mucbfoever the jiir be condenfed er rarijiei. 

SCHOLIUM. 
S52. Tb explain more paiticularty the Motion Qf th$ 
Particles of Air, when condenfed and expanded 'a« 
the £ulles move tbro'-iheip i let 5, C, &c.' be- cer- 
tain W«vca or Prilfea of the Air moving fnmB to- 
wards C i draw the Line JtF, and ST parallel to it; 
and at any Place ^ ercft ^, foi the PenTity of the 
Medium at ^orr, ^ being the meanDenficy.' Ano 
fuppofe O a fixt FoiAt at the t'lace F, and^ a Parti- 
cle qf the Air exceeding near it ; and l?t the Piilfes 
«f Air, move fiicccfijvely thro* the Points'0,^,*&c. 
or rather (for the more eafjr conceiving it) (ci O'lw 
fuppofcd to move with a uniform' Motion along tm 
Lin* Jjf, thro' the llVaves C»'B, &C- at reft, '^'is 
plain the Particle/, going with't, cannot move with 
s unrfo'm Motion, 'by Reafon of the alternate Con- 
traction and DilatatiotTof the Alr,'bu^ will iqdvc 
fbtnetinnes to one Side], fometimcs to the other STidp . 
c* 0, if Op be of a due Quantity. Now whilft 5 
moves iromF toward* C, the Medium growiDg den- 
ier, p will approach nearer to 0, and at C where the 
Denficy is greateft, p and O will coincide ; and pro;- 
ceeding forward from C to D, the penGty ftill being 
-greater than the Mean, p will ftill lofc Ground, ana 
&t i>. the Place of mean Denfity, / Witt be the fur- 
theft behind i and in palTing fforti D'co H^ into a 
nret Medium, the Air expanding towards H, f will 
moire fafter thanOj and at ^,':(th8 Place' of leaft 
Denfity), they will coincide. In prooetding to /, the 
Medium ftill continuing rarer, p will ftill move fafter 
tKanO; and at /(where the mean Denlity is,) /will 
tK th^n the furtheft before O, the fame' as it was at F: 
And after this Manner the Points O, /, w'lll go thro* 
all the Waves or Fulfesj the Particle/vibracingfirft - 
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to one Side of O, and then to the other. And the F I G; 
Phenomena will be the fame, if 6 fiands ftill, and 252, 
the Waves move. The Points O and p^ or the Syf- ' ' 

tern Op reprelencs OE (in Fig. 251.). Now we msj 
obferve that when, the Syftem is at r, it is in a dea- 
fer Part of the Wive than it was al F, where' , it be- 
gun to move, that is (Fig. 251.) the DenCty at ty is 
greater than dt EG ; for the fame Particles of Air are 
m Eg and ly at diHcrent Times, and in different 
Parts ot the Wave /", and r. But «, y, being con- 
temporary Pofitions of the Points, £, G ; the Den- 
fity at 1 is greater than at y, as is plain, by Fig. Z52. 
Therefore the greater IJenfity at < will move ly to- 
wardsi>. 

'. And to conftru£l the Curve of Devfity FCD ; with 
the Radius 0£ 6r Oe=a, defcribe the Circle EFe, 
take Os zz x, and tK& the Ordinate sf ~ u. Le^ 
Arch EFzzz, mean DenGty =1, Fl-^b. Then iti 

FK, takefr=~— -, and at reredn = -r-,, anti 

the Point 1 is in the Cutve, and n is the ^cefs (6f 
De&£t) of Denfity at r. And for the Nature of thi 

Clirve} put Fr-=.Xi n—Tt t^^""^ = "^ — Y* 
whence iiJn"=:z«i a mechanical Curve. 
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P R O B. XXIV. 

F I G.^^^^ or /mall Rope being fixt at one End, and ex- 
153. tended fy Means of, a fVeigbt at the other End j if 
the Rope bt /truck near one End^ the Stroke will ex- 
cite a Motion in ity tebicb will run aloi^ the Rope in 
Form of a Wave. To find the Velocity of the Mo- 
tion. 

We will fuppofe the Cord to be exceediog flen- 
der, or rather a heavy Line, perfeAly flexible i let 
jiB be the Line, and fuppofe the Point D to be im- 
pelled as far as to d by the ftroke ; draw adh paral- 
lel to j1i>B. As fooo aa the Point D arrives at d, 
the Line DE will be found in the Pofition dSE. For 
the Force being imprcflcd upon the Particles of the 
Curve at Dt and thefe put into Motion, they will 
exert their j^orce upon the Parts next to them, and 
they upon the next, and fo on ; Jo that the firft Motioii 
will be fucceflively communicated to all the Parts of 
the Cord, and they will all, one after another, be 
carry'd over to the Line ab ; where all their Motion 
will be deftroyed ; and they will remain there, if D 
remains at d. In the mean Time the Curve Line 
(or Wave) dSE, will be carried along to fCP, and 
(0 forward. 

As none of the Parts of the Curve bclides thofe 
at Z), received any ftroke } it is plain they are all 
moved by means of the Cord, communicating D't 
Motion to all the reft in order. And fince the Force 
which the Cord exerts 00 any Particle (by Cor. Ex. 
16. Prop. XUI.) is as the Curvatqre there j there- 
fore the Curve aeuF is convex towards GF. Like- 
' wife 
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wife fince the Particles of the Cord, after tliey haveF I G, 
received their Motion, are not carried btycind the 253. 
Line ab, but flop ai it; it is piain that near ^, the 
, Curve is convex towards^^. Itis alfo evident that at 
any two Points («,o) of the CurvcgCF, that are equal- ■ 
ly diftant from Che Lines AB^ ab -, the Curvature will 
be the fame. For as the Motion of any Particle is 
generated gradually as it moves from the Line ^5; 
it mult be gradually retarded in approaching ab^ fo 
as to lofe all its Motion there j therefore the Forces, 
and confequently the Curvature at e and », are equal 
and contrary,, and at the Middle Cis nothing : And 
fo each Particle is acirelerated as far as C, and after- 
wards retarded. Moreover the Parts of the Rope as 
they are drawn from F towards C, will be drawn , 
nearer into a right Line as they approach to C ;- fo 
the Curvature will continually decreafe to C, the 
Point of contrary Flexure, and therefore the Force 
will likewile decreafe towards C\ and hence the 
Parts of the Curve, gCy FC are exaftly fimilar and 
equal. This being premifed, the Time is to be found 
whertin the Wave is carried from G to F, or which 
is the fame, wherein a Particle at G is tranQated 
to^. 

Let Fk or if=a, km^x, mn=y, Fnzzz, Ck=dy 
r— Radius of Curvature in F.c~$. 14.^6, and let 
the Force at « be as *.' By Prob. V. Seft. II. If z 

be gjveo, th« {ladius of Curvature at b is — - or 

— rr— (becaufe * decreafes). Then (by Cor. Ex. 16. 

Prop. XUI.) X : a : I r : — tt-, and ary r: zxx, 'and 
the Fluent is i3ry=l2;;(*, bu t at F, y —z, and :«=<i, 

therefor^e arx y—z = izxxx — aa^ and zary =: 

ier+xx — aa X z, and 4aarry' — 2ar+xx — aa ^ X 

yy+xx'i and 4^r X *^— «^X J' = zar+xx — aa x 

Hh h *'. 
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F I G. X' =4jwrri» nearly, becaufc a is extrcamly fmall in 
refpeflto r^ therefore jr ~ — —=:=■; and (bv 

Form io);»= — ~ X Arch, whofe Radius is j, 
and Sine * \ but when *=«, ^-^o, that Arch is a 
Quadrant", whence y — —^ — x Arch whofe Cofinc 
is X, and when * becomes = o, that Arch is a Qua- 
drant = —J— .and;' =i<i, therefore <i=ifv^flr, whence 

r =: ---— i therefore the Rad. Curvature in » is ■^~ 

eca £cx 

To find the Time of moving from f to jw. Let 
/ = the Time, v = Velocity in m, A = i6^ Feet 
/ = Length of the Cord, tc = its Weight, p — its 

Tenfioui then -y- =:Weightof the Particle z. Then 

' (byEx.i6. Prop. XIII.) ^^rz ::*:.&- 
Force at m or ». And by Mechanics (fee Prob. I.) 

•w lyi ry.i i that is, ibyt.s: — -j- x J : : w : 

~73rx -X, and vv - ■ ^^ =-BxxChY 
Subftitutio n), and vy^ — Bxx^ and by Corredion, 
vv zz Bxaa — XX. 

Again, ; a -riot -,- (/') : - r f— ) : : / : — ^. 

«. ; — —■'^ . .' I Arch 

OE ; = — ■ ^ . — rn=r-. And / = X . 

' . i^Bvaa — XX y/B a 

whofe Radius is «, and Sine x j and by Correftion, 
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I Arch , r r- t • J u F I G. 

t =. — To" X > whole Cofine i%x% and when ._■ 

\/o a^ 253. 



, that Arch is = -7- ; therefore t = - 



yAddw 
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%^/B 2 V ihpccl ~ ^ 2hpl^ 

Time of a Particle moving thro' Fk, or of the Wave 
moving from C to k, or thro' IGF or d j whence 

'^V ~^ (Time) : <i (Space) : : i : J ~-> the 
Velocity of the Wave in a Second. 

Jind fince / and ^ are each of them as the Arch 
of.the Cofmesfj therefore / is asj" ; and,)" increafes 
uniformly, as it ought ; for any Point of the Curve 
advances forward equal Spaces in equal Times. 
Therefore the Force is as x^ as was fuppofed j and all 
the Rcquifites arc trulyfound, ai^d the Problem right- 
ly folved, and the Curve is fuch as is here defcribcd. 

Cor. I. Hence in the fame Cord and Tenjion,- the 
Motion will be equally fwi/t, whether theimprejfed Force 
at D be greater or leffer ; that is, greater fVaves and lejfer 
ones have the fame Velocity. 

Cor. 2. The Pulfe is fwtfter when the Tenfion is 
greater, and that as thefqtiare Root of the tending force. 

CoR. 3. When the Pulfe has run from one Endtothe 
ether, it will be returned back again in an equal Time : 
u4nd thus it will run back and forward., till the Motion 
befpent. 

For the fixt Point at the End cannot obey the Mo- 
tion of the Wave i and by its Refiftance it is equiva- 
lent to a new Impulfe. 

Cor. 4. If the Cord is not perfeSily flexible, but rigid 
andftiff; the Velocity will be greater in the fub- duplicate 
Ratio of the Degree of Stiffnefs. 

For the greater Stiffnefs fupplies the Place of a 
greater Tenfion, 

H h h 2 Cor. 
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F I G. Cor. 5. If feveral Strokes he made fucceSrvely at D% 

25i* *»*• wWfA M the fame Thing; if the End A le fbaken 

backwo'd and forward j /iwrs twV/ be generated fo many 

Waves gradually fucceeding one another, as i*, ^, R, 5", 

and the Dijtance of two Heaves will be known by divid- 

'"S V^~^» h *^' Number of Strokes-or Shakes in m 
Second. 

. Cor . 6. Tbt Wave or Pulfe •uiill run thro* the Length 
of any Part ofthe'Cerdy in the fame Time as that Pare 
•Kould perform one Vibration. 
This appears from Prob. II. compared with this. 

SCHOLIUM. 

And to conftruft the Curve or Figure of the Wave. 

. With the Radius Fk (or a) dcfcribe the Quadrant of 

a Circle, F^Vs make km—x^ draw the Ordinate mT, 

and erea the Ordinate mn =: v/— X the Arch FT, 

id 
or, which is the fame, an=~^x Arch FT. And 

hence it appears, that this "funivelant Curve is the 
fame as the harmonica! Curve,^ conftruaed in Scfaol. 
Prob. II. For (Fig. 218.) JE = A ^^d JZ = 
d J 

-f X Quadrant, and AZ^M or Z/E = -?- x Arch, 
whofe Cofine is j. And both thefc Curves are of the 
fame Nature as the Curve of Denfity, conftruftcd Jo 
the Schohum of the laft Problem ; and ail of them 
are related to the Figure of Sines. 

* Sctpnobatieal. 
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P R O B. XXV. 

To^ad the Height of the Tides. F I G* 

454. 
Let R=z Radius of the EartFs Orbit, or the Dijianee 
of the perturbating Body, ©C. 
p = periodical Time of the Earth round the Sun, 

in Seconds. 
g =. Gravity of any Parcel of Matter, as 1 Foot^ 

i 1= 1 6. r Feet, the Space defce)tded in i by Gravity. 
. «■ = 3.1416. 

By uniform Motion, « : i : ; zirR -. = -iL 

the Arch defcribed in i SccoAd by the Earth i and 

JJ linrR ^ , „. r , . , . '. 

"To" or — :;r~" = verled Sine of th^i Arch. And 

zR , pp 

(the Forces being as the Spaces defcended thereby, 

t^- , r . l-rrrrR lirirgR 

in a given Timet therefore) b : g : : -^ : ^^^ 

the centripetal Force of the Sun, or the perturbating 
Bo^y at C. But by the Theory of Gravity, the Ra- 
dius R is to ^CD i as the centripetal Force at C, to 
the perturbating Force at ^or t); that is, R : ^Ct} : : 
IvtrYR Svnf „^ ^ >,„ , ,.rt ,. 

~Jpb~'m'^'''^'^ difturbmg 

Force of the Sun, f^c. at I) ; putting / = / . 

Or thus. 
Let a zz Radius of the Earth. 

e = its Denfity. 

b zz Semi-diameter of the perturbating Body at 0. 
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FIG. -f — Siff "f ''J apparent Semi-diameter. 

254. d = iti Depftty. 

Then the Forces of Bodies being as the Quantities 
of Matter divided by the Squares of the Diftances ; 
and the Matter, as the Denfity xd by the Cube of 

, a^e b*d b^dg - 

the Radms, wc have -^ ■ S ■ ■ -Rg- ■■ -Jg^ = 

Force of the perturbating Body at C. And b/ the 

Th«.,, of Gravity. R : -^ : : 3CD : -^ . 

■ X CD, the perturbating Force at Z> or M. But by 
b ^dgs^ 

Trigonometry "^ — ■* • therefore — ■^— x CD or 

/x CD = perturbating Force of the Body at M or D, 

puttms/=:^. 

Let ^?S^be the Earth, CA=a, CPzzb, CDzzy^ 
CEzzXj then the difturbing Force at D =^ i and 

the Force of Qravity at D = —-, and at £ = -^ j 

therefore the Gravity or Force of D towards C = 

^ Jy. Now the whole Columns JCy PC, being 

of equal Preflure at C ; their Fluxions multiply'd by 

the gravitating Forces muft be equal i that is, -s«— 

. -6y = ^T. and .he Fluen. ^i - ^l = i™., 
■'•v b * za 2 lb* ■ 

or -— —yy = -T— , and wheny=«, Jindarz:^, 

/ / 

then a— - - aa zzb, and a — b =: - — aa, 

g i 

In Cafe of the Sun, (1=21000000, p'^^i^^yGoo, 
then a — * = — aa = — m — = i-"? Feet = iQs 

Inches the Height of the Solar Tide, 

In 
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, F I G. 



In Cafe of chc Moon, j=5.15t.<^=:ii, f=9, and ' 

tf — * = -y <jfl = -^-^ = 7.28 Feet, the Height 

oi the lunar Tide. And the Height by their joint 
'Force, when in Conjunflion, is 8.91 Feet. 

And the fame Forms will ferve for finding the 
Height of the Tides on any other Planet, or celeftial 
Body i mutatis mutandis. 

-SCHOLIUM, 

. The Height of the Tides here given is fuppofed to 
be at fuch Pla-ces where the Sun and Moon are ver- 
tical, and alfo in the Equinodial. In Places at a 
Diftance from the Equator, the Height will be lefs, 
as the Latitude is greater j their Height will alfo be 
' lefs, according to the Sun or Moon's Declination from 
the Equator. 



, P R O B. XXVI. 

Hojind the Precejion of the Equinoxes. 

Let ApEP reprefent the Earth, orthographically 
projeded upon the Plain of the folftitial Colure, PCp 
the equinoctial Coiurc j P, p the Poles, AE the Equi- 
noctial, /JC a parallel of Latitude, £CZJ the Ecliptic ; 
let be the Sun at an immcnfe Diftance, and vertical 
to D, in the Tropio, draw ^Cy _lSZ). 

The Earch being an oblate Spheroid or nearly fuch, 
the Sphere PApE is encompalTed with a folid Cruft, 
this Cruft is fpread all over the Sphere, and goes 
round the Equator in Manner of a Ring, whofe 
Thicknefs there is Aa or Ee ; in Places at a Diftance 
from the Equator, as at /, it is thinner. Now the 
Preceflion 
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FIG. Preceflion of the Equinoices' irifcs from the A&icai 
25^ of the Sun aod Moon, upoa this Cruft or exterior 
Part of the Eanb ; the Part f^Jpa being amasard 
toward them, in Lines as j4^ parallel to Cs; and 
the other Side PEpe aAed on the contrary Way, or 
in the Dlredion FE ; and both conlpiring to turn the 
Earth about, in the order of the Letters BP^jfD ; 
while the inner Sphere is adcd on all Sides alike. 
Now the Effeftof thefe Forces upon this Cruft, and 
the Motion communicated ihereby to the whole Body 
of the Earth, is what we arc now. to enquire after; 
and we ftull 6rft begin with the Sun's Force. 

I. Take Arch AX = AV. and draw LM^ JKT, A» 
parallel to DB i and XN^ In parallel to ^ ;' and ptit 
/■= periodical Time of the Earth about- the Suh; 
g z: Gravity of any Parcel of Matter, as i' Foot ; 
b=.i6.l Feet, the Space defcended in a- Second by 
Gravity, « =: 3.1416; then, by what was demon- 
ftrated 10 the Tail Problem, we have the difturbiog 

' Force of the Sun =:/xlAf = -^f^xLMi alfo 

let the mean Radius of the Earth =rfl, Ja ~ », 
IXzzr, CX=zv^ S.l DCJ=s, Cof. DCA-c, Arch 
XL or A/=z, Sine XL or Xl=y, then will' A'A'=J7, 
NLzzcy, Xr=sv^ and CT^cv. Therefore LM=cy 

Now the Force of two Pat-eels Of Matter at L and /, 
to wheel the Earthabbut the Center C, is = CMx/^ 
xEM+Cm-x/ydm; the former aftingbythe-Porftr' 
df the Lever CMy the dthet by tKai'of Cm ; ihat is, 
the Force of thefe' two Parcel* of Matter is — 
tv—f^X cy+JV + cv+sy X sv—cy : x/, = 2Cj/ x 
w—yy J therefore the Fluxion of the Force of all the 
Matter in the Circumference 7S* is — 2csfz Xw—yy^ 
this Force is direfted from j towards j), D -, therefore 
the Flux, of the Force the coritrai'y Way, or in Di- 

redion 
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region ^AO is = %csfk -iCyy—^v zz 2cs/x — "JiLi 

\rrr^yy 
— icsfvvz; whofe Fluent (by Form lo and 11)13 
•ai^csrrfz — csrfyy/rr—yy — icsfvvz, and when T=r, 
and doubled, ihe Force of the Circumference IK is 
=: ■Trcsfr X rr — 2W =: ■ncsfr x aa — ivv. Therefore if 
V = itf , tbe Force of the Annulus IK is nothing. 

2. By the Nature of the Ellipfis, a : r : : m : • 

' a 

= Height of the Matter at the Circumference /jf j 
therefore the Fluxion of the Force in the Annulus 

■ . '. '■ mr • ■^csfmii 

IK 13 — iresfrv X aa—^vv X — ^ =: ~ x 

■n-esfmv 



4ta—%wxoa~w zz x***; — ^aavv + ^v*, and 




and when ■uzra, 

Cruft :=: """"^-^ - y ^ . " "T "^ i therefore the 

Force is as the Thicknefs of tbe Cruft \ and this is equal 

t ^ . r. iSit^csma^ ', , ^.^ 

to the fitnple Force ~, ,, - g , acting at the Dif- 

tancc a^y^ from the Center C, or by the Power of the 
Leaver ay'l; And this is the Force with which the 
Sun difturbs the Earth, when in lUc Tropic at D ^ 
call this fimple Force Fes. 

3. But we muft find what this Force wHl be when 
the Sun is in at^ other Point of the Eclipcic as at ii(. 
Draw the great Circle pHRP^ aiid making Rad. z=i, 
let Arch CHzzz, Sine CH^y, then in the Spherical 
Triangle Ci:/i«, right angled at K, Rad.(i) :S.Cff 
(y) : I S.C (j) : S.HR=Lsy ; therefore fince F confilts 
only of given Quantities, the Force of the Sun at H 
is rr Fsy^/i — ssyy ; for it was found in the laft Ar- 
ticle to be =: Fx by the Redangle of the Sine and 
I i i Cofioe 
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FIG. CoGne of the Sun's Height above ihc Plan e of the 
255. Equinodial. But this very fmall Force i^tyv^'l — ssjry, 
adls altogether in the Plane PRHpy therefore wemiift 
divide it into iw6 Forces, one adting in the Plane 
P^ which we want-, the other in the Plane PCp^ 
perpendicular to the other i this latter Force is de- 
uroyed by an equal and contrary Force, when the 
Sun is fquidiftant on the other Side of the Tropic j 
buttheothcrFarceaitingalwaysOncway,isthepnlyone 
' «hc Earth is annually sffofted with. The Tan. HCz^ 

^ , and by Sph. Trig, i ■.c::'r.AC{ .—): 



= Tan. RC=t : and S.RC — ■ 




-yj 

— ■ ;_Z— = - , then to find the Part of the Force afliilg 
Vi — ssyy 

in the Plane P^-^.it will be, Rad. {\) : Fsy\/ i—ssyy 

(whole Force) : : S:RC ( ^ ) : Ffjjy.the Forte 

VI — ssyy 
in Direflion P^: Therefore this Force is as the Square 
cf the Sun's Dijlance from the Equinox. From hence to 
find the mean annual Force, we muft firft find the 
Sum of all the Fesyy in the Circle, or the Fluent of 

Fcsyyz = — ===-, and the Ifluent (by Form ro, 
Vi-^-yy . 

. Fcsz Fcsy . . 

1 1) IS =; — r — — — ~ — V I — yy^ and when jim, 

■ F«7r' ■ • . 

the whole Fl. = '■, and in the Whole Circle r: 

FesTT i this divided by the whole Circtimterence air, 

Ae 
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the mean Force is zz iFcs, which is but half the greatefi F I .G. 
Force^ when the Sun was in the Tropic. 2^^. 

4. Put » = Time of the Earth's diurnal Rotation, ' 
and Tuppofing ii of uniform Dcnfity, its Solidity is 

_ .^^^ And by Ex. 6. Prob. XXIU, Seft. IT, 

3 • , < 

the Diftance of the Center of Gyration, from the 
Center C of the Earth is = «v^f, and by the Pro- 
perty of the Center of Gyration, if the whole Mat- 
ter of the Earth was fuppofed to be coUcfted into 
that Point, any Force apply'd to move it about the 
Center C, would generate the fame angular Velocity 
in it, and in the fame Time, as it would do in the 
Earth itfelfe And fince this Force kFcs^ afts at the 
fame Diftance «\/j, therefore it is the fame Thing 
as if that Force was dircflly apply'd to' the Body to 
move it: Now to find the Motion generated herein. 
By Mechanics the Space defcribed or generated in a 
given Time, is as the Force dircAly, and Matter 

reciprocally ; therefore : ~ : ^ : : -^^^ ' -g;^ - 

=: Space defcribed in i, by the Matter of the Earth 
in the Center of Gyration. And 2b-(Iv/t (circumf.) 

■iFcsh qFcsb , 3«irm 

^ 3«° ' ■ -sT^ ' ,i,.a'g^>, X 36° = -^^ X36°, 
the Angle defcribed about the Earth's Center, by the 
Center of Gyration, which is equal to the angular 

Motion of the Earth in i. 

5. In the Equator ^£, make .j^^ = — — , and 

perpendicular to 'it make ^r:=:Earth's angular Motion 

juft found. Now fince in i of" Time any Point yi, 

is carry'd from Axabh^ the Earth's Rotation ■, and 

- in the fame Tinne the Point h of the Equinoflial is 

moved to '> by the Sun's difturbing Force \ its plain, 

I i i 2 any 
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F I G. any Point A will purfue tlie.Trad Atr ; that is, the 
^^' EquinoAial Point will be moved from C to r, in r. 
To find which, in the Triangle Jity Ah or At {— ) 

■■ »"<>• (■) ■■ ■■ '■' t^X 360) :-^i^^ = S. £. 
hAtt or Arch ro \ and in the Triangle mC, 5.C (j) • 

^-^ (^j;^' : : R»d. (.) : S.rC = ^^ = Sine 
of the Prcceflion of the Equinoxes, by the Sun's 

' "1 SCTTfff „ ri «. 

Force, in 1 j and — - =: S. Prcceflion in a Year. 

' 2(7/1 

^here/ere the Prccejicn is as (be periodic Time ef the 
Earth's RevolulioM about its Axis. 

6. Laftly fby Prop. 37. L. III. Newton's Principia) 
the Sun's Force is to the Moon's, as 1104.4815; 
and chc Sum of both is 5.4^15=:^, therefore the Sine 
of the PrccclHon in a Year Oy both Sgn and Moon is 

' = -^^ — 7-^, where f=. 91706, ;;)=:8g46o Feet, by 

■ Prob. XVlil. n = 86r6o, a-zLzioooooo, andp = 
31557600 i whence -^^^ = =0002755. But 

,000290915 the Sine of I min. or 60; thercfore"2909 : 

to : z 2755 : 5'>.83, the annual Prdceffion of the 
Kquinoxes. Which being more than it is found to 
be by O ifcrvatlon, makes it probable, chat the Earth 
is more denfc towards the Center ; or perhaps, that 
the Moon's Force to the Sun's is not rightly adjufted, 
being only coUefted from the rifing of the Tides, 
But thai the Earth is rarer at the Surface appears from ' 
this, that the mod Part of the Surface is Water. 

Cor. I. If the Earth bad no Rotation about its Axis^ 
The Inclination of the Equator to-the Ecliptic would de- 

creafe 
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creafe above two Degrees and a half in one Tear : And FIG, 
coft/equently in a few Tears, the EquineSial -would fall 255, 
into the Ecliptic. ' 

_. K Wirm , %csvm 

^*»' ' =^= = ^^><36o: -7^ X 360 = 

a. 681 Degrees in one Year. 

Cor. 2. ^he other Force aSing in Direc- 
tion PC perpendicular to P^, (which was ufclefs in 
finding the Mocion of the Equinoxes) changes its 
DireiiioH four Times in one periodical Revolution: And 
this generates a Motioq, which compounded with the 
Earth's diurnal Motion, caufes a Vibration or nodding 
of the Earth's Axis, to and from the Ecliptic, ^wice 
in a Tear. But becaufe the Moon does not accom- 
pany the Sun thro* a Quadrant of the Ecliptic, we 
cannot confider their joint Force s therefol-e if we re- 
gard only the Force of the Sun Cfor the Effect of the 
Moon's Force alone will be far lefs) ; then the whole 
^antity of this Nutation will net amount to a fingle 
Second. 

Cor. 3. But there is a Nutation in the Earth's Axis, 
caufedby the Moon's being out of the Ecliptic. For in 
the foregoing Computations, we fuppofed her always 
in it i but the Moon's Orbit being inclined to the 
Ecliptic, in an Angle of about 5 Degrees, fhe will 
only be in the Ecliptic when fhe's in the Nodes; and 
at all other Times Ihe will have a greater or Icflcr 
Force to move the Earth, according as her Declina-r 
tion is greater or lefler. And this Force (as was 
fhewn Art. 4.) is as the Rectangle of the Sine and 
Cofine of Declination, that is, as the Sine of twice 
the Declination : And from hence arifes a Perturba- 
tion of all the former Motions, which will be greateft 
"when fljc is furtheft from the Ecliptic, or 90" from 
the Node. And as the Nodes make a Revolution in 
about 1 8.6 Years, therefore this Force will be direft- 
ed all manner of Ways during one Period pf the 
Nodes, and will therefore caufe the Poles of the Equi- 
noctial 
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FIG, vodi^J to wander about th? mean PoJic, de^ihtng a 
255. circMlv Figive in thf Heaveas. ia the f^d Period o^ 
Time. 
Now to compute the Quantity of this Evagatum of 

the Poles j the Arch rC or 56.83 was meafurcd along 

tba Eclipse » but jx 56.83, of 22.66 ;=.r(i = L.A, 
which nwafutes the Motion o£ th« pots* and that by 
^ joint Force* of both Suji ^nd Ei^oon. Therefore 

^v^s!^ X>:g = 18.52. the Effcft of the Moon'^ 
Force alone in a Year ^ and this Fwce of the Mooa 
in the Ecliptic is as S. 47*' = ^jiS > and at 5 de^ 
Lat. when the Nodes are at the Equinoxes, as 5.^7^ 
=1.83861 the diflurbing Force then will be ==.8386 
—rr. 7313=. 1073, this is the leaft Quantity of Fotce ; 
and the greateft is as & 10'' =.1730, or thereabouts, 
when the Nodes are in the Soiftices. And in other 
Fofitions this perturbating Force is difierenc ; but 
we cannot be far wrong if we take a Mean between 
tt* greateft and leaft* which is .1404} wjience this 

Proportion, 7313 : 1404 : : 18.52 : 3.55, the annual 

pflPeft of the Moon's difturbing Force. And 3.55 x 
18.6 — 66. "17 ; which, as the Motion is dire^ed all 
Ways, muft be laid out in the Circumference of a Cir- 

ckt and then ^— ^ = 21.06, the Diameter of 

3.1416 

(he Circle of Evagatim ; which would appear diftinft 

in the Heavens, if the other Forces and Motions 

were away. But we muft obferve, that if the Earth 

is den&r within, and more rare at the Surface, the 

Diameter of this Circle will come out lefs than is 

here determined. 

* To find the Direilion of this Motion. It was Ihewn 

in Arc. 5. that when the Sotrtice is at Dor S, the 

Equinoftial Circle is moved by the Forces of the Sun 

and 
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and Mbon, ^from thePlacfc J^C, to the Phtce^r; cett-^ -p j (j^ 
Tcqucntly the Pole P is moved froth P tbwsras C=j ^>j_ ' 
and the Cafe is the farf* with this difturWng T^ce 
of the Moon, For ftrppofe va> to be l:Ke Mloon'i 
Orbit, w the nonageffimal Degree, or higheft Poiift 
of the 'Orbit elevated above the Plane of cheEciifjtic 
2>B,towards the Pole P; then v and w being fitodtcB 
at I) and By 'the FUtcc of the Modh, being no* 
'■greater, -will sllfo mtf^fc ^he 'Pole 'P towards C. And 
for'the fame Hcaibh, '\*hen (by the retrograde Mo- v 

tidnof the Nodes) w is -got to S, P will be rtiovinfe 
lo^arffs R ■, when -w is 'at C, P rtioves towards Jfj m 
th&t P lihfays moves'-the fame Way, Or in the fante 
Direftion that w does. Therefore about ir, dcfcribe 
the fmall Circle »^yfi j and let a be the Place of the 
Pole when so is at B: Then whilft w paffes fuc- 
ceflively thro' 5S, SC, CH, HD ; the Pole P (mov- 
ing the fame Way) will pafs thro' «|3, |3y, yi, ii ; the 
contemporary Pofitions of w and P being B and » j 
5,f3-, C,y; HJ; D,i^ £^.c. and therefore the Circle 
defcribed i^yi muft of*Cohfeqticnct include the mean 
Pole V. And from hence it is plain^ 'that the moving 
Pole is in every Place (as fuppofe at x} nearer to w the 
hisbefi Point of the Orbit (at B), than the mean Pole «-, 
by the Radius of the little Circle -^i^ or lol Seconds. 

I need fcarce mention that this perturbating Force, 
and its Effect, is greatell in the Moon's Perigee, being 
nearly in the reciprocal triplicate Ratio of the Moon's 
DiftancFy as is well enough known. 

SCHOLIUM. 

By B like Method Cbut by a Procefs much more 
eafy) the Motion of the Moon's Nodes may be com- 
puted.' And I might now proceed to the Calculation 
thereof, and of the Motion of the Apjides, and other 
Things belonging to the Moon's Motion, and other 
difficult Froblemi» fuch as finding the Curves de- 
fcribed 



hyGoo^le 



432 7^ Doctrine, &c. 

F 1 G. ftrihtd by Bedits adei upon by arrf Laws of- Gravi- 
255. /y, and moving in Mediums which refifi^ as atrf 
Pewert of the Velocity, and fucb like. But fincc 
thele cannot be difpatchedin a few Words, but often 
run into long and tedious Calculations, and requiic 
a great deal of room, I Ihall not trouble the Reader 
with them ; efpecially fincc the Mechod of purfuing 
and managing thefe, is the very fame as in thofe Pro- 
blemshete. delivered. And therefore I fuppofe,iflhe 
Reader underftands what has been before laid dolfn; 
he will be able of himfelf to apply this Doilrine, to the 
Solution of any other Problem that happens to fa(l id 
bis Way, though more complex, without any furdier 
AiTiftaoce. 
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